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Let / be a Dedekind ring, F its quotient field, F' a finite separable extension 
of F, and / ' the integral closure of / in F'. It has been shown by Artin (1) 
that a necessary and sufficient condition that J' have an integral basis over 
J is that a certain ideal of F (namely, -\/(D/A), where D is the discriminant 
of the extension and A is the discriminant of an arbitrary basis of the extension) 
should be principal. More generally, he showed that if 21 is an ideal of Ff, then 
a necessary and sufficient condition that 21 have a module basis over J is 
that N($L)V(D/A) should be principal. 

Mann (5) has found a useful explicit form for the integral basis in the 
case that F' is a quadratic extension of F and an integral basis exists. In the 
same paper, he showed that a necessary and sufficient condition that F possess 
a quadratic extension without an integral basis is that F contain ideals which 
are not principal. 

In this paper, results similar to those of Mann are proved. We consider 
Kummer extensions of prime degree I (i.e., extensions of the form Ff = F(1\/(JL), 

where it is assumed that F contains a primitive /th root of unity f). It is 
assumed throughout that F is locally perfect at the divisors of I (i.e., if a 
prime p of F divides /, then the residue class field Fp has no inseparable ex­
tensions). (This condition is easily seen to be satisfied if F is an algebraic 
number field, an algebraic function field, or any field of finite characteristic. 
Whether it is true of all Dedekind fields is not known to the author.) 

First, an explicit construction is given for a module basis of an ideal % of 
Ff when such exists. This construction involves arbitrary choices only in the 
ground field F. In analogy with the second result of Mann, it is shown that 
if F is an algebraic number field, a necessary and sufficient condition for F 
to possess a Kummer extension of odd prime degree / without an integral 
basis is that F should possess an ideal a such that a¥(*-1) is not a principal 
ideal. 

The construction of the module basis will be carried out in full for an odd 
prime /. The case / = 2 is similar and the necessary changes will be noted 
at the end. Let SÏ be an ideal of F' and suppose N(%)D% = (a), where a G F. 
(This is the form that Artin's condition takes for extensions of odd degree.) 
Now, at = a(l\/ijl)

i (i = 0, . . . , I — 1) are elements of 31 having 

(\at">\) = (a)'[(l - D'G*)]*»-». 
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(We may assume, of course, that /x is an integer.) Let 

W=-^=(a)'-1[(i-r)'(M)r-1 ) , 

where 0 Ç F. By (5, Theorem 1, Corollary), we must find œt (i = 0, . . . , /— 1) 
in 31 so that 

LEMMA 1. Suppose we have numbers ym G 21 (m = 0, . . . , / — 1) where 
|Y/Z )I

 = \aJ(i)\- Suppose also that we have ideals bm (m = 0, . . . , / — 1) in F 
such that 

n K = (A 
a?zd /Aa£ ym = 0 (bw2l) (w = 0, . . . , / — 1). TTzew a module basis for % over F 
exists. 

Proof, We construct a module basis (co0, . . . , ooi-i) given by 

[coo, . . . , coz_i] = [70, . . . , 7z-i] 

ao a i . . . 
Cl ^ i 

£2 d2 

CLi-i 

Cz_i di-i 

where the a's, cs, and ^'s are elements of F yet to be determined and the 
rest of the matrix is filled in with zeros. Let cu dt (i = 1, . . . , / — 1) be 
chosen so that (ci) = c*/b* and (dt) = bi/bi where d (i = 1, . . . , I — 1) and 
bi (i = 1, . . . , / — 1) are relatively prime in pairs. Let (at) = (a/) fVbo 
(i = 0, . . . , / — 1) where the f's are prime to each other and to all the c's 
and b's and where the a/ are yet to be determined. Let A t be the comple­
mentary minor of at. Then 

where 

M< = ai II cM II di) = 0«'0</0 

(^)=f/li CyYffb,). 
\ 7=1 / \j=i+l / 

Also, (00, 0i, . . . , 0,_i) = (1), for indeed 

03o,/3,-i) = ( f o ( f f »>i) , f i - i ( n ' c , ) ) = (1). 
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Hence, we may choose a0', . . . , &i-\ in / such that 

£ (- l )V^= l. 

The 

do d\ . . . &Z-1 

= E H ) W i = (1//3) E (- i )Vi8i - (i//J). 
t=0 2=0 

Ci-i di-i I 

Hence (|co/*>|) = (1//3)(IT/^I) = W = #(«)£>*. Furthermore, co* G 31, since 
coo = a07o + Ci7i, 
Wf = a*7o + ^i7i + ci+i7i+i (i = 1, . . . , / — 2), 

COÏ_I = az_i7o + di_i7i-i> 

and since 7* = 0 (Sib*) for each i. Hence, the co* are a module basis for 21 
over F. 

We shall proceed by constructing the 7's and the b's. To do this, it will 
be necessary to study in detail the prime factorization of (J3). This study 
will be facilitated by grouping similar primes. The following trivial lemma 
will provide the structure. 

LEMMA 2. Suppose (#), 21, and the ym of Lemma 1 can each be broken up into 
four corresponding parts, viz. 

(0) = I I &<» §i an ideal of F, 

4 

8 = [ I $i> %>i an ideal of F\ 

n = 0( I I ®im ) , ®im an ideal of F'. 

Further, suppose for each m {m = 0, . . . , I — 1) and each i (i = 1, . . . , 4) we 
can find g/m, an ideal of F such that Qim§* divides ®im and 

Then choosing 

I I %im = &«• 

n 
the conditions of Lemma 1 will be satisfied. 

The plan will be to determine the lh, $£u ®im, §im, and ym 
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Under the conditions on F and Fr, the different 35 of F' over F is the greatest 
common divisor of the différents of integers in F'. Also, if $ is a prime of F\ 
$ | 35 if and only if the prime p of F corresponding to $ is ramified in i^. 
Indeed, since / is prime, ^ ^ H ® where v is the order of ramification of $ . 
(| means "divides" and || means "divides exactly.") 

Now the decomposition in Ff of primes in F is studied in (3) and the order 
of ramification of ramified primes is found in (2). The proofs are carried out 
for algebraic number fields, but can be carried over almost verbatim to the 
case studied here. Following is a summary of these results. 

Summary. We may assume (AI) = bV, where b' is divisible by the Zth power 
of no ideal and b is relatively prime to any given ideal. 

If p|b', then p is ramified in F'. If p \ p and p \ /, then p splits or remains 
prime in F' according as n = £*(p) has a solution £ G J or not. If p \ fx and 
p | / , suppose pa | |(l — f). (Note (I) = (1 — f)*-1.) Consider the congruence 
y = £*. If this is solvable mod paZ+1, then p splits. If it is solvable mod paZ 

but not mod paZ+1, then p stays prime. If it is not solvable mod p a \ then p 
is ramified. In the latter case, let k be the highest power of p modulo which 
the congruence is solvable. Then (k, /) = 1 and k < al. 

If p is ramified, suppose pa | |(l — f). (a may be zero.) If p|b', the order 
of ramification is al + 1. If p \ /*, the order of ramification is al — k + 1. 

For the purposes of this proof, we shall assume b relatively prime to 
b'iV(8D(l - f). Also, let 21 = ctST, where a is an ideal of F and 9T is an ideal 
of J7 divisible by no ideal of / . 

Let pi (1 < i < n) be the distinct primes of F appearing as factors of 
b/Ar(3I/)(l ~~ f)- We classify these primes according to the following table: 

Prime factors 
D«|b' pild - f) P,|W) of p{ in F ' 

(1 < i < r) Yes Perhaps Perhaps W) 
(r < i < s) No Yes Perhaps ?V 
(s <i< t) (No) Yes (No) Pi 
(t < i < u) (No) Yes Perhaps W" • • • W> 
(u < i < n) No No (Yes) (W» • • • ?,(,)) 

Entries in parentheses follow from the other entries by the summary or 
by the fact that N (%') can be divisible only by primes which split or are 
ramified in Ff. 

We now define integers au ku bu and bij. Let 

a - D = ri pr-
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(Note: ai may be zero for 1 < i < r and at = 0 for u < i < n.) Let 

For r < i < s, let fe* be as in the Summary. Let 

w ) = ( r i P«*0( n p«di). a' = ( n ?«»*)( n ^1,6u • • • w ) 
where for 1 < i < s, 0 < 6* < /and for £ < i < n, the conjugates are arranged 
so that bn > bi2 > . . . > 6^ = 0. (Thus the automorphism ZVM -* f( l \A0 
does not necessarily carry ^ ( 1 ) into *i)3z(2).) Note that ba + . . . + bu = bt. 

Then 

a= II ©i 
where 

>i = a, 

?» = (1). 

§3 = n *</)61'1 • • • w)iii, 
i=t+l 

& = n *<" 
t==i 

Now, by the Summary, 

SD = 

Since D = iV(£)), 

Hence 

(r i *is"+i)( in i*<
8<w<+i)]'"1 

( i l P/"'+ 1 ) ( ri vrl-ki+1) 
\ i=l / M=r+1 / 

(«= (aJ^Kl-rt'O*)] V..M*('-« 

(0^(20-0*)' (r i p«w,)(ri P^)(Ï>'))Ja_1) = ri *« 
where 

K " \ ~|t««-l> 

ç4 = ri * i
jto-i)ti-i)+Mwi. 
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We next define the &tm. The reason for the definitions will become clear 
when the ym are defined. Let, for m = 0, . . . , I — 1, 

® 2 m = (,.4»">I 
®3m = n pi**?/"**1... ç/"0*'-, 

*=*+! 

®*. = n *?%***. 
Preparatory to definining the §im, we recall certain combinatorial facts by 

the following lemma. 

LEMMA 3. Let (k, /) = 1. Then 

z 
m=0 

E [km/l]= ( * - l ) ( Z - l ) / 2 , 

wA r̂̂  [x] stands for the greatest integer <x . Le£ ô Je an integer satisfying 
0 < b < I. Let em = 1 or 0 according as mk — [mk/l]l <. b or ^>b. Then 

z-i 
5 2 €m = b. 

Proof. The numbers 0, 1, 2, . . . , / — 1 are a complete residue system mod /, 
and hence the numbers 0-k, 1 •&, 2-k, . . . , (/ — 1) -k are also. Thus, as m 
runs through 0, 1, . . . , / — 1, so do the numbers rm = mk — [mk/l]l. Since 
exactly b of these numbers are less than b, em = 1 for exactly & of the ra's, which 
proves the second part of the lemma. Also 

£) [mk/ljl = ( E «*) - ( Z r j = JW(J - l)/2 - 1(1 - l)/2, 
ra=0 \ m=0 / \ m=0 / 

whence the first part of the lemma follows. 
We now define the gim and verify that they have the desired properties 

relative to the ®im, fQif and t)*. 
Let glOT = a^D*. Then glwl§i = alD* = ®iTO. Also 

Let 

•— KJS.» *")•]"• 
Then g2m§2 = ®2™. Also 
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since 

Let 

Then 

i-i r / n \ "Hio-D 

n 92. = ( n f")b = h 
m=0 L \ i = s + l / -J 

l-l 

*£, m = 1(1- l)/2. 

03m — 1 1 Pi 
i= t t - l 

®3»/93m = n vtmiiViw><i • • • ^ < m m V ' ™ 
i=H-l 

is divisible by 

i=*+l 

since £ u > oi2 > . . . > 6^ = 0. Also 

ff sa» = n pr™ = 5., 
w=0 i=t+l 

since 
z- i 

23 (*< "" bi,m+i) = /6< — (ba + . . . + 6ii) = #>i — bt = bt(l — 1). 

Finally, let 

rt _ T~T v. 6i-cim+[w/fci/Z] 
Q4m — 1 1 P i , 

i= l 

where eiTO = 1 or 0 according as mkt — [mki/l]l < bt or ^bt. Now 

®4m = ri p/^r" 1 ' = ri pi
6t'+[w,*4'/iiç<

,n*ï-iw*'/i11. 
z = l i = l 

Hence 
s 

4m/§4m = H Vi Pi 
i= l 

is divisible by 

i= l 

For since bt < Z, <P,&*|p,«** unless eim = 0. But then ^ ^ ^ - [ ^ / ^ Also 

f l A4» = IT pt>*™-*<*<-»™ = ï)4, 

since, by Lemma 3, 

https://doi.org/10.4153/CJM-1963-073-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1963-073-8


762 LEON R. MCCULLOH 

S (bi - tim + [mki/l]) = lbt -b,+ ((*, - 1)(/ - l ) / 2 ) . 

The final step is to define the ym and verify that |y/*}| = |a / f ) | and that 

Tm = o (n ©^j. 

LEMMA 4. / w #z;gry j (1 < j < / — 1) we Aaz/£ aw integer rjj in F such that 
(ZVM "- Vj) is divisible by the ideal 

((V/o( ri %")( ri P*Œ0( n pry™*")) • 
\ \i=r+l / \i=s+l / \i=t+l / / 

Proof. First, we show the existence of £'s (integers in F) such that 

(A) V/* = fc W ) (r < * < s), 

(B) V M = h (W) U <i< t), 

(C) Wv = f « (p<a W , 6 i 0 ( * < * < » ) and ( l < j < / - 1). 

To verify (A), let p be any one of the p,: (r < i < 5). By the Summary, 
we can find an integer £ £ F such that t)*||Gu — J')- Suppose '>($*'||('\/M — I)» 
Then the same is true for all the conjugates Ç'iWv) ~ ?> whence 

p*' = ?*f,||tf (V/* - É) = (M - f1). 

Hence k' = k and V M = ? ($*)• 
To verify (B), let p be any one of the pi (s < i < /). By the Summary, we 

can find an integer £ G F such that pa'||(/i — £')• If pa ' | | (V/* — £)> the same 
is true for all the conjugates, and so pa'l\\N(ly/n ~~ £) = (/* — £')• Hence 
a' = a and W = ? (pa). 

To verify (C), let ^ be any one of the ^{
U). Since $ is of degree one over 

Ft J contains a complete system of residues mod ty. Let -K Ç / , P||TT. Then 
^3||7r. Hence, we have for any b > 0, 

V M = a0 + anr + . . . + aa+^1w
a^^(T+b), 

where the a's, and hence the entire right side, belong to / . Hence z v V ~ £ = G 
($a + 6). We must now show ZVM — £ = 0 ($(^)a) where y$U) is any conjugate 
of $ . For some r, we have r ( V / - 0 - £ = 0 OP^"^) . But 

(VM - ?) - (r(V/0 - «) = a - n V/* - o a - r). 
Hence V M - £ = T ( V M ) - £ (Pa) and so V M - £ = 0 WU)a). Hence 
V M - £ = 0 (p<T). 

Now, for each 1 < 7 < / — 1, we may find, by the Chinese remainder 
theorem, an integer rjj 6 F such that 

Vj = *,($<*') (r < i < 5), 

^ = «*(*><"*) (s <i<t), 
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Vj = f« (p,"U(»»«) « < * < n), 
rij^O ( V M ) . 

Hence, zvV ~ rçy satisfies the required condition. 
We define the 7's of Lemma 1 to be 70 = a and for 1 < m < / — 1, ym = 

« ( V M - Vi) ( V M — ^2) • - - ( V M - in)- Then, since 

( VM) = B II * ". 

7m is divisible by 

« n n $*"*)( ri p«fli"w)( n ^(1)&ii • • . ^ / m ) 6 i m ) , 
which is equal to 

n ®*.-
Now |a/*}| = (7/^I since the matrix [a / 0 ] can be transformed into the 

matrix [7/^] by the following procedure. The columns are numbered 
0, 1, . . . , I — 1. From each of the columns 1, . . . , / — 1, subtract rji times 
the preceding column starting with the last column and progressing to the 
first. Then from each of the columns 2, . . . , / — 1 subtract 7/2 times the 
preceding column starting with the last column. Then from each of the columns 
3, . . . , / — 1 subtract 773 times the preceding column. Continue this process 
until the final step, which is to subtract 77̂ -1 times the preceding column 
from column I — I. 

This completes the construction. 
We conclude with the following theorem. 

THEOREM. Let F be an algebraic number field containing f, a primitive Ith 
root of unity where I is an odd prime. A necessary and sufficient condition for 
F to possess an extension of type Ff = F(l\/fj) without an integral basis is that 
F contain an ideal whose (I — l)/2th power is not a principal ideal. 

Proof. The condition is clearly necessary since D* is the (I - l ) /2th power 
of an ideal. 

Since F is an algebraic number field, every ideal class (absolute or mod m, 
where m is any ideal in J) contains an infinite number of prime ideals. We may 
assume, thus, that there is a prime ideal p not dividing 1 — f whose 
(/ — l)/2th power is not principal. We consider two cases, first that there 
is an ideal whose /(/ — l)/2th power is not principal and second that the 
/(/ — l)/2th power of every ideal is principal. 

Case 1. Let p^1-» be non-principal, where p \ (1 — f). Let p be in the 
inverse class (mod (1 — f)1) of p'. Then pp* = (/x), where /* = 1 ((1 — f)z). 
Let F' = F(l\Zfji). Then no primes dividing (1 — f) are ramified since for 
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any such prime pi, /x = V (piai0- Hence, D* = (p)^^ 1 ^ But D% is not prin­
cipal. For otherwise (ixY{l~l) = p2(z-i)p^(z-i) WOuld not be principal, by the 
assumption on p, and this is clearly a contradiction. Hence F' has no integral 
basis over F. 

Case 2. Let p^'-D be non-principal with p \ (1 — f). Let pi, . . . , pz-i be 
distinct primes in the same class mod (1 — Ç)1 as p. Let p be in the inverse 
class mod (1 - f ) ' of p. Then pip2

2 . . . p ^ - i p ^ C - D = (M), where /x = 1 
((1 - f)0. Hence, as before, if F' = F ( V / 0 , 2?* = (pip2 . . . P z - i ) 1 ^ . But 
Z>* is not principal. For D^ is in the same class as p^-ixz-D. And p^-D^-D 
is not principal since ps(z-i)(z-i)p2('-i) = p^(z-i) is principal but p^^-1} is not. 
Hence F' has no integral basis over F. 

This completes the proof. 

The construction of a module basis for an ideal can also be carried out 
for the case 1 = 2. In this case, the necessary and sufficient condition for 
the existence of a module basis is that N($l)D* = (a), where a $ F, but a2 Ç F. 
The construction is similar to the case 1^2 but starts by letting a0 = a2 

and «i = O:2VM-

Then (|a/0|) = (a)4(vV) (2) and 

( « = % ^ = W3(VM)(2) 6 ^ 
(a) 

since a = avV> where a £ F. Lemmas 1 and 2 remain unchanged as do the 
Summary, the classification of primes p* (1 < i < n), and the definitions of 
aiy kiy biy and bfj. Note that kt = 1 for 1 < i < r and that &* is odd for 
1 < i < s. Also, for 1 < i < s, 6, = 0 or 1. And, for t < i < n, bn = bt 

and bi2 = 0. 
The § i remain the same. The different can be written: 

s = p* = (ri „«$,)( n Pr-[kim). 
We redefine 

Ih = a6£>2, 

f)2 

30 i 

So 

i3 = n t)i 
i=H-l 

i)4 = n \>i
nt+atm. 

(is) = ri &«. 
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The ®im are redefined: 

®io = a'D, ©n = a*D, 

©20 = ( 1 ) , ©2! = ( El Pi")*, 
\i=s+l / 

©30 = ri pi2si. 
i=t+l 

©ai = ri P4
26WI)6< 

©40 = I l * > " ' , 
i= l 

®4i = ri pry?. 
i= l 

The %im are redefined: 

flio = a3P, 3TÏ 

fin = a A 

Ô20 = (1 ) , «n = ( n pi*'V 
\ i=s+ l / 

n 

Ô3O = n $ib\ 
i=H-l 

TO 

931 = n p*2&t> 
t=«+i 

940 — 1 1 Pi , 941 — 1 1 Pi , 
i= l i= l 

and have the desired properties relative to the ®im, fh, and §*. Lemma 4 
also carries over and we let 70 = a2, and 71 = O;2(\/M — 171), and we can 
easily verify that 

and (|«/«|) = ( |y/o|). 

=o(ri ®*.) 
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