ON ARCS IN A FINITE PROJECTIVE PLANE

G. E. MARTIN

1. Introduction and summary. The aim of this paper is to generalize
and unify results of B. Qvist, B. Segre, M. Sce, and others concerning arcs in a
finite projective plane. The method consists of applying completely elementary
combinatorial arguments.

To the usual axioms for a projective plane we add the condition that the
number of points be finite. Thus there exists an integer # > 2, called the order
of the plane, such that the number of points and the number of lines equal
n? 4+ n + 1 and the number of points on a line and the number of lines
through a point equal # + 1. In the following, # will always denote the order of
a finite plane. Desarguesian planes of order #, formed by the analytic geometry
with coefficients from the Galois field of order %, are examples of finite projective
planes. We shall not assume that our planes are Desarguesian, however.

A set K of k£ > 3 points in a finite projective plane such that no three are
collinear will be called a k-arc. A line containing exactly one point of K will be
called a tangent of K, a line containing two points of K will be called a secant of
K, and a line that does not contain any points of K will be called an exterior line
of K. An (n + 1)-arc in a plane of order # is called an oval. We define ¢ by the
equation #» +2 =k + ¢ Thus t = n+1) — (k — 1) is the number of
tangents of K atany point of K.

Clearly a k-arc K can have at most # + 2 points since each of the z + 1 lines
through an arbitrary point of K can contain at most one other point of A. Such
an arc can, of course, have no tangents. Since our emphasis will be on incidence
relations involving the tangents of K, we shall assume that 3 < k£ < n + 2 or
equivalently 0 < t < # — 1 unless otherwise specified.

. k
Immediately we have that there are exactly k¢ tangents, <)> secants, and

n t . .
<2> + <2> exterior lines.

Suppose that a point off K lies on a tangents, b secants, and ¢ exterior lines.
Thena + b+ c¢c=n+ landa + 26 = k.

Given a k-arc K, we distinguish the points of the plane as {ollows. First there
are the points of K itself. A point off K which lies on at most one tangent will be
called an enterior point of K. A point off K which lies on at least two tangents
will be called an exterior point of K. We note that if & is even, a point off K
must lie on an even number of tangents, while if & is odd a point off K must lie on
an odd number of tangents.

We shall further distinguish the exterior points as follows. If a point off K lies
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on exactly two (k even) or three (k odd) tangents, we shall call the point an
ordinary exterior point. If a point off K lies on more than three tangents, we
shall call the point an extra exterior point. A point lying on % tangents will be
called a completion point. An arc is said to be complete if every point of the plane
lies on a secant of the arc.

Define ¢; to be the number of points off X which lie on exactly 7 tangents.
Thus if £ is even ey;,1 = 0, and if % is odd ez; = 0 (for all j). Finally we say a
k-arc is uniform of index v if every extra exterior point lies on exactly v tangents.

In §2 we derive some elementary incidence theorems and incidence equations
which will be used throughout. The most important of these is the set of
diophantine equations (8), concerning incidence with respect to the tangents of
an arc. These equations are equivalent to the set of equations in (9, p. 291).
There the emphasis is on incidence relations with regard to the secants.

In §3 we show that the properties of the ovals follow easily from the incidence
equations and generalize some results of B. Qvist. The Hughes plane of order 9
is used to give an example of two distinct ovals in a plane of odd order having
3(»n + 1) points in common, proving that a result of Qvist is the best possible.

In §4 it is proved that except for some extreme values of &, a k-arc K is
complete if it is of uniform index. Specifically if £ ¢ 4 or # and K is uniform of
even index or if 5 < k2 <n — 1 and K is uniform of odd index, then K is
complete. Counterexamples are given to show that these excepted values of &
must necessarily be excluded.

§5 deals with necessary and sufficient conditions that an #-arc in a plane of
order # be complete. B. Segre has proved that every #-arc in a finite Desargue-
sian plane is contained in an oval. This result cannot be extended to the
general finite plane. A counterexample is given by exhibiting complete n-arcs in
the Hughes plane of order 9.

Itis shown that for an n-arc IV in a plane of even order each of the following is
equivalent to IV being contained in an oval:

(i) NV is uniform of index .

(i1) There exists a tangent with at most one extra exterior point.

(iii) Every tangent contains at most one extra exterior point.

(iv) There exist at most two extra exterior points.

(v) Nosecant contains an extra exterior point.

(vi) There exist » — 1 collinear interior points.

(vii) The number of interior points isat most# — 1.

(viii) The number of interior points is exactly n — 1.

(ix) The number of exterior pointsis atleast n? — n 4 2.

(x) The number of exterior points is exactly n? — n 4 2.

It is similarly shown that for an n-arc N in a plane of odd order each of the
following is equivalent to /V being contained in an oval:

(i) N is uniform of index #.

(ii) The number of interior points is at most $n(n + 1).

(iii) The number of interior points is exactly 3n(n -+ 1).
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(iv) There exist # collinear interior points.

(v) No secant contains an extra exterior point.

(vi) Every secant contains exactly 1 (z — 3) ordinary exterior points.

(vii) Every secant contains exactly % (z + 1) interior points.

(viii) Every exterior line but one has exactly 3 (» + 3) interior points.

(ix) Every exterior line but one has exactly #(# — 1) ordinary exterior
points.

(x) At each point of IV, one tangent contains exactly one interior point and
the other tangent contains exactly % (» + 1) interior points.

This paper is an augmentation of the second chapter of the author’s disserta-
tion “On Arcs in the Finite Projective Planes” (University of Michigan,
1964).

2. Elementary incidence theorems. Let L be a secant of a k-arc K in a
plane of order #. Let m be the minimum and M the maximum of the number of
secants through a point of L off K. Thus each such point lies on at least m — 1
and at most M — 1 secants different from L. There are # — 1 points on L off K.
Also, the number of secants intersecting L off K is

<§> —2k—1)+ L

Hence,

(n—1)(m—1) < <§) C k=1 4+1< (= 1)(M—1)

or

L M<Z=1+[<g>—2(k—1)+1:‘/(n—1)<M

We write 2 in three different forms, each of which will be of use below.

_k tn—1t) k-1 tm —t) 1
2) 2‘2_2(11-1)‘ 2 "[2@—1)'2]
+1 it —1)
2(n —1)°

Now if a point lies on z secants, then it lies on & — 2z tangents. This fact,
together with (2), gives the following theorem.

(3) THEOREM. Let K be a k-arc in a plane of order n. Every secant contains a point
off K which lies on at most

R tn — 1)

2 2 —1)

https://doi.org/10.4153/CJM-1967-030-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-030-2

ARCS IN A FINITE PROJECTIVE PLANE 379

secants and hence on at least t — [t(t — 1)/(n — 1)] langenis. Every secant
contains a point off K which lies on at least

Etn — 1)

27 2n+1)
secants and hence on at mostt — [t(t — 1)/ (n — 1)]tangents.

We remark that this theorem is the best possible in the sense that the upper
and lower limits as stated in the theorem can actually be achieved. This can be
observed as follows. Let P be an exterior point of an oval in the plane of order 7.
Form a 6-arc K by deleting from the oval the two points on a secant through P.
Let L be a secant through P which does not contain the exterior point of the
oval formed by the intersection of the tangents to the oval at the deleted points.
Then every point on L off K lies on exactly two tangents and exactly two
secants of K. Note that L is a secant without an interior point.

(4) COROLLARY. Let K be a k-arcin a plane of order n. If k is even and
tn—0)/[2m —1)] < 1

orifkisodd and i(n — t)/[3(n — 1)] < 1, then every secant contains an interior
point.

Proof. Any point off K can lie at most % secants if £ is even and at most
3(k — 1) secants if k is odd. With the notation as above, z < M. By the first
expression for zin (2),if kisevenand t(n — £)/[2(n — 1)] < 1, then M = k.
Likewise by the second expression for zin (2), if k is odd and

tn —t) 1

20—1) 2"

then M = }(k — 1). Therefore every secant has at least one point that does

not lie on more than one tangent. Such a point is an exterior point.

(5) CoroLLARY (6). Let K be a k-arc in a plane of order n. If n is even and
n > 1(t — 1) + 1, then on every secant there 1s at least one point off K which lies
on at least t tangents. If n is odd and n > t(t — 1) -+ 1, then on every secant there
1s at least one point off K which lies on at leastt 4 1 tangents.

Proof. It follows from (1) and the third expression for zin (2) thatif # is even
andt(t — 1)/[2(n — 1)] < 1, then
m< i —20+1) — 3
(aninteger). Similarly,ifnisoddand ¢(t — 1)/ < 1,thenm < 3(n — 2{ + 1)
(an integer). A point on at most m secants lies on at least & — 2m tangents. The
corollary follows from the identity

B—203n—2t+1)+ 3] =t+1-—2(3).
By exactly the same procedure as in Theorem (3), the following can easily be
proved. The proof is omitted.
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(6) THEOREM. Let K be a k-arc in a plane of order n. Every tangent contains a
point off K which lies on at least (B — 1) (k — 2)/2n secants and hence on at most
t+ 14 [t(t — 1)/n] tangents. Every tangent contains a point off K which lies on
at most (k — 1) (k — 2)/2n secants and hence on at least t + 1 + [t(t — 1)/n]
tangents. Every exterior line contains a point off K which lies on at least

k(k —1)/[2(n +1)]

secants and hence on at most t — [t(t — 1)/ (n + 1)] tangents. Every exterior line
contains a point off K which lies on at most k(k — 1)/[2(n + 1)] secants and
henceon atleastt — [t(t — 1)/(n + 1)] tangents.

Since a point on.a tangent lies on at most (¢ — 1)(k — 2)/2n < 1 secants,
we have

(7) COROLLARY. Let K be a k-arc in a plane of order n. If n > <k ; 1> , then K
is not complete.

We now consider incidence in the whole plane. There are n? +#n + 1 — &
points off a k-arc K in a plane of order #. The number of points off K which lie on
exactly ¢ tangents is e;. The configuration of a point and a line through the
point is called a flag. We consider the number of flags where the point is a point
off K and the line is a tangent. Each tangent has exactly # points off K, and thus
there are kin such flags. A point off K lying on exactly 7 tangents accounts for
2

V4

exactly 7z such flags and <1> pairs of distinct tangents intersecting off K. The
total number of pairs of distinct tangents is <§t> ,and & <;> of these have
intersection on K. Thus we have the following set of Diophantine equations

for a k-arcin a plane of order #:

ei=n"+n+1—k,

(8) kin,

1e;

M- ™M=

It
o

1

k

> i — 1)e;

i=0

I

Fe(k — 1).

We have to distinguish between even and odd values of %. If % is even, then

Sey=nttun+1—k,
9) > jes; = Lkin,

> G — Deay = 1t — Dk(k — 2).
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If & is odd, then

(=1

Z erpr=n +n+1—k,

=0
k=1 .
(10) 2. Jexn

7=0

Il

3k — 1)t —n+1),

1(k—1)
> 7G = Deggyr = (¢ — 3t +3) (& + 1) (k — 3).

=0

We note the existence of extra exterior points for any k-arc except possibly
the extreme case ¢ = 1. This follows from the third equations of (9) and (10).
In the next section we shall examine the caset = 1, i.e., the ovals.

3. Ovals. Ovals are the (r + 1)-arcs of a plane of order #. In (5) B. Qvist
has determined the elementary properties of the ovals in a finite projective
plane. We shall first show that the elementary properties of the ovals are an
immediate consequence of the equations (8).

(11) TueorEM (5). In a plane of even order n all the tangents to an oval are
concurrent and hence every oval can be uniquely completed to an (n + 2)-arc.

Proof. Lett = 1 with 2 = n + 1 odd. From (10) we have

in
ZO J(m — 2j)ezj1 = 0.
e
Thus es;41 = 0if j # 0 or j # 4n. Then
in
Inep1 = Z Jex1 = 3m.

Therefore e,.; = 1, e1 = n2 — 1, and all other ¢; are zero. Thus the oval has
exactly one exterior point which lieson# 4 1 tangents.

(12) LEMMA. If &k = n 4 1 is even, then es; = 0 when j > 1.
Proof. With ¢ = 1 and k& = » + 1, (9) gives

Hnt-1)
Z 7(G — Dey; = 0.
=0

Hence e;; = 0if 7 > 1.
(13) TueoreM (1;5). A k-arc in a plane of odd order has at most n + 1 points.

Proof. The result follows from the lemma, as in particular ¢,4; = 0. Thus an
oval never has a completion point.

(14) TueoreM (5). In a plane of odd order every point off an oval lies on either
exactly two tangents or none at all.
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Proof. The theorem is an immediate consequence of Lemma (12) and the fact
that a point off an oval must lie on an even number of tangents.

(15) COROLLARY. A% oval in a plane of odd order n has exactly in(n + 1)
exterior points and ¥n(n — 1) interior points. Further, every secant contains
2(n — 1) exterior points and ¥ (n — 1) interior points. An exterior line carries
L(n + 1) exterior points and 5 (n + 1) tnterior points.

Proof. Every exterior point lies on exactly two tangents.

(16) THEOREM. Suppose V is an oval and K 1s a k-arc in a plane of odd order n.
If K and V have more than %(n + 3) points in common, then V contains K. If K
and V have more than % (n + 1) points in common and n > 4t + 1, then V
contains K.

Proof. Suppose K is not contained in 1 but they have s points in common.
From a point on K off V there are s lines to the common points. Say m of these
are tangents to V. Thus we account for m + 2(s — m) < # + 1 points of V.
Since m is either zero or two, it then follows that

2s < n+1+m<Kn+ 3.

Thuss < %(»n + 3), which proves the first part of the theorem.

For the second part, assume K and V have exactly 1(» 4+ 3) points in
common. From each point on K off V' we have two tangents to V tangent at a
common point. Each such tangent contains two points of K. Hence

2k — 3(n +3)] < 3(n + 3),
which reduces to4k < 3(n + 3)orn < 44 + 1.

(17) CoroLLARY (5). If n is odd, n > 5, and two ovals 1w a plane of order n have
more than half their points in common, then the ovals coincide.

Proof. Let t = 1 in the second part of the theorem.

The statements of Theorem (16) and Corollary (17) are the best possible in
the sense indicated in the following theorem.

(18) THEOREM. There exist planes of odd order n containing arcs which are subsets
of no oval but which have ¥(n + 3) points in common with an oval. There exist
planes of odd order n > 7 containing two distinct ovals with X (n + 1) points in
common.

In the proof of this theorem we shall use an important result due to B. Segre,
which we state without proof.

(19) THEOREM (8). In a Desarguesian plane of odd order, every oval is an
irreducible conic.

The converse of Segre’s theorem is well known.
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Proof of Theorem (18). A very simple construction demonstrates the first
statement. Let Q be an exterior point of an oval in a finite Desarguesian plane of
odd order #. Let the tangents from Q intersect the oval at P; and P, (Theorem
(14)). From each of the 3(» — 1) secants through Q, select one of the two
points in common with the oval. Then these % (» — 1) points together with
Py, Py, and Q form a 3 (» 4 5)-arc which has 3(» 4+ 3) points in common with
the oval. If » > 7, so that 3(n + 3) > 5, the point Q does not lie on any non-
degenerate conic containing the remaining 3 (#z + 3) points of the % (» + 5)-arc.
The result follows from Segre’s theorem.

We remark that L. Lombardo-Radice (4) has shown that in the above
situation, if » =3 (mod 4), if the oval is taken to be 22 = xy, and if the
exterior point is taken to be the origin (0, 0, 1) and the points on the secants
through the origin are chosen so that the coordinates are all squares, then the
resulting 3 (#» + 5)-arcis actually complete.

We have yet to demonstrate the second statement of Theorem (18). By
Corollary (17) and Theorem (19), the desired construction is impossible in a
Desarguesian plane. Therefore we produce a non-Desarguesian plane of order 9
which will be of use:

Points: 4, B;, Cy, D, E;, Fy, G;, wherez = 0,1,2,...,12.

Lines and incidence given by:

Ly Ao, A1, As, Ay, B, Co, Dy, Eq, Fo, Go;

Ly: Ao, By, Bs, D3, D1, o, E5, Eg, G, Gg;

Ls: Ao, Cv, Cs, Eq, Eq, F3, F11, G2, Gs, Ge;

Ly: Ao, B1, By, Dy, Ds, Fo, Fs, I, G3, G11;

Ls: Ay, By, Bs, Bg, Cs, C11, Ey, Eg, Fq, Fy;

L¢: Ay, Cq, Co, Dy, D3, Dy, Es, Eq1, Iy, Fs;

Lq: Ao, Bs, Buy, Cy, Cs, Cs, D1, D, G1, Gs;

L,A™: add m to subscripts of L;and reduce (mod 13),

s=1,2,...,7andm =1,2,...,12.

There are 91 points and 91 lines. This is the plane introduced by O. Veblen and
J. Wedderburn in 1907 (10; cf. 2, p. 411). It is also the Hughes plane of order 9,
and D. R. Hughes (3) has determined that

V1= {Aoy, A1, Ae, A1, Ba, Cs, Cy, Ds, Dy, E3}
is an oval. Let M be the collineation defined by
PM = P[(BC)(DF)(EG)]AS,
for every point P;cf. (3). Then
Vo= Vi M = {A¢, A1, A1s, Ao, Cs, B1, By, F1, Fa, G}

isan oval. A, A, A7, B, and Cs are common to Viand Ve Thatis, Vyand V,
intersect in exactly 1 (n 4+ 1) points. This completes the proof of Theorem (18).
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The following theorem is a slight generalization of Qvist’s theorem: if two
(n + 2)-arcs have more than half of their points in common, then they
coincide.

(20) THEOREM. Let C be an (n + 2)-arc and K a k-arc in a plane of order n. If C
and K have more than 3 (n + 2) points in common, then C contains K.

Proof. Suppose K is not contained in C, but they have s points in common.
Consider the lines from a point on K off C through the s common points. Each
such line is a secant of C. Hence 25 < # + 2. The theorem follows.

We note that two ovals in a plane of even order may have as many as n
points in common and still be distinct. Such ovals would, of course, be contained
in thesame (# + 2)-arc. -

4. On complete arcs. Examples of ovals in non-Desarguesian planes have
been given by D. R. Hughes (3) and by A. Wagner (11). It is the ovals which
naturally lead to the study of k-arcs. The most important arcs are those which
are complete. Since every point of the plane lies on a secant of a complete arc,
such an arc is maximal in the sense that no other arc can contain it. Hence it is
desirable to obtain necessary and sufficient conditions that an arc be complete.
Such conditions seem in general to be elusive.

For the smallest values of k, we have the following:

(21) THEOREM. Let n be the order of a plane. Then
(i) If n > 3, a 4-arc is not complete.
(ii) A 5-arc is never complete.
(i) If n > 10, a 6-arc s not complete.
(iv) If n > 13, a 7-arc 1s not complete.

Proof. Equations (8) give the following:
(1) Fora4-arc, ey =3, =6(n —2),and ey = (n — 2)(n — 3).

(ii) For a 5-arc, e; = 15, ¢; = 10(n — 4), and e; = n® — 9n + 21.

(iii) For a complete 6-arc, ¢y = n2 — 14n + 55, ¢es = 3(n — 4) (10 — %), and
es=3(m —4)(n — 5).

(iv) For a complete 7-arc, e; = n2 — 20n + 120, e; = —3(n?2 — 20n 4+ 85),
and e; = 3(n? — 13n + 43).

The statements of the theorem follow from the fact thate; > 0.

It is trivial to observe that every point on a tangent of a complete arc must
lie on at least one secant. Hence for a completearc, # < 3(¢ — 1) (& — 2). This
inequality is equivalent to ¢ < 3(3 — 2)(k — 3) and to (n + ¢) < (» — )2 If
#n > 3 is a prime power then the equalities may be ignored. However this result
is still meager. In fact for » > 2(k — 1)(k — 2) there must be at least ¢
completion points, since there is one on every tangent by Theorem (6). An
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improvement is due to M. Sce (7). A k-arc is complete if and only if ¢, = 0. Sce
has proved the following inequalities:
e <n?—3(k+1DG—-2)n+ 5k — 1)k —2)[3kE - 3) + 1],
ee>nt—5(k+ 1)k —2)n+ 3k — 1)k —2)%
Some results on complete arcs have been obtained by B. Segre, M. Sce, L.

Lunelli, and R. Cruciani in the case where the plane is Desarguesian; cf. (9,
Chapter 17). Suppose a plane is Desarguesian of odd order 7. Then

> 16024t —37, 1,

implies that a k-arc is not complete and hence can be completed to a unique
oval. Let S, designate the Desarguesian plane of order z. There does not exist a
complete 7-arc in S13. However, there do exist complete arcs of the following
types: 6-arc in S7, 6-arc in Sy, 7-arc in Sy, 8-arc in Sy, 10-arc in Sy, 12-arc in Sy,
and 14-arc in S17. Now suppose the plane is Desarguesian of even order #. There
exist complete 6-arcs in Ss but no complete 7-arcs or 8-arcs in Ss. [f £ = 1, 2, 3,
or 4 then every k-arc is incomplete and can be expanded to an (# 4 2)-arc
except when ¢ = 4 and » = 8. Let » = 2" then for & = 1, 2, or 3, every
(n + 2)-arc is a completed conic. However, for # = 4, 5 or & > 7, there exist
(n + 2)-arcs which are not obtained by the completion of a conic. Finally, let x
be the greatest integer in 3( — 1). Thenw evenand » > 2 — t — x,¢ # 0,
implies that a k-arc is not complete and is contained in one and only one
(n + 2)-arc.

At this point we introduce some new incidence equations. Let 7, S, and R,
respectively, be a tangent, secant, and exterior line of a k-arc K in a plane of
order n. Let t; be the number of points off K on 7" which lie on exactly ¢ tangents.
Let s; be the number of points off K on S which lie on exactly ¢ tangents. Let 7,
be the number of points off K on R which lie on exactly ¢ tangents. Then coun-
ting incidences, the following are immediate:

k
ty = n, 2 =Dt =tk — 1),
=0 =0
(22)
2t = je (G=0,1,...,k).
tangents
k k
Si=n——1, Z15¢=t(k—2),
=0 =0
(23)
3 s; = 3(k — J)e G=0,1,...,k%).
secaxllcts %
> ri=n+1, S dry = ik,
=0 =0
(24)
ri=%n+1t—7e; (j=0,1,...,k).

all
exterior
lines
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The system (23) is equivalent to one given by B. Segre (9). Now the systems
(22) and (24) as well as (8) and (23) should be considered in studying k-arcs.
As a simple example of this, which will be of use in the proof of the next
theorem, consider the case # = 6,t = 3,n = 7,¢y, = 0, e2 = 45, ¢6 = 6, and all
other ¢; = 0. It is easy to check that these values satisfy (8). Also {; = 5 and
te = 2 satisfy (22), while s; = 6 and s¢ = 0 satisfy (23). Thus we have consis-
tency in (8), (22), and (23). However, (24) becomes 7, + 72 + ¢ = 8 and
72 + 3r¢ = 9. But since ¢y = 0 = r,, the two equations are inconsistent (no
non-negative integral solution). Thus it is (24) that demonstrates that the
example given is impossible.

(25) THEOREM. Let K be a k-arc in o plane of order n. If b # 4, k 5% n, and K is
uniform of even index, then K is complete.

Proof. Suppose K is not complete and uniform of even index. Then K is
uniform of index 2» = k. It {ollows from (9) that

eo = 3[(2— 0k + (5t = 8)k + (6 — 41)], &2 = 3tk(k — 1),

and e, = t(t — 1) with all other ¢; = 0. Thus ¢ 0 and ¢ 5 1. Further,
assume k # 4 and k& # n. Then £ > 6 and ¢ > 3. However, in order that
eo > 0,itisnecessary tohavek < (4t — 6)/(t — 2). But (4t — 6)/(¢t — 2) <6,
with equality if and only if £ = 3. Thus

6 <k< (4t—6)/—2)<6.

So k = 6 and ¢ = 3, which in turn yields » = 7, ¢y = 0, e; = 45, and ¢5 = 6.
However, it has been shown above that these values are impossible. The
theorem follows.

It is easy to see that the values £ = 4 and k# = » must necessarily be excluded
from the last theorem. By Theorem (21), for # > 3 a 4-arc is never complete
and hence always uniform of index 4. For the case » = k, consider an #n-arc
which is a subset of an oval in a plane of even order. Then ¢y = n — 1,
es = n(n — 1), and ¢, = 2 with all other ¢; = 0. Thus the #-arc is not complete
but is uniform of even index.

Similarly there exist k-arcs which are not complete but are uniform of odd
index for the extreme values of k. An oval in a plane of even order is uniform of
odd index but never complete, by Theorem (11). For an #-arc which is a subset
of an oval in a plane of odd order we have e; = 3n(n + 1), e3 = in(n — 1),
and e¢; = 1 with all other ¢; = 0, and hence the #z-arc is not complete but is
uniform of odd index. Likewise for an (# — 1)-arc which is a subset of an oval in
a plane of even order we havee; = 3(n — 1),e3 = (. — 1)(m — 2),and e, = 3
with all other e; = 0, and hence the (# — 1)-arc is uniform of odd index but is
not complete. Also a 5-arc is necessarily uniform of odd index but is never
complete by Theorem (21). Therefore the valuesk = n + 1,k = n, b = n — 1,
and £ = 5 must necessarily be excluded from the following theorem.
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(26) THEOREM. Let K be a k-arc in a plane of order n. If 5 <k <n — 1 and K
is uniform of odd index, then K is complete.

Proof. Suppose K is not complete and uniform of odd index. Then K is
uniform of index 2 = 2r 4+ 1. Itfollows from (10) that

e1=3k[@—0Dk+ (Bt —9)], e=3¢—1k(k—1), e=1>—34+3,
with all other e; = 0. Assume 5 < # < # — 1 or equivalently » — 3 > ¢ > 3.
e1 > Oimplies thatk < (5t — 9)/(¢t — 3).Fort > 6, we have
T<kESGBE—9)/¢—-3) <7,

which is impossible. Thus4 < ¢ < 6.

Ift =4,then2e; = k(11 — k),andsok < 11. If ¢t = 5, thene; = k(8 — k),
andsok = 7.1t = 6, then 2¢; = 3k(7 — k), and so & = 7. Thus there are five
cases to consider:

Case ¢t F n e
i 4 7 9 14
G) 4 9 11 9
(i) 4 11 13 O
iv) & 7 10 7

(v) 6 7 11 0

We shall show that the values are inconsistent with (22) in each case.

Case (1). The first two equations of (22) becomes
4t + 1t =9, ty + 3t = 12,
For a given tangent, there are only three possibilities:
) ty =0, by = 4;
) iy = 3, by = 3;
R t3 = 6, 7 = 2.

t1 =
t1 =
131

= W Ot

Suppose there exist x, v, and z of these, respectively. Thenx 4+ y 4+ z = 28 and
by the third equation of (22) for j = 1, 5x + 3y 4+ z = 14. But these two
equations are not solvable in non-negative integers. Case (i) is impossible.

Case (ii). The first two equations of (22) become
b+ 13+t = 11, t3 + 4ty = 16.
For a given tangent, there are only three possibilities:
=17, t3 = 0, ty = 4;
ty = 4, i3 = 4, ty = 3;
=1, t3 =8, ty = 2.
Suppose there are «x, y, and z of these, respectively. Then x + vy + z = 36 and

by the third equation of (22) for j = 1, 7x + 4y 4+ 2 = 9. It follows that Case
(ii) is impossible.
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Case (iil). Since e; = 0, then ¢; = 0. But then the first two equations of (22)
are t; + f1p = 13 and {3 + 5ty = 20. It {ollows that Case (iii) is impossible.

Case (iv). The first two équations of (22) become
LAty 46 =10, ity 4 3t = 15,
For a given tangent, there are only three possibilities:
t1 = 9, ty = 0, b7 = 5;
=3, t3=3, =4
1 =1, ts = 6, t; = 3.

Suppose there are x, y, and z of these, respectively. Then x + v + 2 = 35 and
by the third equation of (22) for j =1, dx 4+ 3y + 2z = 7. It {ollows that
Case (iv) is impossible.

Case (v). Since e; = 0, then ¢; = 0. But then the first two equations of (22)
become ¢; + 7 = 11 and ¢3 + 34; = 18. It follows that Case (v) is impossible.
This completes the proof of Theorem (26).

5. n—arcs. Itis known (9), that every #z-arc in a finite Desarguesian plane
has a completion point, 1.e., is contained in an oval. In this section we investigate
the necessary and sufficient conditions that an n-arc be a subset of an oval when
the plane is not necessarily Desarguesian and conclude with examples of #-arcs
which, indeed, are not contained in any oval.

First, formulas (9) and (10) are restated for the case £ = #, { = 2 in such a
way that eq, €1, €9, €3, and ¢, are given in terms of the remaining e..

For an n-arc in a plane of even order #:

1 3(n—2) .
eozn—l-I-;; Z:z G — D — 2j)ey,,
“~
$(n—2)
27) e =nn—1) —— Z J(n — 2j)es;,
n—2 j=2

4 12
€n=2—m ]2=:2 j(j—l)€2j.
For an n-arc in a plane of odd order #:
1 F(n—=3)
ey = mn+ 1) +n—_—l ;2 G—1)m— 2 — Desjy,

3(n—3)

'22 J(n - 2] — 1)62j+1v
—

(28) egzén(n—l)—n_3

4 1(n—3) .
e =1— (n___—l)(njg)— ]22:2 ](] - 1)62j+1.
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(29) LEMMA. Let N be an n-arc in a plane of even order n. Then:
(i) Every secant coniains at least one interior point.
(i1) Every point off N lies on at least one exterior line.
(iii) Every point off N on a langent 1is an exterior point.
(iv) Every tangent contains at least one extra exterior point.
(v) If x is the number of ordinary exterior points on a langent, then 3n < x < n.

Proof. (i) follows from Theorem (3) with ¢t = 2. (ii) and (iii) are trivial.

If each of the # points off N on a tangent were an ordinary exterior point, then
(2 — 1)n = 2(n — 1) = the number of tangents intersecting a given tangent
off N. The equality is impossible for n > 2. (iv) follows.

Suppose a tangent has x ordinary exterior points. By (iv), x < n. Also if a
point lies on more than two tangents, then it lies on at least four. Thus

@=Dx+ @ —-1)#n—x)<2n-1)
orx > 3(n 4+ 2), proving (v).

(30) THEOREM. If N s an n-arc in o plane of even order n, then the following
statements are equivalent:

(a) N s a subsel of an oval.

(b) N s a subset of a unique (n + 2)-arc.

(¢) N is uniform of index n.

(d) There exists a point on n tangents.

(e) There exists a point off N on at most one exterior line.

(f) There exist at most two exira exterior points.

(g) Every tangent contains at most one extra exterior point.

(h) There exists a tangent with at most one extra exterior point.

(1) Every secant contains at most one interior point.

(G) Every secant contains at least n — 2 exterior points.

(k) No secant contains an extra exterior point.

(1) There exist n — 1 collinear interior points.

(m) There exist exactly (at most) n — 1 interior points.

(n) There exist exacily (at least) n* — n + 2 exterior points.

(0) There exist exactly (at least) n(n — 1) ordinary exterior points.

Proof. By Theorem (11), all the tangents to an oval in a plane of even order
are concurrent. By (27), ¢, < 2. If ¢, # 2, then ¢, = 0. So (a) implies ¢, = 2.
It is easy to check that (a) implies all the remaining properties listed in the
theorem. It will now be shown that each of the properties implies (a).

That each of (b), (c), and (d) implies (a) is trivial. That (e) implies (d)
follows easily. For if a point lies on only one exterior line, then the remaining »
lines through this point must each intersect the #-arc in exactly one point.

(f) implies (g): By Lemma (29), every tangent contains at least one extra
exterior point. Let P be a point of N. Let L; and L, be the tangents at P. Let £,
and L, be extra exterior points on L; and L, respectively. Suppose E; and E,
are the only extra exterior points of N. (That E; = E, is impossible.) Then
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every tangent of NV contains at most one extra exterior point, for suppose a
tangent at O on N contained both E; and E,. Then the other tangent at Q
contains no extra exterior point, which is impossible.

(g) implies (h) trivially.

(h) implies (d): Suppose a tangent has just one extra exterior point, say, on y
tangents. There is at least one by the lemma. Then the remaining points on the
tangent which are off N are ordinary exterior points. Counting the tangents
intersecting this tangent off IV, we have

C-DE-D+G-1D1) =20 -1 ory=n.

(i) implies (j) trivially.

(3) implies (k): A secant is intersected off N by 2(n — 2) tangents. Hence if a
secant has at least » — 2 exterior points, it has exactly n — 2 ordinary exterior
points and one interior point. Therefore (j) implies no extra exterior point lies
on a secant.

(k) implies (d): Suppose no secant has an extra exterior point. But there
exist extra exterior points by Lemma (29). Therefore there exists an extra
exterior point which does not lie on a secant and hence must lie on # tangents.

(1) implies (d): Suppose L is a line with # — 1 interior points. The remaining
two points on L are either both on IV or both off V as L cannot be a tangent.
Suppose, first, both are points of N. Then L is a secant. Counting secants, we
have

L4200 —2)+ = DEn—1) =t — 1) + (n — 2),

which is impossible if # > 2 as the total number of secantsis 3n(n — 1). Hence
L is an exterior line. Through the # — 1 interior points of L pass (n — 1) (3n)
secants. But this accounts for all the secants. The remaining two points on L do
not lie on any secants. Since these points are off N, they must each lie on »
tangents.

Each of (m), (n), and (o) implies (c) since (27) gives

eo>n—1, es+ e, <nm—1)+ 2, and e; < n(m — 1)

with equalities if and only if e; = 0 for 2 < 7 < u. This completes the proof of
the theorem.

(31) THEOREM. A complete n-arc in a plane of order n contains an (n — 1 )-arc
with exactly one completion point.

Proof. Since e, is the number of points on only one secant of an n-arc, it is
sufficient to have n > 2¢,_,. We may assume that # > 8, as otherwise the plane
is Desarguesian. Let 2 = n,t = 2,and ¢, = 0 in the third equation of (27):

2n 4 %(n—4)'
n—4 (n—2)(n—4) 2, JO = Dey < 4.

—o

Cp—2 =
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Letk = n,t = 2,and ¢, = 0in the third equation of (28):

n—1 4 $(n—5)
= — s A 9.
b2 n—2>a (n — 3)(” _ 5) ;2 .7(.7 1)62]+1 <

Therefore, whether # is even or odd, 4 > e, .. Hence n > 8 > 2¢,_,, and the
theorem follows.

(32) THEOREM. If N is an n-arc in a plane of odd order n, then the following
statements are equivalent:

(@) N can be (uniquely) completed to form an oval.

(b) N is uniform of index n.

(c) There exist exactly (at most) n(n + 1) interior points.

(d) There extst exactly (at least) sn(n — 1) ordinary exterior points.

(e) There exists a point on n tangents.

(t) There exists a point off N on at most one exterior line.

(g) There exist n collinear interior points.

(h) No secant contains an extra exterior point.

(i) Lvery secant contains exactly 3(n — 3) ordinary exterior poinis.

(G) Ewvery secant contains exactly %(n -+ 1) interior points.

(k) Every exterior line except one has exactly 4(n + 3) interior points.

(1) LEvery exterior line except one has exactly (n — 1) ordinary exterior poinis.

(m) At each point of N, one tangent contains exactly one interior point and the
other tangent contains exactly 5(n — 1) interior points.

(n) At each point of N, one tangent contains one interior point and n — 1
ordinary exterior points while the other tangent contains one extra exterior point,
+(n — 1) ordinary exterior points, and %(n + 1) interior points.

Proof. 1t is easy to check that (a) implies each of the remaining properties
listed in the theorem. It will now be shown that each of the properties implies
(a).

It follows from the definitions, Theorem (16), and equations (28) that each
of the properties (b), (c), (d), (e), and (f) implies (a).

(g) implies (e): Suppose there exist # collinear interior points on line L. None
of these points lies on N, and each lies on exactly one tangent. The remaining
point, P, on L cannot be a point on V as then L would be a tangent which is not
intersected off IV by any other tangent. Hence L is an exterior line. Thus L is
intersected by 2z tangents, and the point P lieson# = 2n — #» tangents.

(h) implies (e): Since ¢ = 2, N has at least one extra exterior point. If no
secant contains an extra exterior point, then an extra exterior point lies on #
tangents and one exterior line.

(i) implies (j): Suppose a secant contains exactly 4 (n — 3) ordinary exterior
points. Since the remaining % (z + 1) points on the secant off N each lie on at
least one tangent, we have accounted for

@)in —3)+ )3 +1) =2 - 2)
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tangents intersecting the secant off V. So none of the 3(n + 1) points lies on
more than one tangent.

(j) implies (h): Suppose a secant has exactly 3 (» + 1) interior points. Each
of the remaining 3(# — 3) points off N on the secant lies on at least three
tangents. Then none can lie on more than three tangents either. Thus no point
off Von a secant lies on more than three tangents.

(k) implies (1): This follows from the type of argument as used to show (i)
implies (j), using the identity

Wz +3)+ B)i( — 1) = 2n.

(1) implies (d): Suppose every exterior line contains exactly i(n — 1)
ordinary exterior points with the exception of one exterior line which contains v
ordinary exterior points. Each ordinary exterior point lies on 3 (# — 1) of the
in(n — 1) + 1 exterior lines. Thus

v+ Gl —Dilinm —1)] 20
im—1) n—1

By (28),e; < 3n(n — 1). Hencev = Oand ez = 3n(n — 1).

(m) implies (¢): Two tangents do not intersect at an interior point. We have
n interior points from the # tangents which contain one interior point each and
n(3(n — 1)) interior points from the n tangents which contain %(z — 1)
interior points each. Hence.

ex=n+n(zn —1)) = nr+1).

+ Intn — 1) = e

(n) implies (m) trivially.
This completes the proof of Theorem (32).

For some examples of complete arcs we return to the Hughes plane of order
n = 9, where the notation is that used in the proof of Theorem (18).
Let NVyand Nsbe the following 9-arcs:

N, = {Al, By, Co, Ds, Dy, Ly, Fs, G5, Gs},

N2 = {Alv BD? D81 E27 F?y F7y G57 G7y GS}'
Nyand NV, are complete n-arcs. They are not equivalent under collineations of
the plane; cf. (12). The values of the ¢; for both arcs are: e; = 48, e; = 28,

¢; = 6,and e; = 0. Thus both arcs are uniform of index 5.
In the same plane, let

= {41, By, By, Bs, C, Ds, Dy, Es},
f&z = {41, Bo, By, Co, Ds, Dy, Es, Gs},
= {41, Bo, Ds, Es, Fs, 11, Gs, G,
K = {
Ks = {

AlyAGy BOy CQ, DS» D9y E2}y
Aly -BOy C9y D8) DQ, EZy Gll}c
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IfS = {41, Bo, Cy, Ds, Dy, £y}, then Sisa 6-arc which is not complete. 45 added
to S gives K4, and G1; added to .S gives K. K4 and K5 are two complete 7-arcs
with 6 points in common. B; and B, added to S gives K;, while B; and Bg added
to S gives K,. K; and K, are two complete 8-arcs with 7 points in common.
F,, G5, and Gsadded to S gives the complete z-arc N;.

The complete 7-arc K4 has six points in common with each of the complete
arcs Vi, Ny, Ko, and K, which are, respectively, a 10-arc, a 9-arc, an 8-arc, and
a7-arc.

The complete 8-arc K3 has 7 points in common with each of the 9-arcs V; and
No.
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