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ABSTRACT BOCHNER-WEIL-RAIKOV THEOREM
IN TOPOLOGICAL ALGEBRAS

MARIA FRAGOULOPOULOU

Each continuous positive linear form on a commutative locally
m-convex *-algebra F with a bounded approximate identity,
accepts an integral representation on the hermitian spectrum
(hermitian characters) of E . An alternative form of the latter
is also obtained. The presented results constitute an abstract
form of the Bochner-Weil-Raikov theorem within the frame of

topological *-algebras,

In the context of commutative Banach *-algebras theory, a "Bochner
type” theorem yields, for positive and extendable linear functionals,
integral representations on the Gel'fand spaces (maximal ideal spaces) of
the Banach algebras considered (ef. for instance, [3, p. 97, Theorem
26.1I1). Lumer introduces in [4] a new, simpler and more general approach
for obtaining the preceding result, replacing the continuous involution of
the given Banach algebra £ by an appropriate finite group of
transformations of E . Following Lumer's lines of thought we obtained, in
(1], integral representations for continuous linear forms on commutative
locally m-convex algebras (e¢f. [1, Theorems 3.6, 4.6]), getting thus,
among other things, a Bochner-Weil-Raikov theorem in the non-normed
topological algebra case [!, Corollary 3.8]. Now, using the technique
developed in [1], as well as results from the general representation theory
of topological *-algebras [Z], we give in this note the Banach *-algebras

analogue in our case (Theorem 2.1 and/or Theorem 2.2) of the so-called
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"abstract form of Bocher's theorem" (c¢f. for example, [§, Theorem 9.1k4]

and/or [9, Theorem 11.32]).

1.

A locally m-convex *-algebra is a topological algebra E with an

involution * , whose topology is defined by a family (pa)aéA of

*_preserving submultiplicative semi-norms. The "*-preserving property"

* and it is of course a stronger

evidently implies the continuity of
condition than that of the continuity itself. However there is no loss of
generality by assuming it, since having a continuous involution one always
defines a new family of *-preserving submultiplicative semi-norms,

equivalent to the original one.

Let us now recall some definitions and notation from [!] which we
shall use in the sequel. If F is a locally m-convex algebra and T a
finite group of additive multiplicative transformations of & such that

pa(Y(x)) = pa(x) for any Y €I, a €4, x € E , then the pair (E, T)
is called a [I'-Lumer system. Thus, if (Ea = E/ker(pa]], (Ea (completion
of Ea )) are the projective systems of normed respectively Banach

*_algebras corresponding to E [7], then each (Ea’ Fa) is a fa—Lumer

-~

system for Ea , Where 7& € Fa is the continuous extension of

Yo @ By > B, ¢ x (2 atker(p ) — v (z,) = v(z) , with y €T, a€4

(ef. [1, Lemma 3.2]). 1In this respect, an element f € E' (topological
dual of E ) is said to satisfy condition (1) if there is o € A and
7 > 0 such that

~

(1.1) Ifa(z)l < Z-Na(z) , 2 €E

for every Fa—invariant norm Na on Ea equivalent to the given one,
ZYr . = cos .

where f& € [Ea) : fa(xa) flz) , x, € E, . The positive number 1 is

the same for all Na , whereas L =1 = f(e) when E has an identity e

. . ¢ . . . .
and f is a continuous positive linear form on E preserving e . The

index & € A in (1.1) is that provided by the contimuity of f .

In the sequel, if F 1is a commutative locally m-convex algebra,
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M(E) will denote the spectrum (maximal ideal space) of E and CC(M(E))

the algebra of the complex-valued continuous functions on M(E) with the

" 1

topology "e" of compact convergence. Thus E* E.CC(M(E)) will stand for

the Gel'fand transform algebra of E .

Concerning the above, one has the next integral representation

theorem.

THEOREM 1.1 (ef. [1, Theorem 3.6]). Let E be a commutative
locally m-convex algebra with identity and continuous Gel'fand map. Let
also (E, T) be a T-Lumer system for E and f € E' . Then f
satisfies condition (1) if and only if flz) = w(z) , x € E , with

H a (complex) measure on M(E) of positive total variation at most 1 . 0O
When 1 = f(lE) =1, we get Lumer's theorem [4, §1] for unital Banach

algebras. On the other hand, the continuity of the Gel'fand map in Theorem
1.1 is only used for the proof of the "if" part; thus it is not needed for
the proof of the Bochner-Weil-Raikov theorem which is a consequence of the

foregoing one. That is, one has

COROLLARY 1.1 (ef. L1, Corollary 3.81). Let E be a commtative
locally m-convex *-algebra such that (x*)" = (x)”, =z €E . Let also
f €E' . Then f is positive and extendable (onto the respective unital
algebra El of E) if and only if flz) = w(x) , x= €E, with u a

(complex) positive finite measure on M(E) . O
The respective unital algebra El of a locally m-convex *-algebra

E 1is an algebra of the kind of FE , whose involution is defined by

(x, M)* = (x*, X) , (x, A) = z € El , and its topology by the family

(pl a) of submultiplicative seminorms, with p,  (z, A) =p_ (z) + [l ,
k]

b

(x, A\) € E

1 a €4

2.

Let now E bYe a locally m-convex *-algebra with bounded approximate

identity, that is, a net (ei)ier in £ such that
lim (eix) =z = lim (xei) , * €E and pa(ei] <1, forany ¢ €1,
7 i
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o € A . Then, if P(E) denotes the set of all continuous positive linear
forms on E , one has that each f € P(E) is extendable (cf. {2, Lemma
3.3]). On the other hand, restricting ourselves on the hermitian spectrum
D*(E) (= {h € M(E) : h(x*) = h(x), x € E}) of E , we clearly have

(x*)~ = (£)” for every z € E . 1In this concern, one gets the following

abstract form of the Bochner-Weil-Raikov theorem, whose proof, after the
preceding discussion can be obtained as a consequence of Corollary 1.1.

However, for completeness sake,we present still a modified proof.

THEOREM 2.1, Let E be a commutative locally m-convex *-algebra
with a bounded approximate identity and f € E' . Then f <is positive if
and only if flx) = w(x) , x € E, with u a positive finite measure on

D*(E) (of total variation less than or equal to 1 ),
Proof. Let E'l be the respective unital algebra of E . Then

involution on E'l defines a finite group Pl of transformations of El

. _ ) ok .
with Fl = {Yl’ Yl . 1dEl} and Ylﬂxl) = xl » xl € El , in such a way

that (El, Fl) is a Fl—Lumer system for El

f € P(E) , it is extended to an element fi of P[El) with

On the other hand, since

fi(O, 1) = ”f&” <1 , where f& € P(Ea) with f&(xa] = flz) , x, € Ea

(ef. [2, Proposition 3.4 and Theorem 3.1]) and o that index in 4
provided by the continuity of f . Now, for the same index a , fi

defines fi,a € P(El,a) (El,a S Ei/ker(pl’a)) in the preceding way [Z,
Theorem 3.1}, so that ([9, Theorem 11.31 (d)1]),

lfl,a(wl,a)l = Ilfallra(wl,a) < nfaulvl,a(wl,a) ,

for every self-adjoint element u&’a € El,a and every Fl,a invariant

norm Nl,a on El,a equivalent to the original one pl,a
P1,a(=

o) o
w in E, _ . i E i
1,0 in 1,0 Now, since each element =z € El,a is of the form

m

pl,a(xl) s ®) g € El,a) , where r_ is the spectral radius of

2

-~

s + it , with s, t self-adjoint elements in El o ° one finally gets
9

- -
|fi’a(z)| < ”fanﬂl,a(z) , for every 2z € E

1,0 and every Nl o 28 before

2
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(ef. also [4, §2, Proof of Corollaryl); that is fi satisfies condition
(2) with 1 = Hfd“ , hence the assertion follows by Theorem 1.1 (cf. also

discussion after it) restricting M on D*(E) . The "if" part is a

consequence of (z*)” = (x)” , x €E . 0

For the Banach *-algebras analogue of Theorem 2.1, see [, Theorem

9.14] as well as [9, Theorem 11.32].

COROLLARY 2.1, Let G be a locally compact abelian group and E a

commutative complete locally m-convex *-algebra with a bounded

approximate identity. Let also L%(G) be the generalized group algebra of
¢ [5]and f € [L;(G)]’ . Then f <s positive if and only if
+ 3. - 1 . . . .
flo) =ule) , o €Ly(G) , where W is a positive finite measure on
1
D*[LE(G)} .

Proof. Lé(G) = Ll(G) ®E (5, p. 288, Lemmal is a commutative
™

complete locally m-convex *-algebra with a bounded approximate identity
(ef. for the latter [!, Corollary 5.5]) so that the assertion follows by

the preceding theorem. 0

Regarding the supposition of the continuity of f in Theorem 2.1, one
could dispense with it at the cost, however, of the continuity of the
Gel'fand map of the topological algebra involved. Thus, we have the

following alternative of Theorem 2.1.

THEOREM 2.2, Let E be a commutative locally m-convex *-algebra
with a bounded approximate identity and continuous Gel'fand map. Then
f € P(E) if and only if f(x) = u(z) , =z € E, with u a positive finite
measure on D*(E) (of total variation less than or equal to 1 ).

Proof. We work out only the continuity of f in the "if" part. Let

ul be a positive finite measure on M(El) and Y its restriction to
D*(E) such that f(x) = u(z) , = € E . The continuity of Hy implies
the existence of a compact subset K of M(Ei) such that

!ul(£1)| = qK(‘%l) ’ xl € El » Where qK(;:l) = sup“hl(xl)l : hl € K}
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Now continuity of the Gel'fand map of F implies that of F (6], hence

1
[6, Theorem III, L.1] there is o € 4 with X S'M(El a) , 50 that
?

Gl S aye G = ryley ) =By ey ) oy o) s €E

1,a)

Thus |flz)| = |w(&)| = pa(x) for every x € E and some o € 4 . ]
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