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Abstract. We present recent developments on numerical algorithms for computing photon and
particle trajectories in the surrounding of compact objects. Strong gravity around neutron stars
or black holes causes relativistic effects on the motion of massive particles and distorts light rays
due to gravitational lensing. Efficient numerical methods are required for solving the equations
of motion and compute i) the black hole shadow obtained by tracing light rays from the object to
a distant observer, and ii) obtain information on the dynamics of the plasma at the microscopic
scale. Here, we present generalized algorithms capable of simulating ensembles of photons or
massive particles in any spacetime, with the option of including external forces. The coupling
of these tools with GRMHD simulations is the key point for obtaining insight on the complex
dynamics of accretion disks and jets and for comparing simulations with upcoming observational
results from the Event Horizon Telescope.
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1. Introduction and overview

Particle-based numerical methods are a powerful tool in plasma physics. From col-
lisionless magnetic reconnection (Sironi & Spitkovsky 2014) to turbulent processes
(Roytershteyn et al. 2015), numerical methods such as Particle-in-Cell (PiC) have pro-
duced a variety of new physical results. In the astrophysical context, relativistic particle
methods are used to model processes at the microscopic scale characterized by extremely
high-energy, while the global scale is modeled with magnetohydrodynamics (MHD)
approaches.

Current studies of such phenomena, when carried out with particles methods, are
generally limited to locally flat regions of spacetime. Numerical schemes that take into
account the underlying curvature of spacetime have not been actively developed (but see
e.g. Levinson & Cerutti 2018). Therefore, the microscopic dynamics of plasmas around
compact objects such as black holes and neutron stars, where gravity plays an important
role, is not well understood.

The physics of plasmas around black holes has received much attention in recent stud-
ies, thanks to ambitious projects that aim at the direct imaging of black holes for the first
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time (Falcke 2017). In this context, global simulations of black hole magnetospheres have
been carried out with GRMHD approaches. Furthermore, from simulation data, synthetic
radiation maps have been obtained, allowing for the reconstruction of the observed image
as seen from a distant telescope. These images allow for direct comparison of observational
data with theoretical predictions.

Obtaining such images involves a complex numerical approach that combines plasma
physics on the global scale, optics, and microscopic processes. Here, advanced parti-
cle methods for general relativity play multiple roles: first, particle simulations can be
used to obtain energy distributions from which the synthetic radiation maps are used.
Current approaches generally assume Maxwellian or k-distributions (Davelaar et al.
2018). Second, once the radiation maps are available, rays of light must be traced from
the physical point in space to the observer’s position, in order to obtain an image that
mirrors realistic observations. This step involves so called “ray tracing” techniques, which
essentially consist of simulating bundles of photons (i.e. massless particles) traveling on
geodesics.

Here, we aim both at improving existing particle methods used for simulating geodesic
motion (for ray tracing), and at extending to the inclusion of the Lorentz force. This
step is necessary in order to obtain particle methods that can ultimately be applied to
the dynamics of plasmas around compact objects, in order to obtain realistic energy
distributions and therefore more physically correct radiation maps used in the imaging
process.

2. General relativistic particles in curved spacetime
The motion of particles subject to strong gravity is governed by the equation of motion

A%zt dx™ dx®
r T —gF"y, 2.1
dr? Mgy ar M (2.1)

where =0, 1, 2, 3, for the four-position z* and an affine parameter 7. The contravariant
four-momentum is g""u, :=daz*/dr. T\  is the Christoffel symbol for the metric g, .
In presence of electromagnetic fields, the force term on the right-hand side is given by
the particle charge, ¢, and the Maxwell tensor, F,, =0,4, — 0,A,, where A, is the
electromagnetic four-potential.

The equations above are typically written in the 3+1 language In this formulation,
any metric of signature (—, +, 4+, +) is given in the form

_ (=2 +BBE B
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where « is the lapse function, 5 is the shift three-vector, and 7i; is the spatial part of
Juv- Latin indices assume values from 1 to 3. With the definitions above, the equation of
motion (2.1) can be rewritten in terms of first-order evolution equations in the variables
2t and u; = Giput, such that

o
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where
u® = (v Fujup + 6)1/2 /a, (2.5)

with e =0 for photons and ¢ =1 for massive particles. In this formalism, the coordinate
time ¢ := 2" is used as affine parameter, and u° :=dt/dr.
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The system of equations (2.3-2.4) is suitable for numerical integration. It can be shown
that the definition of u" above enforces the conservation of the norm of the four-velocity,
utu, = —e. Additionally, integrating in coordinate time ¢ rather than in proper time 7
makes it easier to embed the motion of test particles in the time evolution of global
electromagnetic fields.

In this work, we consider stationary metrics with no dependence on coordinate time
t, hence the metric g,, depends on z* only. As a consequence, in all cases the energy,
E = —uy is conserved. This physical property is often not respected during simulations,
due to numerical errors affecting any discretization scheme. However, in some cases the
lack of exact energy conservation can be detrimental for the accuracy of the results. Here,
we present a new implicit numerical scheme that conserves energy to machine precision
during the computation. The scheme is constructed by enforcing that the underlying
Hamiltonian (i.e. the energy) is constant in time.

For simplicity, consider the case of pure geodesic motion, A, = 0. The Hamiltonian for
stationary metrics is defined as

H(az®, up) = a(y ujup +€)'? = plu;. (2.6)
It is straightforward to derive the equations of motion by differentiating H, such that
dz®  OH(x", up) ayu,

= - - 1; 2.
dt Ou; (Y *ujup + €)1/2 & 27)

dui _ OH(2% w)
dt or?

1 Qujug
2 (yRujup, + €)1/2

= — (v ujup + )00 — 0 w087, (2.8)

which are precisely equations (2.3)—(2.4) above. One can immediately verify that the
corresponding discretized system

Azt ALH (2 up)

_ 2.
At Aui ’ ( 9)
Au; ALH (2%, up)
= 1 7 2.10
At Azt ’ ( )
satisfies the condition
AH (z%, up) _ ATH (2%, up) Azt AUH (2% up) Aug o0, (2.11)

At Azt At Auy; At

and therefore it conserves energy. Here, A indicates a total discrete derivative, such
that AH (%, up) = H(x“’"“,ug"'l) — H(z®", u}'). The operators A’ and AY, instead,
correspond to discrete partial derivatives, namely with respect to 2’ and w;. The exact
form of the discrete operators can be found in full in Bacchini et al. (2018).

A remarkable feature of this scheme is the absolute freedom in the definition of the
Hamiltonian H. This implies that for systems characterized by a Hamiltonian different
from that of equation (2.6), the algorithm retains its energy (or in general, first integrals)
conservation properties. Thus, the extension to more complicated physical situations
becomes straightforward, provided that the corresponding Hamiltonian formulation is
available. For this reason, it is immediate to include the Lorentz force, by employing the
corresponding Hamiltonian,

H(z% m,) = a\/l i (m - %Ai) (wj - %Aj) _ gk (7rk . %Ak) _gAy,  (2.12)
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Unstable spherical photon orbits around an Simulation of the observed shadow of
extremal Kerr black hole. an extremal Kerr black hole distorting
the view of four-color background.

Figure 1. Simulations of photon trajectories with the new Hamiltonian method.

where the conjugate three-momentum 7; = u; + gA; appears in place of u; as an inde-
pendent variable. The solution procedure remains unchanged with respect to the case of
pure geodesic motion, hence making it possible to simulate charged particles in general
relativistic contexts while retaining exact energy conservation.

3. Results and outlook

The numerical solution of equations (2.9)-(2.10) yields geodesic trajectories char-
acterised by conservation of energy to machine precision. The advantage implied by
this feature is two-fold. First, the motion of particles around metric singularities is
particularly affected by numerical energy dissipation that characterizes the numerical
schemes typically employed (e.g. explicit Runge-Kutta or implicit midpoint rule). The
new “Hamiltonian” scheme, eliminates such errors and therefore does not require the
extreme reduction of the time step demanded by other schemes. Second, since there is
no secular growth of error in the energy, bound orbits confined within certain regions of
space around a compact object can be simulated indefinitely without the spurious escape
of the particle observed when using explicit methods.

The features above are exemplified in Figure 1a, where several spherical photon orbits
are shown around an extremal Kerr black hole. Such orbits are highly unstable, and
cannot be easily simulated with standard methods unless the time step is greatly reduced.
The Hamiltonian scheme, by contrast, inherently stabilizes the motion on the correct
path. As a side effect, all other constants of the motion are exactly conserved (energy,
angular momentum, and Carter constant).

For ray tracing simulations, the features above are especially attractive because they
allow for the fast computation of so called “black hole shadows” via integration of a
large number of geodesic paths. One example of such a calculation is shown in Figure 1b.
Here, an extremal Kerr black hole is placed between a distant observer and a four-
color background. The distortion of spacetime caused by the presence of the black hole
bends the light rays close to the event horizon, creating the asymmetrical shadow. Such
a picture can be directly compared to upcoming observations of black holes, with the
aim of confirming our current theoretical models. Hence, it is crucial that the numerical
solution is as accurate as possible, which is ensured by numerical methods such as the
Hamiltonian scheme here presented.
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Finally, as mentioned above, the scheme is directly applicable to the motion of charged
particles. This is a very fundamental step for obtaining accurate simulations of plasmas
around compact object from the microscopic perspective. The results of such particle
simulations can be used as a basis for the calculation of energy distributions from which
synthetic radiation maps are drawn. This lays the ground for improving our understand-
ing of the dynamics of energetic outflows and flares that are currently being measured
(Genzel et al. 2003). Additionally, when the full particle feedback to the electromagnetic
fields (in the PiC fashion) is taken into account, previously unreachable energy scales
can actually be explored. Since the development of e.g. kinetic waves and instabilities is
expected to be quantitatively different under these conditions, numerical schemes such
as those here presented are the ideal tool to enrich our knowledge of these complicated
physical processes.

References

Bacchini, F., Ripperda, B., Chen, A., & Sironi, L. 2018, The Astrophysical Journal Supplement
Series, 237, 6

Davelaar, J., Moscibrodzka, M., Bronzwaer, T., & Falcke, H. 2018, Astronomy € Astrophysics,
612, A34

Falcke, H. 2017, Journal of Physics: Conference Series, 942, 012001

Genzel, R., Schodel, R., Ott, T., et al. 2003, Nature, 425, 934

Levinson, A. & Cerutti, B. 2018, arXiv:1803.04427

Roytershteyn, V., Karimabadi, H., Omelchenko, Y., & Germaschewski, K. 2015, AGU Fuall
Meeting Abstracts, SH11E-2417

Sironi, L. & Spitkovsky, A. 2014, The Astrophysical Journal Letters, 783, L21

https://doi.org/10.1017/51743921318007834 Published online by Cambridge University Press


https://arXiv.org/abs/1803.04427
https://doi.org/10.1017/S1743921318007834

	Numerical methods for General Relativistic particles
	Introduction and overview
	General relativistic particles in curved spacetime
	Results and outlook



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


