INTEGRAL BASES IN KUMMER EXTENSIONS
OF DEDEKIND FIELDS

LEON R. McCULLOH

Let J be a Dedekind ring, F its quotient field, F’ a finite separable extension
of F, and J’ the integral closure of J in F’. It has been shown by Artin (1)
that a necessary and sufficient condition that J’ have an integral basis over
J is that a certain ideal of F (namely, v/ (D/A), where D is the discriminant
of the extension and A is the discriminant of an arbitrary basis of the extension)
should be principal. More generally, he showed that if % is an ideal of F’, then
a necessary and sufficient condition that % have a module basis over J is
that N (A)+/(D/A) should be principal.

Mann (5) has found a useful explicit form for the integral basis in the
case that F’ is a quadratic extension of F and an integral basis exists. In the
same paper, he showed that a necessary and sufficient condition that F possess
a quadratic extension without an integral basis is that F contain ideals which
are not principal.

In this paper, results similar to those of Mann are proved. We consider
Kummer extensions of prime degree ! (i.e., extensions of the form F'=F(}/u),
where it is assumed that F contains a primitive /th root of unity ¢). It is
assumed throughout that F is locally perfect at the divisors of I (i.e., if a
prime p of F divides /, then the residue class field Fy has no inseparable ex-
tensions). (This condition is easily seen to be satisfied if F is an algebraic
number field, an algebraic function field, or any field of finite characteristic.
Whether it is true of all Dedekind fields is not known to the author.)

First, an explicit construction is given for a module basis of an ideal ¥ of
F’ when such exists. This construction involves arbitrary choices only in the
ground field F. In analogy with the second result of Mann, it is shown that
if F is an algebraic number field, a necessary and sufficient condition for F
to possess a Kummer extension of odd prime degree / without an integral
basis is that F should possess an ideal a such that a¥*=D is not a principal
ideal.

The construction of the module basis will be carried out in full for an odd
prime [. The case / = 2 is similar and the necessary changes will be noted
at the end. Let ¥ be an ideal of F’" and suppose N (%)D* = (a), where € F.
(This is the form that Artin’s condition takes for extensions of odd degree.)
Now, a; = a(*v/u)! (1 =0,...,1 — 1) are elements of ¥ having

(les?]) = (@) (1 = £)*w)]F0-0,
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(We may assume, of course, that u is an integer.) Let

(€)]
8) = Lol _ oy — gyrgpe-

(@) '
where 8 € F. By (5, Theorem 1, Corollary), we must find w; z = 0,...,1—1)
in 9 so that
(1
(las?)) = ) — @),

LEmMMA 1. Suppose we have numbers v, € A (m =0,...,1 — 1) where
lv;P| = |a;?|. Suppose also that we have ideals b, (m =0,...,0 —1) in F
such that

-1
bm = (B)
m=0
and that v, =0 (0,A) (m =0,...,1 — 1). Then a module basis for U over F
exists.
Proof. We construct a module basis (wy, ..., w;_1) given by
o ay... a1
C1 d1
[w01 s e ey wl—l] = [70’ s ey 71~1] C2 d2
€141y

where the a’s, ¢'s, and d’s are elements of F yet to be determined and the

rest of the matrix is filled in with zeros. Let ¢;, d; (z =1,...,1— 1) be
chosen so that (¢;) = ¢;/b; and (d;) = b;/b; where ¢; (4 =1,...,1 —1) and
p; ¢ =1,...,1 — 1) are relatively prime in pairs. Let (a;) = (a.) fi/bo
(¢=0,...,1 — 1) where the {'s are prime to each other and to all the ¢'s

and d’s and where the a,’ are vet to be determined. Let 4, be the comple-
mentary minor of a;. Then

i

aiAi = 01<H Cj><jgld]> = a;'ﬂ,/ﬁ

j=1

(89 = f<r=1 c,><jﬁl b,).

Also, (B¢, 81y --.,B:1-1) = (1), for indeed

6o 00 = (W11 ) 1(1T o)) - .

where
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Hence, we may choose ay/, ..., a;_; in J such that

-1
E (=1)%g: = 1.

=0

Then
ao @y ... @y

¢ dy
c2 do -1 -1

RN = 2 (=Deds= (1/8) 2 (=1)'e/8: = (1/8).
€1 A1y

Hence (Jw,)) = (1/8)(|7,?]) = («) = N(A)D?. Furthermore, w; € ¥, since

wo = QYo + C1Y1,
w; = ayo + divi + CorrYir1 E=1,...,1—=2),
w1 = G—1Yo + di1vi-y,

and since v; = 0 (Ab,;) for each 7. Hence, the w; are a module basis for
over F.

We shall proceed by constructing the ¥’'s and the b’s. To do this, it will
be necessary to study in detail the prime factorization of (8). This study
will be facilitated by grouping similar primes. The following trivial lemma
will provide the structure.

LeEmMA 2. Suppose (8), U, and the vn of Lemma 1 can each be broken up into
four corresponding parts, viz.

4

@) = II 94  9: an ideal of F,

=1

4
A=[1 &, D anideal of ),

K5

1
4
Ym 0<H @im> , ®im an ideal of F'.

i=1

Further, suppose for each m (m = 0,...,1 — 1) and each i (i =1,...,4) we
can find §m, an ideal of F such that §:»9; divides &, and

1—1
HO Qim = I)t-

Then choosing

4
f)m = ]1;11 Qims

the conditions of Lemma 1 will be satisfied.

The plan will be to determine the b;, 9 Oim, Gin, and vp.
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Under the conditions on F and F’, the different © of F’ over Fis the greatest
common divisor of the differents of integers in F’. Also, if P is a prime of F',
P | D if and only if the prime p of F corresponding to P is ramified in F'.
Indeed, since I is prime, B*V||D where » is the order of ramification of P.
(| means “divides’” and || means “divides exactly.”)

Now the decomposition in F’ of primes in F is studied in (3) and the order
of ramification of ramified primes is found in (2). The proofs are carried out
for algebraic number fields, but can be carried over almost verbatim to the
case studied here. Following is a summary of these results.

Summary. We may assume (u) = 0'b%, where b’ is divisible by the /th power
of no ideal and b is relatively prime to any given ideal.

If p|6’, then p is ramified in F'. If p + pand p { [, then p splits or remains
prime in F’ according as p = £'(p) has a solution £ € J or not. If p ¥ u and
p | I, suppose p°||(1 — ¢). (Note (J) = (1 — {)*L) Consider the congruence
u = £ If this is solvable mod p?*?, then p splits. If it is solvable mod p*
but not mod pe*?, then p stays prime. If it is not solvable mod p*, then p
is ramified. In the latter case, let & be the highest power of p modulo which
the congruence is solvable. Then (k, /) = 1 and & < al.

If p is ramified, suppose »?||(1 — ¢). (@ may be zero.) If p|b’, the order
of ramification is al + 1. If p 4 u, the order of ramification is al — & + 1.

For the purposes of this proof, we shall assume b relatively prime to
N — ¢). Also, let I = o', where a is an ideal of F and Y’ is an ideal
of J’ divisible by no ideal of J.

Let p; (1 <7< n) be the distinct primes of F appearing as factors of
BN (U (1 — ¢). We classify these primes according to the following table:

Prime factors

p[0’ pi|(1 —¢) |V (A of p;in F’
aA<Kir Yes Perhaps Perhaps (B:H
r<i<s) No Yes Perhaps B!
(s<1<y) (No) Yes (No) P
t<i<u (No) Yes Perhaps B, PO
(u<i<n) No No (Yes) (B ... PBD)

Entries in parentheses follow from the other entries by the summary or
by the fact that N(A’) can be divisible only by primes which split or are
ramified in F’.

We now define integers a;, k;, b;, and b;; Let

1-%= I;[I pi.
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(Note: a; may be zero for 1 <7< 7 and a¢; =0 for u < ¢ < n.) Let
br — H piki.
i=1

For r < 7 < s, let k; be as in the Summary. Let

wer - (11 p)(ﬂn) w - (11 ﬂsi"")(t:f;lﬂs&‘”’“ )

wherefor1l < 7 < 5,0 < b; < landfort < ¢ < n, the conjugates are arranged
so that b;1 > by > ... > by = 0. (Thus the automorphism ‘/u — ¢(*v/u)
does not necessarily carry P,V into B;®.) Note that b;; + ... + b;;, = b,

Then
4
QI = 1;11 Sji
where

@1 =a,
‘@2 = (1)’

— . (Db4y . (b4
@3 igl%i .. sBz ’

N

Now, by the Summary,

o= (1 s gt 3]

Since D = N(D),
Dt = |:<I‘TI p a;z+1>< ﬁ p ail—ki+1>]%(l—n
i 1=r+1 ! )
Hence

®) = @71 = ' WP = |
(a’N(QI')D%)l—ll:(ﬁ1 "f”)(ljl m"‘)(b‘))}w—n _ 1_4[ .

2 b
I1 %
[1 %

where

= [T

i=§+41
bi(1-1)
by = H P
i=1+1
s
(&i—1) (1=-1+b:(1—1)
by = q Di% : * .
i=

https://doi.org/10.4153/CJM-1963-073-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-073-8

760 LEON R. MCCULLOH

We next define the ®&;,. The reason for the definitions will become clear
when the 7v,, are defined. Let, for m =0,...,1 — 1,

@lm = (IZD*,

@27,; = |:< H 131“>B:| ,
i=s+1

n
Oy = H piMBi(l)b“ . gBi(m)bim,

=1
s
biqq mki
Oy = I_Il p TP
=

Preparatory to definining the g;,, we recall certain combinatorial facts by
the following lemma.

LEmMMA 3. Let (k1) = 1. Then

-1

[km/l] = (k — 1) — 1)/2,
m=0
where [x] stands for the greatest integer <x. Let b be an integer salisfying
0<b<\l Let e, =1 or 0 according as mk — [mk/I]l < b or >b. Then

-1
Z €n = b.
m=0

Proof. The numbers 0, 1,2, ...,] — 1 are a complete residue system mod /,
and hence the numbers 0-k,1-%,2-%,..., (l — 1)-k are also. Thus, as m
runs through 0,1,...,7 — 1, so do the numbers 7, = mk — [mk/I]l. Since
exactly b of these numbers are less than b, ¢, = 1 for exactly & of the m’s, which
proves the second part of the lemma. Also

-1 -1 —1
>, Imk/l)l = < > mk> - < > r,,,) =k —1)/2 —1(0—1)/2,
m=0 m=0 m=0
whence the first part of the lemma follows.

We now define the g;, and verify that they have the desired properties
relative to the &, i, and b,

Let gy, = a/"1D% Then §1,91 = a'D¥ = ®y,. Also

1—1
(-1 13
Gim = Q ¢ )-D} = [)1.
m=0

om = [ (Tp) "

Let

Then g2,92: = &s,. Also
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-1 n } $10-1)
Qom = [( IT Pia'>b] = B
m=0 i=s+1

since
-1
=10l —-1)/2.
m=0
Let
im = L] pS0me,
i=1+1
Then

n
Osm/qsm = Hl%i(l)b“%i(mm ce SBi(M)bimpibi'm”
=+

is divisible by

H gBi(l)bil . gBi(l)bil — 5:33

i=t+1

since b;y > b > ... > b,y = 0. Also

-1 n
_ bi(1-1) —
e g3m iglpl b3y
since
-1
20 by = bimpr) = by — b+ ...+ by) =1, —b,=b,1—1).

Finally, let
S
Qim = I—Il pibi“éim+[mki/l]’
i

where €;, = 1 or 0 according as mk, — [mk;/l]l < b; or >b;. Now

Oy = I:Il pz_ba‘grsimki — g pibz‘-l-[mki/l];Bimki'—[mki/l]l'
Hence
®4m/g4m — I‘SII ;Bimki—[mki/l] lpiem
pe
is divisible by
s
D4 = Iz_=Il %ibi

For since b; < I, B%|p;¢» unless e;, = 0. But then P2i|P,mki-lmki/Nl Also

-1 s

b3 (I—1)+3 (ki—1) (1—1)
IT g =TT » o = by,
m=0 i

i=1

since, by Lemma 3,

https://doi.org/10.4153/CJM-1963-073-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-073-8

762 LEON R. MCCULLOH

-1

> (bs = e+ [mk/l)) = by — byt (ks = 1D = 1)/2).

The final step is to define the v, and verify that |y,?| = |;(?| and that

Vm = 0<ﬁ @im) .

LEMMA 4. For every j (1 < j <1 — 1) we have an integer n; in F such that
(*u — n;) s divisible by the 1deal

C20:835/0: 456 SEL0)]

Proof. First, we show the existence of £'s (integers in F) such that
@A) W3 F<iLy),
B) We=&ps) (<1<,
©)  We=Ey (PP ((<i<n) and (1<ji<I—1).

To verify (A), let p be any one of the p; (r <17 < s). By the Summary,
we can find an integer £ € F such that p*||{(x — £%). Suppose B¥||(*/u — &),
Then the same is true for all the conjugates {7(/u) — £ whence

po= PNV — 8 = (v — &),

Hence k' = k and '+/u = £ (P*).

To verify (B), let p be any one of the p; (s < 7 < £). By the Summary, we
can find an integer £ € F such that p#||(u — £). If »¥||(*\/u — &), the same
is true for all the conjugates, and so p¥!||N('u — £) = (u — £Y). Hence
a’ =a and 'Vu= £ (p9).

To verify (C), let P be any one of the B,. Since P is of degree one over
F, J contains a complete system of residues mod B. Let = € J, p|lx. Then
P||r. Hence, we have for any & > 0

We=ao+am + ..+ aeppm®TIT(PAD),

where the a’s, and hence the entire right side, belong to J. Hence ‘\/u—£=0
(P**?). We must now show ‘W/u — & = 0 (PP?) where PP is any conjugate
of PB. For some 7, we have {"(*A/u) — &£ = 0 (PP+), But

Ve =8 — G C¢Vu) =) =0—=¢) =01 -9).

Hence 'vu — &= ¢"("vu) —&(p9) and so ‘vu—§&=0(PP. Hence
Vi — £=0 (p*P’).
Now, for each 1 <j <!/ — 1, we may find, by the Chinese remainder
theorem, an integer 5; € F such that
n; = £:(PF9) (r<i<s),
n; = Ei(p:%) <1y,
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15 = iy (pMPOPi) t<i<m),
;=0 (l\/#)-

Hence, \/u — 7, satisfies the required condition.
We define the y's of Lemma 1 tobe yo =aand forl <m I — 1, v, =
a(*u — 1) Vi — 12) ... ("v/u — n). Then, since

(‘Ww) = I;Il B,

Ym is divisible by

abm<I;Il gBik;m)( Hl nia;m><.—l:£1 %i(l)b” . SBi(m)bim> ,

1=

which is equal to
4
I] G
=1

Now |e;P| = |v;?| since the matrix [a;®] can be transformed into the
matrix [v;®®] by the following procedure. The columns are numbered
0,1,...,1 — 1. From each of the columns 1,...,7 — 1, subtract 5; times
the preceding column starting with the last column and progressing to the
first. Then from each of the columns 2,...,/ — 1 subtract 7, times the
preceding column starting with the last column. Then from each of the columns
3,...,1 — 1 subtract 53 times the preceding column. Continue this process
until the final step, which is to subtract 7,_; times the preceding column
from column / — 1.

This completes the construction.

We conclude with the following theorem.

THEOREM. Let F be an algebraic number field containing ¢, a primitive Ilth
root of unity where 1 is an odd prime. A necessary and sufficient condition for
F to possess an extension of type F' = F('\/u) without an integral basis is that
F contain an ideal whose (I — 1)/2th power is not a principal ideal.

Proof. The condition is clearly necessary since D% is the (I — 1)/2th power
of an ideal.

Since F is an algebraic number field, every ideal class (absolute or mod m,
where m is any ideal in J) contains an infinite number of prime ideals. We may
assume, thus, that there is a prime ideal p not dividing 1 — ¢ whose
(I — 1)/2th power is not principal. We consider two cases, first that there
is an ideal whose I(I — 1)/2th power is not principal and second that the
1(I — 1)/2th power of every ideal is principal.

Case 1. Let p¥'0=D be non-principal, where p + (1 — ¢). Let b be in the
inverse class (mod (1 — ¢)Y) of p%. Then pp’ = (u), where u =1 ((1 — Y.
Let F/ = F(*/u). Then no primes dividing (1 — ¢) are ramified since for
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any such prime p;, p = 1* (p,4%). Hence, D* = (p)¥¢=0, But D% is not prin-
cipal. For otherwise (u)}*0 = pit=Dp¥=1 would not be principal, by the
assumption on p, and this is clearly a contradiction. Hence F’ has no integral
basis over F.

Case 2. Let p#=D be non-principal with p + (1 — ¢). Let py, ..., pi—s be
distinct primes in the same class mod (1 — ¢)" as p. Let D be in the inverse
class mod (1 — ¢)? of p. Then pips?. .. p,_(=1pH0-D = (4), where u =1
((1 = ©)Y. Hence, as before, if F' = F('/u), D¥ = (p1ps. .. p,_niC¢-D. But
D?% s not principal. For D% is in the same class as p¥(*-D0=D_ Apd pi-D0-D
is not principal since pH=DU-Dpi-1 — pHE-D j5 principal but pFD is not.
Hence F’ has no integral basis over F.

This completes the proof.

The construction of a module basis for an ideal can also be carried out
for the case / = 2. In this case, the necessary and sufficient condition for
the existence of a module basis is that N (A)D* = (a), where a ¢ F, but a? € F.
The construction is similar to the case [ # 2 but starts by letting oy = a?
and a; = V.

Then (|a,®)) = (@*(v/4) (2) and

_ (e _

8) = U5 = @ Vw@) € F

since @ = a+/y, where ¢ € F. Lemmas 1 and 2 remain unchanged as do the
Summary, the classification of primes p; (1 < ¢ < #), and the definitions of
@ ki b; and b, Note that k; =1 for 1 < ¢ < 7 and that k; is odd for
1<1<Ks Also, for 1 <125, b;,=0 or 1. And, for t <1< n, by = b;
and b, = 0.

The $; remain the same. The different can be written:

D = D% = <];[ p"ai%i)(lll piai—lkiﬂ]) .

We redefine
by = a®D?,
bz = < I1 m“‘)b,
i=s+1
I)3 = H pigbiy
i=i+1
_ : 3vi+[ki/2]
ba !;Il Dy
So

(8)

I
—
&
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The &,, are redefined:

@10 = a4D, @11 = a4D;

G20 = (1), Oy = ( H pi‘“>by
i=s+1

O30 = Dizbi, O3 = H piZbigBi(l)b“

i=t+1 i=t+1
O = 11:11 Ptm, Oy = I:Il Dim%zki-
The ¢ are redefined:

g0 = Q3D, du1 = asD,

G20 = (1)s G21 = ( H pi“>br
i=s+1

g30 = Hl‘-‘i“’ Q31 = H p:

i=1+1 i=t+1

s
204i+[ki/2]
H pi ’ : 3
i=1

S

G40 = H bib‘, G41

i=1

Il

and have the desired properties relative to the &, b;, and ;. Lemma 4
also carries over and we let vy, = o2, and v; = a2(v/u — 71), and we can
easily verify that

4
Ym = 0(1:11 @im>

and (lo; 7)) = (lv,)).

3.
4.
5.
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