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Weak Semiprojectivity in Purely
Infinite Simple C*-Algebras

Huaxin Lin

Abstract. Let A be a separable amenable purely infinite simple C*-algebra which satisfies the Universal
Coefficient Theorem. We prove that A is weakly semiprojective if and only if K; (A) is a countable direct
sum of finitely generated groups (i = 0, 1). Therefore, if A is such a C*-algebra, for any ¢ > 0 and
any finite subset F C A there exist ¢ > 0 and a finite subset § C A satisfying the following: for any
contractive positive linear map L : A — B (for any C*-algebra B) with ||L(ab) — L(a)L(b)|| < ¢ for
a,b € G there exists a homomorphism h: A — B such that ||h(a) — L(a)|| < € fora € F.

1 Introduction

Purely infinite simple C*-algebras were first defined and studied by J. Cuntz [Cul,
Cu2]. The Cuntz algebras are the classical separable purely infinite simple C*-alge-
bras which are generated by isometries with certain relations. Nowadays purely in-
finite simple C*-algebras may arise as the graph C*-algebras and as inductive lim-
its, as well as dynamical systems and crossed products. The class of purely infinite
simple C*-algebras is a very important class of C*-algebras. It has played an im-
portant role in the development of C*-algebra theory. The work of classification of
amenable purely infinite simple C*-algebras started with M. Rerdam’s work [Rol];
see also [BSKR]. After a series of works by many (for example, [BEEK, ER, Ln2,
LP1, LP2, Ro2, Ro3]), we now know from the work of Kirchberg and Phillips that
amenable separable purely infinite simple C*-algebras which satisfy the universal co-
efficient theorem (UCT) (or a weak version of it) are classified by their K-theoretical
data [P1,K]. Since the Cuntz algebras O, (2 < n < 00) and the Cuntz—Krieger alge-
bras are generated by finitely many isometries with stable relations, they are semipro-
jective. Blackadar proved that O is also semiprojective. More recently, J. Spiel-
berg [Sp] and W. Szymanski [Sz] showed that all separable nuclear purely infinite
simple C*-algebras which satisfy the UCT with finitely generated K-groups and with
free Kj-groups are semiprojective by realizing these C*-algebras as graph C*-alge-
bras.

In C*-algebra theory, one often encounters the following stability question. For a
given C*-algebra A, for any ¢ > 0 and any finite subset ' C A, are there 6 > 0 and
a finite subset § C A satisfying the following: for any contractive completely positive
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linear map L: A — B (for any C*-algebra B) with
|[L(ab) — L(a)L(b)|| < 6 fora,b e §

there exists a homomorphism h: A — B such that ||h(a) — L(a)|| < e for
a € F? This is a weak version of semiprojectivity. It is clear that if A is semipro-
jective, then the answer to the above question is affirmative. In Loring’s terminology,
C*-algebras which have an affirmative answer to the above question are called weakly
semiprojective (or weakly stable). It turns out that this weak semiprojectivity is a very
useful notion. It is often related to certain perturbation problems which are becom-
ing increasingly important.

In this paper, we will show that all separable nuclear purely infinite simple
C*-algebras satisfying the UCT are weakly semiprojective provided that their K-
groups are countable direct sums of finitely generated abelian groups. As shown
earlier [Ln7], the condition that the K-groups are countable direct sums of finitely
generated abelian groups is also necessary.

The method used in this paper is closedly related to those used in the classification
of amenable C*-algebras. In particular, it is related to N. C. Phillips’s paper [P1].
The main technical results are: (i) a uniqueness theorem (see Theorem 6.5) which
roughly says that two full (almost multiplicative) contractive linear maps from a nu-
clear purely infinite simple C*-algebra with the same partial KK-data are approxi-
mately unitarily equivalent; (ii) all possible KK-data can be realized by homomor-
phisms.

The paper is organized as follows: Section 2 serves as a preliminary. In Section
3 we study the class of D of C*-algebras that admit a full embedding from O,. In
Section 4 we study asymptotically multiplicative sequential morphisms to C*-alge-
bras in D. We introduce a functor from D to abelian groups. It turns out that the
class D does not behave as well as we would like it to. However, in Section 5 we prove
a version of a theorem of Higson which can be applied to the functor E4. Applying
a uniqueness theorem of the author, we prove in Section 6 that E4 is the same as the
restriction of KL(A, —) for certain amenable C*-algebras A. In Section 7 we present
an application of the results of Section 6: we show that a separable amenable purely
infinite simple C*-algebra satistfying the UCT is weakly semiprojective if and only if
its K-groups are countable direct sums of finite abelian groups.

After a preliminary version of this paper started to circulate, we learned that
J. Spielberg also obtained the results in Section 7 of this paper independently by
studying graph C*-algebras.

2 Preliminaries
We will use the following conventions. Let A and B be C*-algebras and ¢,¢: A — B
be two maps. Lete > 0and I C A.

(i) Wewrite ¢ ~. ¢ on Fif ||p(a) — (a)|| < eforalla € F.
(i) We write ¢ ~. 1 on F if there is a unitary U in B (or in Bif B is not unital) such
that ||ad U o ¢(a) — ¢(a)|| < e foralla € F.
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(iii) We write ¢ ~ 1) if there exists a sequence of unitaries {u,} in B (or in B if B is
not unital) such that lim, ., || ad u, o ¢(a) — ¥ (a)|| = 0 foralla € A.
(iv) Let {B,} be a sequence of C*-algebras. We will use the following notation:

o({B}) =By, 1B =[] Br  9ec({B}) = I°({B,})/co({B}).
n=1

n=1

(v) Alinear map L: A — Bissaid to be full if the (closed two-sided) ideal generated
by L(a) is B for any nonzero a € A.

(vi) LetL: A — Bbe alinear map, let G be a subset of A and let ¢ > 0. We say L is
G-e-multiplicative if ||L(ab) — L(a)L(b)|| < e foralla,b € G.

Definition 2.1  Let A be a separable amenable C*-algebra. We shall say that A is
weakly stable if, for any € > 0 and any finite subset § C A, there exist 6 > 0 and a
finite subset § C A satisfying the following condition:

for any C*-algebra B and any positive linear contraction L: A — B which is
G-6-multiplicative, there exists a homomorphism h: A — Bsuch that h ~. L
onJ.

It should be noted that here 6 and § depend only on € and F. They do not depend
on B.

Definition 2.2 Let A be a separable amenable C*-algebra. We say that A is weakly
semiprojective with respect to D, if for any sequence B, € D and a homomorphism
¢: A — goo({By}), there exists a homomorphism h: A — I*°({B,}) such that
moh = ¢, where m: I°({B,}) — qoo({Bx}) is the quotient map. This definition
can be found, with some slight modification, in T. Loring’s book [Lo].

The following is proved in [Ln7, Theorem 2.4], which is basically the same as [Lo,
19.13].

Theorem 2.3  Let A be a separable amenable C*-algebra. Then A is weakly stable if
and only if it is weakly semiprojective.

In what follows, we will not distinguish weakly stable from weakly semiprojective.

Definition 2.4  Let C, be a commutative C*-algebra with Ko(C,) = 7Z/nZ and
Ki(C,) = 0. Suppose that A is a C*-algebra. Then K;(A,Z/k7Z) = Ki(A ® Cy)
(see [S3]). One has the following six-term exact sequence [S3]:

Ko(A) —— Ko(A, Z/kL) — Ki(A) .

Ko(A) =— Ki(A,Z/KZ) <—— Ki(A)
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As in [DL], we use the notation

K(A) = @ Ki(A;Z/n).
i=0,1,n€Z,

There is a second six-term exact sequence (see [S3]):

Ko(A,Z/mkZ) — Ko(A,Z/KZ) ——> K\(A,Z/mZ)

T |

Ko(A,Z/mZ) <—— Ki(A,2/kL) < Ky(A,Z/mkZ)

Definition 2.5 We denote by N the class of separable amenable C*-algebras which
satisfy the UCT.

Definition 2.6 By Homj (K(A), K(B)) we mean all homomorphisms from K(A) to
K (B) which respect the direct sum decomposition and the above two six-term exact
sequences (see [DL]). It follows from the definition in [DL] that if x € KK(A, B),
then the Kasparov product (associate with x) gives a homomorphism

I'(x): Homy (K(A), K(D)) — Homy (K(B), K(D))

for any C*-algebra D. Dadarlat and Loring [DL] showed that if A is in N, then for
any o-unital C*-algebra B, I is surjective and ker I' = Pext(K. (A), K. (B)).

Note 2.7 We note that KK(A, —) is a (covariant) functor from C*-algebras to abe-
lian groups. Homy (K(A), K(—)) is also a (covariant) functor from C*-algebras to
abelian groups. It is easy to see that I is a natural transformation from KK (A, —) to
Homy (K(A), K(—)). If we consider only separable C*-algebras, then KK(A, —) and
Homy (K(A), K(—)) both are homotopy invariant, stable and split exact. In particu-
lar, if 0 — I ® K-5B5B/I — 0 is a split short exact sequence of separable C*-alge-
bras, then the map [1]: Homy (K(A), K(I)) — Homy (K(A), K(B)) has a left inverse
[1] 1. It follows a theorem of Higson [H] that I' is the unique natural transformation
from KK(A, —) to Homy (K(A), K(—)) which sends [id] to [id4].

Definition 2.8 Let0 — I — B — A — 0 be a short exact sequence of C*-algebras.
B is an essential extension of A by I, if I is an essential ideal of B. Suppose that I =
IRXK. Let7: A — M(I®XK)/I®X denote the Busby invariant. The extension 7 is said
to be absorbing if for any trivial extension 79: A — M(I®X)/I®X, there is a unitary
u € M(I®X) such thatad w(u)o(7@®7y) = 7, where m: MIRK) — M(IQXK)/IX
is the quotient map. If 7, 72: A — M(I ® K)/I ® X are essential absorbing trivial
extensions, then there is a unitary u € M(I ® X) such that ad 7(«) oy = 7,. In other
words, all absorbing essential trivial extensions are unitarily equivalent.
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3 O, Embeddings

Definition 3.1 By O, we mean the Cuntz algebra generated by two isometries s,
and s, with 5157 +s,55 = 1. We will use the fact that O, is amenable and K;(0,) = {0}.

We denote by D the class of separable C*-algebras D such that there is a full em-
bedding j,: O, — D. Note that every separable purely infinite simple C*-algebra is
in D. Furthermore, if B is a separable C*-algebra which contains a proper infinite full
projection, then B is in D.

Proposition 3.2 Class D has the following properties:

(i) IfDy,...,D, are finitely many C*-algebras in D, then @._, D; € D.

(i) IfDeD,thenD @M, and D ® X € D.

(iii) IfDisin D then C([0,1],D) € D.

(iv) IfDisin D, then for anyideal I, D/I in D.

(v) IfD, and D, are in D, and Dj is given by the following split short exact sequence
0 — D;—>D3>D, — 0, then D5 € D.

Proof It is easy to see that (i) and (ii) hold. To see (iii), we let j: O, — D be a full
embedding. Define 1: D — C([0, 1], D) by 1(a) = a, the constant map. One then
easily sees that 1 o j is a full embedding.

To see (iv), let j: O, — D be a full embedding. Let 7: D — D/I be the quotient
map. Then 7o j: O, — D/Iis also full.

For (v), let h: D, — D3 be the homomorphism such that so h = idp,. We identify
O, with a full C*-subalgebra of D,. There are two non-zero mutually orthogonal
projections e;,e; € h(0O,) such that e; + e, is a proper projection. Then there is
a unitary v € h(0O,) such that v*e;v = e, + e,. Denote by 1 the identity of Ds.
We then obtain an isometry w € Dj such that (1 — e;)Ds(1 — e;) = wDs;w*. Let
ji: Oy — Dj be a full embedding. Then j)': O, — (1 — e;)D5(1 — e;) defined by
j’(x) = w(io ji(x))w* is an embedding. There is also an embedding i,: O, —
e1Dse; such that i,(0;) = e1h(O0,)e;. Define j,: O; — D3 by j,(x) = j/(x) @ i,(x)
for x € O,. We claim that j, is full. Let x € (O;). It suffices to show that the
ideal generated by j,(x) is Ds. Since j,(x) > j./(x), the ideal generated by j,(x)
contains the ideal generated by j.'(x). This ideal in turn contains the ideal generated
by w*j!' (x)w = 10 j)(x). Thus it contains (D, ), since j; is full. Since s o jo = s 0 i,,
50 jo(x) € s(e1)Ozs(er). It follows that j, is full. [ |

The following is a version of the so-called uniqueness theorem originally proved
in [Ln3]. The following version is proved in [Ln7, 6.1]. This theorem plays an im-
portant role in this paper.

Theorem 3.3  Let A be a separable unital amenable C*-algebra and B a o-unital
C*-algebra. Suppose that hy, hy: A — B are two homomorphisms such that [h,] = [h;]
in KK(A, B). Suppose that hy: A — B is a full monomorphism such that [hy(14)] =
[h1(14)] = [h2(14)]. Then, for any € > 0 and finite subset F C A, there are an
integer n and a unitary w € U (M,,41(B)) such that

|lw* diag(h(a), ho(a), . .., ho(a))w — diag(ha(a), ho(a), ..., ho(a))|| < &
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foralla e 7.

From the above we obtain the following. Note, it follows from [KP, Theorem 2.8]
that for any separable amenable C*-algebra A, there is an embedding: A — O,.

Corollary 3.4  Let A be a separable amenable C*-algebra and B € D. Let1: A — O,
be an embedding and let jo, j,: kO, — B be two full embeddings. Then for any e > 0
and any finite subset F C A, there exist an integer n and a unitary U € M, (B) such
that

lad U o (diag(jo o1, ., jo o 1)(a) — diag(j1 0 1, jo o1, .., jo o (@) < €

foralla € F.

It was shown by Rerdam [Ro1] that unital homomorphisms from O, to a purely
infinite simple C*-algebra are approximately unitarily equivalent. It actually holds
for some C*-algebras which are not purely infinite and simple. The following theo-
rem will play a similar important role in this paper.

Corollary 3.5  Let A be a separable amenable C*-algebra and B € D. Let1: A — O,
be an embedding and let jg, j1: O, — B be two full embeddings. Then for anye > 0
and any finite subset F C A, there exists an isometry U € M,(B) such that

l7o o 1(a) —ad U* diag(j; o1, joo1)(a)]| < &
foralla e 7.

Proof For each n, any ¢ > 0 and any finite subset § C O,, there is an isometry
V € M,11(0;) such that VV™* = 1g,, V'V = 1p,,,(0,) and

[ad V™ o (jo(a), jo(a), - - ., jo(a)) — jo(a)|| <e/2
forall a € G. Then the corollary follows from this and Corollary 3.4. ]
Lemma 3.6  Let A be a separable amenable C*-algebra and B € D. Let1: A — O, be

an embedding. Suppose that jo, ju: O — B are full embeddings.
Suppose that ¢, 1y, : A — B ® K are two contractive linear maps for which there

exists a sequence of unitaries {u, } in B® X such that

nll>n<’>lo H ad u, o (an(a) @ jn o 1(a)) - 1/%1(!1) @ jn o l(a)” =0

—_~

for all a € A. Then there exists another sequence of unitaries v, in B @ X such that
lim [[adv, o (¢u(a) @ jo 0 1(a)) — Pu(a) ® jo o 1(a)]| =0

foralla € A.
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Proof Letd > 0, N > 0be an integer and § C O, be a finite subset of O,. Denote

by C the image of j;. Note that C = O,. It follows from [Rol, 3.6] that there exists
v € My(C) such that v*'v = 1¢, vw* = 1y ) and foralla € G,

|| ad v o diag(jo(a), - . ., jo(a)) — jo(a)|| < 4.

Lete > 0 and F C A be a finite subset. We may assume that there is an integer
m > 0 such that

| ad u, 0 (¢u(a) ® ju 0 1(a)) — thula) ® juo1(a)|| < /6

forall a € F for all n > m. By Corollary 3.4, there is a unitary w,, € M,;,(B) such
that

H ad w, o diag(jy o 1(a), jo o 1(a), ..., jo o 1(a))
— diag(j, o 1(a), jo 0 1(a), . . ., jo o 1(a))|| <e/6
for all a € J. Therefore we obtain a unitary z, € 1;8??{ such that

|| ad z,0diag(¢n(a), joor(a), . .., jooi(a))—diag(,(a), joor(a), ..., joou(a))| < e/2

for all a € F, where j, o 1(a) repeats n + 1 many times. Thus, with sufficiently
small § and large G, from the first paragraph of the proof, we finally obtain a unitary

v, € B® X such that

| ad v, o diag(¢n(a), jo o 1(a)) — diag(v,(a), jo o 1(a))|| < e

foralla € 7. u

Lemma 3.7 Let ] be a separable C*-algebrain D. Then ] @ K = C ® K, where C is
unital and there is a unital embedding from O, to C.

Proof Let j,: O, — Jbeafull embedding. Pute = j,(10,). Since j, is full, eJeis a
full hereditary C*-subalgebra of J. It follows from L. G. Brown’s stable isomorphism
theorem [Br] thateJe @ X = J® X. |

Lemma 3.8 Let
0—-JK—-B—-=C—0

be an essential absorbing extension of C*-algebras in D. Suppose that C is exact. Then
there exists an approximate identity {e, } of ] @ X consisting of projections such that for
each n, there is a full embedding j,: Oy — (e, — €2u—1) J(€2n — €2n—1) (€9 = 0) such
that j(a) = 3" ju(a) € Bforall a € A (converging in the strict topology).
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Proof By Lemma 3.7 we may assume that ] ® X = D ® K, where D is unital and
there is a unital full embedding i,: O, — D. To simplify notation, we may well
identify O, with 7,(0;). Since C is exact, there exists a unital embedding h: C —
O, C Dby [KP, 2.8]. Put h,(a) = h(a) ® e,, forall a € C, where {e;;} is a system
of matrix units for X. Define H: C — M(D ® X) by H(a) = Z:’;l h,(a) for all
a € A (it converges in the strict topology). Let m: M(D ® X) — M(D ® X)/D ®
X be the quotient map. Denote by 7y the extension determined by the given short
exact sequence in the statement of the theorem. The assumption that 7, is absorbing
implies that there is an isometry Z € M,(D ® X) such that ; = 7(Z)(my & 7o
H)m(Z)*. Then the conclusion immediately follows. [ |

Lemma 3.9 Leto: B — M(]® X) be a monomorphism which gives an absorbing
trivial extension, 0 — J® K — B — C — 0. Suppose that ] and B are in D
and C is exact. Then there exists an approximate identity {e,} of ] ® X consisting of
projections such that |le,x — xe,|| — 0 asn — oo for all x € B. Moreover, there
is for each n a full embedding j,: Oy — (e, — e,—1)J(en — en—1)(eg = 0) such that
jla) =322, jn(a) € B (converging in the strict topology) for all a € A.

Proof Let 7, be the essential trivial absorbing extension. It follows from [Ln5, 5.5.6]
that H gives an essential trivial absorbing extension. Since all essential trivial absorb-
ing extensions are equivalent, we may assume that 7y is o H. Then clearly the lemma
follows. .

4 The Functor E,

Definition 4.1 Let A and B be two C*-algebras and ¢),,: A — B be a sequence of
maps from A to B. We say that {1, } is asymprotically linear, if

le [[larp,(a) + Biby(b)] — Yn(aa+ Bb)|| =0 foralla,b € Aand o, 8 € C,

is asymprotically selfadjoint if lim,,_, o ||10,(a*) — ¢,(a)*|| = O forall a,b € A and is
asymptotically multiplicative if lim, _, o, ||1,(a)1,(b) — 1, (ab)|| = 0 forall a,b € A,
respectively.

Definition 4.2  Let ¢,,, ¢,: A — Bbe two sequences of maps. We say that {¢, } and
{4} are asymptotically the same if lim,_, oo ||¢n(a) —t),(a)|| = O foralla € A. We say
{¢n} and {1, } are asymprotically approximately unitarily equivalent, if there exists a
sequence of unitaries {u,} in B such that lim, .. || ad u, o ¢,(a) — ¥, (a)| = 0 for
alla € A.

Definition 4.3 Let A and B be two C*-algebras and L: A — B be a contractive
completely positive linear map. Let C,, be as in Definition 2.4. We will still use L for
L®idy, : Mu(A) — M,(B), Loidy, ®idc,: M,(A)RC(C,) — M,(B)®C,, its exten-
sion from M,,(A) ® C(C,) to M,(B) ® C(C,) and the L ® idy;, ® idc(s1)gc(c,) and its
unitization. Let P be the set of projections in M,,(A), M,(A ® C,) and M,(A ® C, ®
C(S")). As discussed in [Ln4] and other places such as [DE], given a finite subset
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P C P(A), there exists > 0 and a finite subset F, such that any F-J-multiplicative
contractive completely positive linear map L: A — B uniquely defined a map from
[P] to K(B). Let G be the group generated by P, with even larger F and smaller 6, L
gives a group homomorphism [L] from G to K(A). In what follows, for a contractive
completely positive linear map L: A — B, whenever we write [L]|p we mean L is
F-6-multiplicative with sufficiently large F and sufficiently small § so that [L]|p is
well defined.

Definition 4.4 Let A be a separable unital amenable C*-algebra. Let B be a C*-alge-
bra in D. An asymprotic sequential morphism ¢ = {¢,} from A to B® K is a se-
quence of asymptotically multiplicative contractive completely positive linear maps
{¢n} from A to B X such that there is an element &« € Homy (K(A), K(B®X)) with
the property that [¢,]|p = «|p for any finite subset P C P(A) and any sufficiently
large n.

We say two asymptotic sequential morphisms ¢ = {¢,} and ¢ = {¢,,} are equiv-

alent if there exists a sequence of unitaries u, € B® X such that foralla € A,
|ad u, o (¢, @ j)(@) — (¢ & j)(a@)|| — 0asn — oo,

where j: A — O, — B® K is a full embedding. It follows from Lemma 3.6 that the
above definition does not depend on the choices of j.

We will write ¢ ~ 1) if ¢ and v are equivalent. Denote by E,(B) the equivalent
classes of asymptotic sequential morphisms from A to B. If ¢ = {¢,} is an asymp-
totic sequential morphism from A to B ® K we denote by (¢) the equivalence class
containing ¢.

Given (¢) and (1), by (@) + (1)) we mean (¢ @ 1)), where the direct sum is the
orthogonal sum as usual.

Proposition 4.5 Let ¢ = {¢,} and b = {1} be two asymptotic sequential mor-
phisms. If ¢ ~ 1), then there is unique oo € Homy (K (A), K(B)) such that for any finite
subset P C P(A), [n]lp = [¥nllp = ol for all sufficiently large n.

Proof Since j:A — O, — B® X, [j] = 0in Homa(K(A),K(B)). Therefore
[Dullp = ([#u] @ [j]D|p and [¥u]]p = ([¥] © [j])|p. Suppose that there is a €

Homy (K(A), K(B®X)), for any finite subset P C P(A), [¢,]|p = «| for all large n.
Since there exists a sequence of unitaries {u,} in B ® X such that

|lad u, o ¢pu(a) — u(a)|| = 0 asn — oo

for all a € A. This implies that [¢,]|» = [¢,]| for all large n. [ |

Proposition 4.6  EA(B) is a group.

https://doi.org/10.4153/CJM-2007-015-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-015-9

352 H. Lin

Proof From the definition, it is immediate that any homomorphism j': A — O, —
B ® X represents the zero element. Let ¢ = {¢,} be an asymptotic sequential mor-
phism from A to B ® XK. It follows [Ln7, 4.5] that there are a sequence of asymp-
totically contractive completely positive linear maps {4, } from A to B® X and a

sequence of unitaries 4, € B® X such that
ladu, © j(a) = (6n © @)(@)]| — 0 asn— oo

for all a € A. Suppose that & € Homy (K(A), K(B)) such that, for any finite subset
P C P(A), [pu]|» = | foralllarge n. Note that [ j] = 0. Hence ([¢,]+[¢n])|» = 0,
for all large n. Therefore ([¢,])|» = —a|p for all n. Thus ¢ = {¢,} is an asymptotic
sequential morphism from A to B ® X. This shows that E4(B) is a group. ]

Proposition 4.7  Let A be a unital separable amenable C*-algebra. Then E4 is a func-
tor from D and x-homomorphisms to abelian groups.

Proof It follows from the definition and Proposition 4.6 that E4(B) is an abelian
group for every C*-algebra B € D. For functoriality, let C be another separable
C*-algebra and let h: B — C be a homomorphism. We extend it to obtain a ho-
momorphism i: B® X — C ® XK. Therefore {¢,} — {h o ¢,} sends asymptotic
sequential morphisms to asymptotic sequential morphisms. Moreover, one checks
({h o ¢,}) is in E4(C) if ({¢,}) is in Ex(B). Therefore h induces a homomorphism
h*: EA(B) — EA(C)

Ifg: C — Disalsoahomomorphism, then itis easy to check that (goh), = g,oh..
Moreover, it is obvious that (idg). = idg,(p)- [ |

Definition 4.8 Let B be a C*-algebra and fix a rank one projection e € X. Define a
homomorphismé: B— B® K byé(b) =b® eforb € B.

Lemma 4.9 Let A be a separable amenable C*-algebra. Then E4 is stable, i.e., the
map é,: Ex(B) — EA(B ® X) is an isomorphism.

Proof Lets: X ® X — X be an isomorphism. We will show the following (known
facts): for any finite subset § C X and any § > 0, there exists a unitary U € K such
that

ladU o (soé)(a) —al| < ¢

for all a € . But this follows from the fact that (s 0 &), = idg,(x).
Now let {¢, } be an asymptotic sequential morphism from A — B®X. It follows
from what we have just proved that for any finite subset 7 C B ® X and any € > 0,
lad1 ® U(so é) o ¢,(a) — du(a)|| < e

for all a € J. This implies that (s o €),. = idg,(p)- [ |
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Lemma 4.10 ( [P2,3.16])  Let A be a unital separable amenable C*-algebra. Let
0 — I5B5SB/I— 0

be a split short exact sequence of separable C*-algebras in D such that the extension is
essential and absorbing. Suppose also that B/I is amenable. Then the sequence

E4(I)=Ex(B)=E(B/T)
is exact in the middle.
Proof It follows from Proposition 4.7 that 7, o 1, = 0. To show that ker(m,) C

im(1,), we let (¢) = {¢,} be an asymptotic sequential morphism fromA — B® X
such that 7,,((¢)) = 0. Let j be as in Lemma 3.8 and h: A — O, be an embedding.

Then there exits a sequence of unitaries v, € (B//I)\_QTJC such that
lladv, oo (¢,(a) @ joh(a)) — joh(a)] -0 asn— oo

foralla € A. By replgcing v, by v, @ v, we may assume that v, € Uy(((B/I) ® x)).
Let u,, € Uy((B® X)) such that 7(u,) = v,. We have

|7 (1 (pn @ joh(a))u, — joh(a))| — asn— oo

foralla € A. Leto: ((B/I) ® %K) — B® K be a continuous (not necessarily linear)
cross section of 7 satisfying o(0) = 0 (given by [BG]). Define ¢;,: A — Bby

Y(a) = u(du(a) & joh(a))u, — (0 o 7)(uydu(@)u, — j o h(a))
for a € A. Since o is continuous, we have

lim [0 7)(u;(¢n(a) @ j o h(@))un — j o h(@))|| =0

for all a € A. Since
(¢, (a) — j(a)) =0,

Pi(a) € I QK+ joh(A) for all A.

Therefore {1} is an asymptotically linear, self adjoint and multiplicative map
(not necessarily linear, or positive) from A to I ® K + j o h(A). By the construction
of j as in Lemma 3.9, there is an approximate identity {e,} of I ® X consisting of
projections such that

esjoh(a) = joh(a)e, and |(1—e,)(t,(a)— joh(a))| —0

asn — oo foralla € A. Let ) (a) = e,p,(a)e, foralla € Aand j/(a) = (1 —e¢,)jo
h(a)(1 — e,) for a € A. Since A is amenable, it follows from [P2, 1.1.5] that there
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is a sequence of asymptotically multiplicative contractive completely positive linear
maps ¥, A — e,(I ® K)e, such that

[¥n(a) — ) (@) — asn— oo

foralla € A. Then

lim | diag(y,(a), j,(a)) — adu, o diag(¢u(a), j o h(a))|| — 0

—~—

for all a € A. It follows from Lemma 3.6 that there are unitaries z, € B® X such
that

lim || diag(z 0 ¢u(a), j o h(a)) — adz, o (¢u(a), j o h(a))|| =0
forall a € A. So there is « € Homy (K(A), K(B)) such that, for any finite subset P C
P(A), [109,]|p = algp for all sufficiently large #. Since the extension splits, by Lemma

3.6, there is a left inverse [1]~!: Homy ((K(A), K(B)) — Homy ((K(A), K(I)) such
that [1] 7! o [1] = [id;]. Let B = [1] "' (). Then it follows that

[Vullp = Blp

for all large n. In other words, ) = ({1, }) is in E4(I). Furthermore, from last limit
formula above, we conclude that (¢) = 1..((¢)). [ |

Theorem 4.11  Let A be a separable amenable C*-algebra. Let
0—-I®KX5BLB/I—0

be a split short exact sequence of separable C*-algebras in D which gives an absorbing
essential trivial extension.

Then one has the following split short exact sequence.

0 — Ex(I)E(B)SEx(B/I) — 0.

Proof Denote by g: B/I — B the splitting map so that 7 o ¢ = idp/;. We first show
that 1, is injective. To simplify the notation, we may assume that B = B ® K.

Let (@) = {¢,} be an asymptotic sequential morphism from A — I®X. Suppose
that 7, o (¢) = 0. In other words, there is a sequence of unitaries u, € B such that

Tim || adu, o (9u(@) + j(@) — j(@)] = 0

for all a € A, where j: A — B is a monomorphism which factors through O,.
It follows from Lemma 3.9 that there exists an approximate identity {e,} of I ® X

consisting of projections such that

lesx — xe,|| — 0 asn — oo

https://doi.org/10.4153/CJM-2007-015-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-015-9

Weak Semiprojectivity in Purely Infinite Simple C*-Algebras 355

for all x € B. Moreover, there is, for each 1, an embedding
jn: OZ - (en - enfl)I(en - enl)

(eg = 0) such that

i'@ =" ju(a) € B
n=1

for all a € O,. Fix an embedding h: A — O,. It follows from Lemma 3.6 that we
may assume that j = j’ o h. Let {x, } be a dense sequence of A. We choose e,y such
that
Q) lemmin — tnemm|l < 1/2n+1,
(1) lemm Pn(@emmy — dula)]] < 1/2" foralla C {xi,...,x,}.

Note that (i) is possible because u, € B. There is a unitary w, in e, Iem» such
that

Wi — emm tnemm|| < 1/2"

—_~

for all n. Set V,, = (1 — em(n)) + wy. We may view V,, as a unitary in I ® K. Put
7n(a) = emm j(@)emmn) = Z,’f:(r{) jx o h(a) for a € A. Then we have

nll{lgo H ad Vn o (¢n(a) ® ]Tn(a) - ]_‘rl(a)H =0

for all a € A. Note that j,(a) = (ZZL(?') jx) o h. Let j,: Oy — I be an embedding. It
follows from Lemma 3.6 that there exists another sequence of unitaries z, in B such
that

nll}ngo lad z, o (¢pu(a) ® jo o h(a)) — jo o h(a)|| =0

for all a € A. This implies that (7). is injective.
By Lemma 4.10, it remains to show that

Tx O & = idEA(B/I) .

Note the above also show that 7, is surjective. But 7 o ¢ = idp/;. Therefore 7, 0 g =
(o g)w = idg, /1) u

The following is obvious.
Lemma 4.12 E,(B® C) = E5(B) @ E4(C).
Proposition 4.13  Let A be a separable amenable C*-algebra. Then E,(—) is homo-
topy invariant in the following sense. Suppose that fi.: EA(B) — E4(C) (i = 1,2)
are homomorphisms and there is a homomorphism g, : E4(B) — EA(C([0, 1], C)) such

that §p 0 g« = fi« and 81 0g. = frx, where 6;: C([0, 1], B) — B is the point evaluation
att, then fi. = fre;
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Proof Let (¢) € Es(B). Suppose that g.(($)) is represented by {®,}, where
®,: A — C([0,1],B) is a sequence of contractive completely positive linear maps.
Then &; o g.({¢)) is represented by {J; o ®,}. It follows from [Ln7, 4.6] that ({d, o
D,}) = ({8 0 B, }). However, fo. ((6)) = ({8 0 @,}) and fi,((6)) = ({5 © D, }).
Therefore fi,. = fo.. |

5 A Theorem of Higson

Definition 5.1 Let A be a unital separable amenable C*-algebra and B be a separa-
ble C*-algebra. Given (¢) € E4(B) which is represented by an asymptotic sequential
morphism {¢,} from A — B ® X. It follows from Proposition 4.5 that there is a
unique o € Homy (K(A),K(B ® X)) such that [¢,]|p» = «|p for all finite subset
P C P and all sufficiently large n. Let 85({¢)) = a. Then [ gives a (well-defined)
homomorphism from E4(B) to Homy (K(A), K(B® X). This defines a natural trans-
formation (3 from the functor E4 to the functor Homy(K(A), K(—)). To see this,
let h: B — D be a homomorphism and (¢) = ({¢,}) € Ea(B). Suppose that
& = Bp({¢)). Then it is clear that h.(§) = Bp({h o ¢,}). Therefore

Bp(Ea(h)({(¢)) = Bo({({h o ¢n})) = hs o Bp((9)).

Definition 5.2  Fix a class of separable C*-algebras A which satisfies the conditions
(i)—(iv) in Proposition 3.2.
Let F be a covariant functor from A to abelian groups. F is said to be

(a) homotopy invariant, if for any pair of homomorphisms fi., f«: F(A) — F(B)
with the property that there exists a homomorphism g: F(A) — F(C([0,1],B)
such that dp. og = fi. and 6y, 0 fo., where §;: C([0, 1], B) — Bis the evaluation
att € [0,1], then fi. = fou;

(b) stable, if €, is an isomorphism;

(¢) additive, if B; and B, in A then F(B; @& B,) = F(B;) ® F(B,), and

(d) A-absorbing split exact, if for fixed A € D, and, for any B € A and whenever

0 —BRKSELA —0

is a split short exact sequence which gives an absorbing essential trivial extension,
then one has the following split short exact sequence:

0 — F(B)SF(E))F(A) — 0.

Fix a C*-algebra A in A. In the rest of this section, F is always a covariant functor
from A to abelian groups which satisfies the conditions (i)—(iv) of Proposition 3.2
with a fixed C*-algebra A € A.

Let C be a separable amenable C*-algebra. It follows from Proposition 4.13,
Lemma 4.9, Lemma 4.12 and Theorem 4.11 that Ec(—) satisfies (i)—(iv) for any
amenable C*-algebra A € D,
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Remark 5.3 To apply Higson’s original theorem, one would need to assume that the
functor in question is split exact, as well as stable and homotopy invariant. However,
we only know that E, is stable and homotopy invariant. But split exact holds only
for some special cases. In what follows, we will show that Higson’s theorem actually
holds for our functor E4. The proof is almost a line by line modification of Higson’s
original proof.

Definition 5.4 ( [H, 3.3])  Let A be a separable C*-algebra in A. Let B be a o-unital
C*-algebra. Let ® = (¢, ¢, 1) bea KK(A, B)-cycle (for which U = 1) in the Cuntz
picture. Let 0: A — M(B ® X) be a monomorphism such that it gives an essential
trivial absorbing extension of A by B ® X. By replacing ¢, and ¢_ by ¢, @ ¢ and
¢_ @ o, we may assume that ¢, (and ¢_) gives an absorbing extension. Set

Ap={adx€e A®MBRX): ¢.(a) = x,modulo B® K}.

Define aii A — Ag byai(a) =a®d¢i(a),define j: BK — Ag by j(x) =0 x
and define 7: Ag — A by 7(a ® x) = a. These maps combine to give the following
essential trivial absorbing extension:

0— B®KLAGSHA — 0

which splits by either ai t A — Ag.

Suppose that both A and B are in A. Then by the assumption in Definition 5.2, Ag
isin A. Let F be a covariant functor from A to abelian groups as above. As in [H, 3.4],
we get a homomorphism from F(A) to F(B) as follows.

Definition 5.5 ([H, 3.4]) Let A € A and let F be a covariant functor from A to
abelian groups which is stable, homotopy invariant, additive and A-absorbing split
exact. Suppose that Bis in A. Let ®..: F(A) — F(B) be the following composition of
homomorphisms:

F(A)"" =" F(Ag)-SF(B ® K) > F(B),

where I: F(Ag) — F(B® X) is a left inverse of j,.: F(B® X) — F(Ag). This exists
because the short exact sequence is A-absorbing split exact; also, since <Z+* — a_*
maps into the kernel of 7., @, does not depend on the particular choice of I (see [H,
3.3]). Note that im j, = kerm,. Denote by p: F(Ag) — im j.. We may choose

I=jlop.

Remark 5.6 Let hy: A — B be two homomorphisms. We have a KK(A, B)-cycle
D = (¢4, ¢, 1), where ¢, = éoh; and p_ = éoh_. If we do not add any degenerate
cycle, we have Ag = A ® B ® XK. It is still an extension of A by B ® K. We have
F(Ag) = F(A) ® F(B ® X). Therefore we can also define ®,. exactly the same way as
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Definition 5.5. Let ¥ = (1), 1, 1) be a degenerate cycle such that¢: A — M(B® X)
gives an essential absorbing trivial extension of A by B ® K. Then

Aoy = {a & (xi) € My(M(B® X)) :

+ 0
(xij) = <¢ éa) 1/’(“)) ,modulo M>(B® fK)}.

Define f: A@ — Acp@\p by

X 0
fladx)=ad® (0 1/J(€l)) .

With suitable choices of €, we have the following commutative diagram:

Ag B® X

~ N

A f é B

N A

Apgy <—— M(B®X)
j

where v = (‘”Oi 2}) Note that Ag and Agpgy are in A if B is in A. This implies that

®, = (P @ V). We note that the above holds for any ® = (¢,, ¢_, 1), not just the
case that ¢ = h.

For the cycle ® = (id4,0,1), Ag = A & A ® K. Moreover, qAS+(a) = a® é(a),
a_(a) = a®0,and: F(Ap) — F(A®XK) may be chosen to be gq.., where g(a®x) = x.
It follows that ®, = (id4,0,1). = idp). From the above, if ¥ = (¢,9,1) is a
degenerate cycle such that : A — M(A ® X) gives an essential absorbing trivial
extension, then (® & V), = idp).

In the following KK (A, —) denote the KK functor restricted on A.
Theorem 5.7 ( [H, Theorem 3.7])  Let F be as in Definition 5.5 and A be a fixed

C*-algebra in A. If x € F(A), then there exists a unique natural transformation
a: KK(A, —) — F such that as([ida]) = x.

Proof Let a: KK(A,—) — F be a natural transformation and ® be a cycle as in
Definition 5.4. To verify ag o ®, = ®, o as, we choose | = j; ! o p (see Defini-
tion 5.5). Since « is a natural transformation, we have s, © KK(j) = F(j) o apgx.
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In particular, a,y, maps im KK(j) to im F(j). Therefore we obtain the following
commutative diagram:

im KK(j) im F(j)
| |
KK(A,B®K) — FB® X

We also have ay,, o ($+ — ;b\_) = ((;1r — qg_ )oa,. Since KK(<$+ — a_) maps KK (A, A)

to ker KK (7) = im KK(j), F(QEJr — ¢_) maps F(A) to ker F(7) = im F(j), from the
above commutative diagram, we obtain

apgsc © (Lo (s — ¢ ) = (L o (¢ — ¢ ). 0 (4.

It follows that ag 0 @, = P, 0 vy.

Hence, by [H, 3.5], as in the proof of [H, 3.3], ap([?]) = ap(P.([ida])) =
D, (aa([ids]). Here the first &, is a homomorphism from KK(A, A) to KK(A, B)
and second P, is a homomorphism from F(A) to F(B). Moreover, [id4] is an ele-
ment in KK(A, A). This implies that a4 ([ids]) determines ag([®]). This proves the
uniqueness.

If x € F(A), define ap([®]) = ®.(x). We must prove that it is well defined. Note
that here ® = (¢4, ¢_, 1) and both ¢, and ¢_ are assumed to give essential ab-
sorbing trivial extensions. If ¥ = (¢, 1, 1) is a degenerate cycle then by Remark 5.6,
D, = (PDVY),. Also, if &y and @, are homotopic viaa homotopy ® = (¢, P_,1),a
KK(A,C([0, 1], B)-cycle such that ®;,, = J;, 0P, where §;: C([0, 1], B) — Bis point
evaluation at i = 0, 1. Hence ®y, = ®;. by homotopy invariance. As in the proof
of [H, 3.7], applying [H, 3.6], &p gives a homomorphisms ap: KK(A,B) — F(B).
From Remark 5.6, a4 ([idsa]) = x. Finally, if ® is special (as of [H]) then it is easy
to check that (g4 ®),. = g. o @, if g: B — C is a homomorphism. Therefore « is a
natural transformation. [ |

6 Isomorphism from E,(B) to KL(A, B)

Definition 6.1 Let A be a separable amenable C*-algebra. We use the identification
KK(A,B) = Ext(SA, B) and KK'(A, B) = Ext(A, B). We denote by T(A, B) the set
of equivalence classes of stably approximately trivial extensions (see [Ln6]). It was
shown that T is a subgroup of Ext(A, B).

Let A be a separable amenable C*-algebra and B be a o-unital C*-algebra. Recall
that

KL(A,B) = KL°(A, B) = Ext(SA, B)/T(SA,B), KL'(A,B) = Ext(A, B)/T(A, B)

(see [Ln6]). We will use IT: KK(A, B) — KL(A, B) for the quotient map. It should
be noted we now defined KL(A, B) without the UCT (see [Ln6]).
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It follows from [DL] that there is homomorphism
I': KK(A, B) — Hom, (K(A), K(B)).

It is shown by Dadarlat and Loring [DL] that if A is in N, then for any o-unital
C*-algebra B, I' is surjective and ker I' = Pext(K,.(A), K..(B)).

It follows from [Ln6] that (with A amenable) T(A, B) is in the kernel of I. Thus
we obtain the induced map I" from KL(A, B) to Hom, (K(A), K(B)).

Recall (see [Ln6]) that A is said to satisfy the approximate universal coefficient
theorem (AUCT) if the map I is an isomorphism.

Theorem 6.2  Let A be a unital separable amenable C*-algebra in D. Then, for each
separable C*-algebra B € D, the image of the map 3 contains ['(KL(A, B)).

Proof It is easy to see that I" is a natural transformation from the functor KK(A, —)
to the functor Homy (K(A), —)). It follows from Theorem 5.7 that there is a unique
natural transformation o from KK (A, —) to E4 with aia ([ida]) = (ida). Let B: Ex —
Homy (K(A), K(—)) be the natural transformation defined in Definition 5.1. Then
Ba({ida)) = [ida]. Therefore Bx o ca([ida]) = [ida]. Since T'([ida]) = [ida], It
follows from Theorem 5.7 that

[oll =fBoa.

Thus B5(E4(B)) D T'(KL(A, B)) = I'((KL(A, B)). ]

Corollary 6.3  Let A be a unital separable amenable C*-algebra in D which satis-
fies the AUCT. Then, for each separable C*-algebra B € D, the map Bg: Eo(B) —
Homy (K(A), K(B)) is surjective.

Theorem 6.4  Let A be a unital separable amenable C*-algebra in D and B be a sepa-
rable unital C*-algebra. Suppose that T': KL(A, oo (B)) — T'(KL(A, o0 (B))) is injec-
tive. Then Op: E4(B) — Homy (K (A), K(B)) is also injective.

Proof By Theorem 6.2, it suffices to show that [3p is injective. Let
a € T(KL(A, B)) C Hom, (K(A), K(B))

and (¢), () € EA(B) such that S5((¢)) = Bs({1))). Suppose that (¢) and (1)) are
represented by ¢ = {¢, } and ¢p = {1),,}, respectively. For any finite subset P C P(A),
there exists N > 0 such that [¢,]|» = [¢,]|p = a|p for all large n > N. It follows
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from [GL1, 2.9] (see also [GL2, Remark 2.1]) that
K(*B® X)) =[] K(B),
K(I®(B® X)) = | [ Ki(B, 2/k),
Ki(qo(B® X)) = [ [ Ki(B)/ ® Ki(B),

Ki(qoo(B® K, 2/k2)) = | | Ki(B,2/KZ)/ 0 Ki(B, Z/KZ).

Define ®,¥: A — [[,~yB® KX by ®x(a) = {¢u(a)}, > N and ¥n(a) = {¢,(a)}
for a € A, respectively. We then have [¥]|p = [®]|p. Let hy = 7’ o ® and h, =
7w’ oW, where ’: I°(B® K) — qoo(B® K). Regarding [h;] and [h,] as elements in
KL(A, goo (B®X)), we have T'([h;]) = T'([h,]). By the assumption that I is injective,
we obtain [h;] = [hy] in KL(A, goo (B ® X)). Fix a full embedding j: A — O, —
B X. Let J: A — O, — I°°(B® X) be defined by J(a) = {j(a), j(a),...}. Put
hy = h; @ 7’ o J. Note hs is full. It follows from Theorem 3.3 that there is a sequence

of integers {m(n)} and a sequence of unitaries w, € qoo@ng) such that

[adwy o (hi(a) ® i) © h3(a)) — ha(a) © dyy © hs(a)|| — 0
asn — oo foralla € A. Let {¢,} be the sequence of the maps which represents
the inverse of ({¢}) given by [Ln7, 4.5] corresponding to {¢,}. Define ®: A —
I1°°(B® X) by ®(a) = {¢,(a)} fora € A. Set hy = 7’ o ®. Then

lim || adw;, o (hi(a) ® due) © hs @ ha(a)) — hy(a) @ dyiny © hs © ha(a)|| = 0

n—oo

forall a € A, where w), is a unitary in U(qoo(];\éb/fK)). However, by the choice of q_b,’l,
we have

lim [[adz, o (hy(a) ® dpe o 7" 0 J(a)) — hy(a) © dymy 0 7' 0 J(a)|| = 0

for all a € A, where z, is a unitary in U(qw?é\gx)).
By applying Lemma 3.6, we have

lim [|adz, o (hy ® 7" o J)(a) — hy(a) ® 7" o J(a)|| = 0

for all a € A, where z, is another sequence of unitaries. There is a unitary U, =

{Vl(cn)}kZI c ZOO(/B-\(éTfK) such that W(Un,k) - Zy/p n = 1; 27 ... Let Uy = V;n)' Then
we have lim,,_,, ||ad u, o (¢! (a) & j(a)) — . (a) & j(a)|| = 0 foralla € A. From
here we conclude that (@) = (). [ |
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Theorem 6.5 Let A be a unital separable amenable C*-algebra. Then for any € > 0
and any finite subset F C A, there exist § > 0, a finite subset G and a finite subset P C
P(A) satisfying the following: if B is a unital C*-algebra in D and ¢, : A — B K are
two G-0- multiplicative contractive completely positive linear maps with [¢¥]]|p = [@]|,
then there exists a unitary u € B ® X such that ado(¢p @ j) ~. ¥ & j on F, where
j: A — O, — Bisa full embedding.

Proof Suppose the theorem is false. Let {J,} be a decreasing sequence of positive
numbers such that lim,_, ., €, = 0, {F,} be an increasing sequence of finite subsets
of A such that | J2, F, is dense in A and {P,} be an increasing sequence of finite
subsets such that U;’il P, = P(A). Then there exits £g > 0, a finite subset ¥y C A,
a sequence of unital C*-algebras {B,} C D and two sequences of asymptotically
multiplicative contractive completely positive linear maps ¢, ¢,: A — B, ® K such
that [¢¥,]|p, = [@ullp,,n=1,2,... and

sup{max{|| ad u, o (1,(a) © j(a)) — (Pn(a) @ j(a))|| : a € Fo}} > €0

for all unitaries u,, € U(B, ® X).

Define ¥: A — I°({B, ® X}) and ®: A — I°°({B,}) by ¥(a) = {¢,(a)} and
®(a) = {¢p,(a)} for a € A, respectively. Put h; = 7’ o ¥ and h, = 7’ o , where
7' I°({B, ® X}) — goo({By @ K}) is the quotient map. It follows from the proof
of Theorem 6.4 that T'; ([,]) = "1 ([h,]). The same proof shows that there exists an
integer m and a unitary in w € M,,,(qoo ({B, ® K}) such that

ladw o (hi(a) ® 7" 0 J(a)) — (ha(a) & 7" 0 J(a)|| < &0/2

for all a € F,. There exists a unitary U = {v,} € U(qoo({B; ® X})) such that
7'(U) = w. Therefore there exists an integer N such that for alln > N,

|lad v, o (¢u(a) @ j(a)) — (¢(a) & j(a))| < eo

for all a € F,. This gives a contradiction. ]

Lemma 6.6  Let A be a separable amenable C*-algebra in D. Then elements in Ex(B)
can be represented by homomorphisms from A to B® XK.

Proof Let (¢) € Es(B) be represented by {¢,} and & = 5((¢)). Fixe > 0and a
finite subset F. Let d, G and P be as required in Theorem 6.5. There exists N > 0
such that ¢, are §-§-multiplicative and [¢,]|p = £|» for all n > N. It follows from

Theorem 6.5 that there exists, for each #, a unitary u, ; € B ® X such that

[ad sk o (¢n ® j)(@) = (Pnsr ® (@) < e

foralla € Fandn > N. By applying [Ln7, 4.7] we obtain a subsequence {m(k)} and

a sequence of unitaries wy € B ® X such that h(a) = lim,— o Wi (dmm D j)(a)wi
converges foreacha € Aand h: A — B®XK isahomomorphism. Moreover, [h] = €.
By applying Theorem 6.5 again, we obtain that (¢) = (h). [ |
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Theorem 6.7  Let A be a unital separable amenable C*-algebra in D which satisfies the
AUCT and B be a separable C*-algebra in D. Then g: E4(B) — Homy (K(A), K(B))
is an isomorphism.

Proof If A satisfies the AUCT, the map I in Theorem 6.5 is injective. So the theorem
follows immediately from Theorem 6.5. ]

7 Weak Stability

Lemma 7.1 Let A be a unital purely infinite simple C*-algebra. There are § > 0 and
a finite subset G such that for any C*-algebra B, if there exists a contractive completely
positive linear map L: A — B which is G-6-multiplicative, then there exists a projection
e € B such that there is a full embedding from O, to eBe. If we assume that L(1,) is
a projection, then we can choose e = L(14). Moreover, if A is separable, there exists a
separable C*-algebra C € D such that C C B and L(A) C C.

Proof Thereisanembedding j: O, — A. Thereisx € A suchthatx*j(1e,)x = 14.
Since O, is semiprojective, for any finite subset F and € > 0, there is a finite subset
G1 C j(0,) and § > 0 such that, if L is G U {x, x* }-0-multiplicative, then there is a
monomorphism h: j(O,) — D such that ||L(x) — h(x)|| < e forallx € F. With a
larger finite subset §, C A, we may assume that there is a projection e € B such that
lle— L(14)|| < &/2 and || L(x)*h(1e,)L(x) — e|| < e. This implies that (1, ) is a full
projection in eBe.

If A is separable, one can find a separable C*-subalgebra C C eBe with 1c = e
and L(A) U h(A) U {x} C C. It follows that C € D. [ ]

Lemma 7.2  Let A be a unital separable amenable purely infinite simple C*-algebra.
For any € > 0 and any finite subset I C A, there exist § > 0 and a finite subset § C A
satisfying the following: for any separable C*-algebra B € D, any G-0-multiplicative
contractive completely positive linear map L: A — B such that e = L(1,) is a projection
and any full embedding j: A — O, — eBe, there exists an isometry v € M,(B) with
vw* = lg such thatadv* o (L® j) ~. Lon J.

Proof Let > 0 and G be a finite subset of A. It follows from [Ro4, 8.2.5] that
there is an embedding j,: A — O, — A such that there is an isometry z € M,(A)
such that ad z* o (ida @j,)) =5, ida on F. Since O, is semiprojective, without loss
of generality we may assume that there is a homomorphism #,: A — O, — A such
that L o j, ~5/, ho on F. Moreover, as in Lemma 7.1, we may assume that h is full
in eBe. Note that for any > 0 with sufficiently large G and small §, we may assume
that there is an isometry u € M;(eBe) with uu* = 15 and u*u = 1py,(se) such that
|lu — L(2)|| < n. Thus, we may assume that ad u* o diag(L, h,) ~./4 L on J.
It follows from Corollary 3.5 that there is an isometry w € M,(B) such that

adw” o (hy @ j) ~c/s hg onJ.
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Let w; = 13 © w. Then
L~.4adz" o(L®h,) ~./4 adwjoadz" o (L& h, ® j)) onJ.
However, there is an isometry v € M,(B) such that
adwy oadz*(L® h, @ j)) ~./4 adv* o (LD j) onJ.

Thus the lemma follows. |

Lemma 7.3  Let A be a unital separable purely infinite simple C*-algebras in N. Sup-
pose also that K;(A) is finitely generated for i = 0, 1. Then A is weakly semiprojective.

Proof Let {B,} be a sequence of C*-algebras and h: A — qo.({B,}) be a mono-
morphism. Since A is amenable, there is a contractive completely positive linear map
L ={L,}: A — I°°({B,}), where each L,: A — B, is a contractive completely
positive linear map, such that 7 o L = h, where 7: I°°({B,}) — qoo({B.}) is the
quotient map. Since ||L,(ab) — L,(a)L,(b)|| — 0asn — oo forall a,b € A, without
loss of generality we may assume that L,(14) = p, is a projection. Moreover, by
Lemma 7.1, we may assume that p, B, p, € D for all n. To simplify notation, we may
assume that B,, € D. Since B,, C B, ® K,and B, isfullin B, ® X, B, ® X € D.

Since K;(A) (i = 0,1) is finitely generated, by [DL, 2.11], there is an integer
ko > 0 such that Homy (K(A), K(C)) = Homy (Fx,K(A), Fi, K(C)) for every o-unital
C*-algebra C, where F , K(D) = K.(A) ® ®k<k0 K.(D,Z/kZ)). Let I'([h]) €
Homy, (Fi,K(A), Fx, K(qoo (By)).

Put

Py = [T KB, Py = T KBy, 2/ k),
Qé’) = HK,(B-,,)/ @n Ki(Bn)7

Q](;) — HKI(B'V”Z/kZ)/ @n Kl(Bn?Z/kZ)

n

It follows from [GL1, 2.9] that

Ki(I>(B, © %)) = Py, Ki(I™(B, © %)) = P,
Ki(goo (B, @ 5)) = QF, Ki(goo (B, ® X, Z/k2)) = Q,
k =2,3,.... We have the following commutative diagrams:
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Ko(A) Ko(A, 7/k2) Ki(A)

\ | eam /

ng) . Qio) . Q(()l)

i

Qéo) - Qil) - QE)I)

/ ram | \

Ko(A) Ki(A,2/kZ) K1 (A)

Ko(A, Z/mk7) ————> Ko(A,Z/kl) ————> K\(A,7/mZ)

| eam /

Qi — Q7 —— QY

T l

1
A~ Q) ~—— Qy

/ ram | \

Ko(A, Z)ml) <~ K\(A,Z/kl) < K\(A,Z/mkZ)

It follows from [Ln7, 7.2] that for any 0 < k < k3, we obtain homomorphisms
a: Ki(A,Z/k7) — P,((’) such that 7, o « = T'([h]) forall 0 < k < k3. Moreover, we
have the following commutative diagrams for all k < k:

Koy(A) Ko(A,Z/kZ) K (A)

\ | ramy /

0 0
Q) —— ¢ —

f }

0 1
Q) ~—— Q) —

/ () \

Ko(A) Ki(A,Z/k7) Ky (A),
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Ko(A,Z)mk7) ————> Ko(A,2/k1) ————> Ki(A,Z/mZ)

I . 7

e 3 .

Ko(A,Z/ml) <~ Ki(A,Z/kI) ~—————— Ki(A,Z/mkZ).

So a = {a,} € Homy(Fy,K(A), F,K(I°°(B,)) such that 7, o « = T'([h]). Note
that each o, € Homy (Fy,K(A), Fi,K(B,)). It follows from Lemma 6.6 that there
is a homomorphism h,: A — B, such that [h,] = «,. Fix a sequence of finite
subsets J; such that J; C F;,, n = 1,2,..., and U:’;l F, is dense in A, and a
decreasing sequence of positive numbers ¢; such that lim;_,, £; = 0. For each j, let
d; > 0,P; C P(A) and §; be finite subsets associated with £, ; and A as required by
Theorem 6.5. Thereis n(j) > OsuchthatL,: A — B, is G,-6,-multiplicative, [L,]|p,
is well defined for all n > n(j). Furthermore, we may also assume (with perhaps even
larger n(j)) that [L,]|», = (a,)|p forall n > n(j). Let j,: A — Oy — B, be full
embedding. It follows from Theorem 6.5 that there is a unitary u(j, n) € B, such that
L, ® ju =, adu(j,n)oh, on F;, where h, = h, ® j,. By applying Lemma 7.2, there
exists a sequence of isometries z, € B ® K with 2}z, = lpgx and z,z; = 1y, oK)
such that

lim ||adz, o (L, ® ju)(a) — Ly(a)|| =0

for all a € A. Thus, we obtain unitaries w(#n, j) € B® X (with n > n(j)) such that
L, ~; adw(n, j) o h, on F.

Definew; = 1,...,wya)—1 = Lwy(jyri = u(l,n(j)+1),0 < i < n(j+1)—n(j)—1
and ¢, = adw,, o h,,. Then, since U;); J; is dense in A, we conclude that

lim ||L,(a) — ¢n(a)|| =0 for all a € A.

Finally define H(a) = {¢,(a)} fora € A. Then H: A — I°°({B, ® X}) is a ho-
momorphism. Moreover, m © H = h. If B, are not stable, put p, = H,(14). Since
lpn — Lu(14)]] — 0 (as n — oo) and L,(14) € By, there is a sequence of projections
e, € B, such that ||p, — e,|| — 0 as n — oo. We obtain unitaries v, € B, ® X such
that

v — 1] = 0 as n — 00, Vipsvy =€, and vue,v) = p, n=1,2,....
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Put H,(a) = vi¢n(a)v, fora € A,n=1,2,.... Then H,: A — B, is a homomor-
phism and |H,,(a) — ¢,(a)|| — 0asn — oo. for all a € A. Therefore

lim ||L,(a) — H,(a)|| =0 foralla € A.
Put H'(a) = {H,(a)}. Then 7o H' = h. [ |

Lemma 7.4  Let A be a unital separable purely infinite simple C*-algebra in N. Sup-
pose that K;(A) is a (countable) direct sum of finitely generated abelian groups (i =
0,1). Then A = lim,_,oo(Ay, ju), where each A, is a unital purely infinite simple
C*-algebra in N with finitely generated Ki(A,), n = 1,2, .... Moreover, there exist for
each n, a homomorphism r,: A — A, and a sequence of unitaries u,x) € A, such that
limg o0 || ad gy © 14 0 ju(a) —al| = 0 foralla € A,.

Proof Write K;(A) = @:1 G(n, 1), where each G(n, 7) is a finitely generated group
(i=0,1and n = 1,2,...). It follows from [ER] that there is a unital separable
amenable purely infinite simple C*-algebra A, in N such that

Ki(Ay) = @D G(m, i),
m=1

i =0,1. Leto,;: @'_, Gim,i) — @I Gm,i) by defining 0,,(¢) = (g,0)
for g € @21:1 G(m,i) (for i = 0,1). It follows from [P2, 4.1.1] that there is a
homomorphism ¢,: B, — B, such that (¢,)ix = 0,;. Let B = lim,_,o(By, ja).
Since each A, is purely infinite and simple, one sees that so is B. Since each B, is in
N and each ¢, is injective, by [S1], B € N. Moreover K;(A) = K;(B). It follows
from [P2] that A ® K = B ® K. Therefore there is a projection e € B ® X such that
A = ¢(B ® K)e. From this one checks that there are A, which is a unital hereditary
C*-subalgebra of B, ® X such that A = lim,,_ o (A, ¢,). Note K;(A,) = K;(B,) for
i=0,landn=1,2,....

To see the last part of the lemma, let y(,.;y: @, , G(m,i) — @) _, G(m,i) be
the projection v(,.)(g1, €2, - - - » &> Lns15- - - ) = (&1, -, &n)> Where g,, € G(m, i) for
i = 0, 1. It follows from [P2, 4.1.1] that there is a homomorphism %),,: A — A, such
that (¢,)ix = Yui» 1 =0,landn = 1,2,.... It follows that (¢, 0 ¢,,)ix = idk(a,)-
Letz = [¢,] X [¥,] in KK(A,;, Ay,). It follows from [RS] that thereisz; € KK(A,, A,)
such that [z] X [z1] = [21] X [z] = [idg,]. It follows again from [P2, 4.1.1] that there
is a homomorphism h,: A, — A, such that [h,] = [z]. Putr, = h, o 1),. Then
[rn] = [hy 09y 0 ¢, ] = [idy,]. It follows again from [P2, 4.1.1] that there exists a
sequence of unitaries u,x) € A, such that limy_, || ad u,x) o 74 © ¢, (a) — a|| = 0 for
alla € A,. [ |

Theorem 7.5  Let A be a unital separable purely infinite simple C*-algebra in N. Then
A is weakly semiprojective if and only if K;(A) is a countable direct sum of finitely gen-
erated abelian groups fori = 0, 1.
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Proof For the “if ” part, we apply Lemmas 7.3 and 7.4. By Lemma 7.4, we write
A = lim, o (Ay, ¢n), where each A, is a unital separable amenable purely infinite
simple C*-algebra in N and K;(A,) is finitely generated (i = 0, 1). We may identify
A, with j, oo (A,). So we assume that A, C A,1.

Suppose that {B,} is a sequence of C*-algebras such that there is a homomor-
phismh: A — qoo({B,}). Let L = {L,}: A — I°°({B,}) be a contractive completely
positive linear map such that moL = h, where 7: I1°°({B,,}) — qoo({Bx}) is the quo-
tient map. Denote by h,, the restriction of & on A,. For each m, by applying Lemma
7.3, there is a homomorphism ®,,: A,, — I°°({B,}) such that 7 o ®,, = h,,,. Write
®,, = {g(n.m) }- Note that g(, ) are homomorphisms from A,, to B,,.

Suppose that F,, C A,, is a finite subset such that ¥,, C F,4; and Uf,f:l F,, is
dense in A. By Lemma 7.4, there is a homomorphism s,: A — A, such that

Sn %1/2114—1 idA” on ?n.
Since lim,,—, o0 ||g(n.m (@) — Ly(a)|| = O for alla € A,,, we choose n(m) > m such that
Stkm) R1/2m Li(a)  on Ty,

for all k > n(m). Moreover, we require that n(m + 1) > n(m). Now define ¢} =
Sm) © Smifn(m) <k <n(m+1),m=1,2,.... Define ¥ = {¢;}. Then U: A —
I°°({B,,}) is a homomorphism. Furthermore for each m and n(m + 1) > k > n(m),

Uk = (k;m) © Sm R21 okt Qlkom) R21jamt Li(a) ond,,.
Since F,,, C F,,.+1, we have ~ 1/ L on Ty for all k > n(l) and I > m. Therefore,
Tim [4,(@) — Ly(@)] =0
foralla € &F,,. Since U;; F,, is dense in A, we conclude that

nli{go ||’l/1n(ll) - Ln(a)H =0

forall a € A. This implies that wo W = h. This shows that A is weakly semiprojective.
The “only if” part follows from part (1) of [Ln7, Theorem 8.4]. |
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Corollary 7.6 Let A be a unital separable purely infinite simple C*-algebra in N.
Then, for any € > 0 and any finite subset F C A, there exists 6 > 0 and a finite subset
G C A such that for any C*-algebra B and any contractive positive linear map L: A —
B satisfying ||L(ab) — L(a)L(b)|| < ¢ for all a € G, there exists a homomorphism
h: A — Bsuch that |L(a) — h(a)|| < € foralla € &F.

Corollary 7.7 A separable amenable purely infinite simple C*-algebra A in N is
weakly semiprojective if and only if K;(A) (i = 0, 1) is a countable direct sum of finitely
generated abelian groups.

Proof Let e € A be a projection and C be a non-unital hereditary C*-subalgebra
of eAe. Then both C and A are stable. Moreover there exists an isometry v € A**
such that v*v = 1, w* = p, where p is the open projection associated with C,
and v*cv € Aforall ¢ € C and vav* € C for all a € A. Moreover ¢(a) = vav*
gives an isomorphism from A to C. The reference of this can be found in [Zh1]
and Theorem 10, Corallary 11 and the last paragraph of [Lnl]. Fix a finite subset
F C Aand € > 0. We may assume without loss of generality that F C eAe. Set
F, = {vav* : a € F}. It follows from Corollary 7.6 that there exists a finite subset
G and § > 0 such that for any §-J-multiplicative contractive positive linear map
L: A — B there is a homomorphism hy: eAe — B such that the map a — L(v*av)
from eAe to B is approximated by h withine/2 on F; : ||[L(v*av) — ho(a)|| < &/2 for
all a € F7. Define h: A — B by defining h(a) = hy(vav*) for a € A. Then,

|IL(a) — h(a)|| = ||[LO* (vav*)v) — ho(vav™)|| <

foralla e F. u
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