SOME CONVEXITY THEOREMS FOR MATRICES
by P. A. FILLMORE and J. P. WILLIAMS
(Received 8 October, 1969)

Introduction. The numerical range of a bounded linear operator 4 on a complex Hilbert
space H is the set W(A) = {(4f,f):| f|| = 1}. Because it is convex and its closure contains the
spectrum of A4, the numerical range is often a useful tool in operator theory. However, even
when H is two-dimensional, the numerical range of an operator can be large relative to its
spectrum, so that knowledge of W(A) generally permits only crude information about A.
P. R. Halmos [2] has suggested a refinement of the notion of numerical range by introducing
the k-numerical ranges

1
W (4) = {E tr (PA): P = projection of rank k}

for k=1,2,3,.... Itis clear that W (4) = W(4). C. A. Berger [2] has shown that W,(A4)
Is convex.

In Section 1 of this paper we obtain a few additional results about k-numerical ranges,
including a description of W,(4) for normal matrices 4. In Section 2 we introduce another
generalized numerical range #°(A4), which by definition consists of the diagonals of all matrices
that are unitarily equivalent to 4. A theorem of Horn [3] shows that #°(4) is convex if A4 is
a Hermitian matrix; this can fail for normal matrices of order = 3 [5,7]. By computing the
convex hull of #7(A) for normal matrices 4, we obtain a generalization of a result of F. John
[4]). Finally, in Section 3 we exploit the connection between %#(4) and k-numerical ranges to
obtain a simple proof of Horn’s result.

1. k-numerical ranges. Throughout the paper H is a complex Hilbert space of dimension
n < oo, and A is a linear operator on H. We begin by listing some elementary properties of
Wi (A4).

THEOREM 1.1. For any operator A on H,

() W (4) is convex and compact.
(i) (n—k)W,_(A) =tr(A)—-kW, (4) (k=1,2,...,n=1).
(iti) WU ~1AU) = W,(4) if U is unitary.
(iv) W(4) =(1n)tr(4), Wy(d) = W(4).
(v) Wi (A) contains each normalized sum

1
PG+ At )

of eigenvalues of A.
i) Wy (ADeWw(4) (k=1,2,...,n-1).

Proof. As mentioned in the Introduction, the convexity of W (4) was proved by Berger.
The rest of (i) follows from the continuity of the trace and the compactness of the set of rank
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k projections. Statements (ii), (iii), and (iv) are clear from the definition. Assertion (v) is an
immediate consequence of (iii) and the fact that A is unitarily equivalent to a matrix in
triangular form. The inclusion in (vi) will follow from Theorem (1.2) and the fact that if
O£ X<£Tland tr(X)=k+]1, then

1 1
- =t
k+1tr(XA) T t(YA),

where

k
Y=—X.
k+1

~ Note that if k = 1, then (v) reduces to the familiar fact that the numerical range contains
the spectrum.

THEOREM 1.2.
Wi(A4) = {%tr(XA):O SXSLu(X)= k}.

In order to prove Theorem 1.2 we need two lemmas.

LeMMA 1.3. Let P, be the set of n-tuples {py, p, ..., p,» satisfying0<p, <1,y p,=k.
7

Then P, is compact and convex, and the set Ext(P,) of extreme points of P, consists of all vectors
with k coordinates equal to 1 and the rest equal to 0.

Proof. ¥p=<{p,,ps ..., Pny belongsto P and if 0 < p, <1,0 < p, <1 for some i #1,
because k is an integer. If & = min{py, p;, 1—p,, 1—p;}, then p = 1(p’+p"), where
P =AP1=86 P2 s PitE ey Do)y
p” = <P1+5sP2’ ey Py—6, ""Pn>°

Since p’, p'’ belong to P,, it follows that p is not an extreme point of P,. The same argument
clearly works for the other coordinates of p. Hence if p is an extreme point, then each p;, is
either 0 or 1. Thus exactly k coordinates of p equal 1 and the others are 0. Conversely, it is
clear that each such vector is an extreme point of P;.

LeMMA 1.4. The convex hull of the set of Hermitian projections of rank k consists of those
operators X satisfying O L XS Ltr(X)=k.

Proof. Suppose O S X<1I and tr(X)=k. By the spectral theorem we can write
X = Y 4E, where the E; are mutually orthogonal projections of rank 1, and the 4, are the
i=1 n
eigenvalues of X. Then0< ;< 1and) A =k, and Lemma 1.3 implies that X is a convex
i=1

combination of projections of rank k.
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The converse follows from the obvious fact that the set of operators X satisfying
O £ X £1and tr(X) = k is convex and contains the projections of rank k.

There is another way of expressing Lemma 1.4 which seems of independent interest. Let
%, be the positive cone generated by the projections of rank k, i.e., €, is the smallest set that
contains all such projections and is closed with respect to addition and multiplication by
non-negative scalars.

COROLLARY. %, = {X20:tr(X)2 k| X |}.
Proof of Theorem 1.2. If O £ X £ Iand tr(X) =k, then by Lemma 1.4 X = Za,ﬁ} isa

convex combination of projections of rank k. Hence
1 1
Etr(XA) = EZa,-tr(F,-A)

is a convex combination of the points (1/k) tr (F; A)e W,(A4). Using Berger’s result that W;(4)
is convex, we find that (1/k) tr(X4)e W,(4). This proves one of the inclusions asserted in
Theorem 1.2. The other is trivial.

THEOREM 1.5. If A is a normal operator on H, then
1
Ext VV,‘(A) [and {E (lil +li; +...+ )”l'k)} s

the set of normalized k-fold sums of eigenvalues of A.

Proof. By the spectral theorem, we can suppose that A = ) A E,, where the E; are
i=1

mutually orthogonal projections of rank 1.
Suppose that A = (1/k) tr (PA) belongs to W,(A4).
Then

=Ly (P LE)) = 12/1; te (PE).-
k N k45

Since tr (PE;) = tr(P?E;) = tr (PE, P) 2 0, the n-tuple with coordinates tr (PE,) belongs to P,.
By Lemma 1.3 there are numbers a;, x;; such that
0§a,§1, Za‘=1, tl’(PEj)=Za,-x,-j,
i

where, for each i, exactly k of the x;; are 1 and the others are 0.
Hence

1 1 1
k' kT T\
Now (1/k)).x;;4; is, for each i, a normalized k-fold sum of eigenvalues of 4. Thus each
J

Ae W(4) is a convex combination of normalized k-fold sums of eigenvalues. Since these
sums are in W,(A4), the proof is complete.
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ReMARK. Theorem 1.5 includes the known fact that the extreme points of the numerical
range of a normal operator are eigenvalues. This is also true if H is infinite-dimensional [6].

2. Diagonals of matrices. Our interest in k-numerical ranges arose from their connection
with an unsolved problem in matrix theory. Given n complex numbers 1y, 2,, ..., 4,, the
problem asks for necessary and sufficient conditions on u, s, ..., i, in order that there exist a
normal matrix with eigenvalues ,, 1,, ... 4, and main diagonal {y,, pt,, ..., y,». Equivalently,
if A is a given normal matrix, to determine which n-tuples {y,, i, ... p,» can serve as the
diagonal of some matrix unitarily equivalent to 4. Or again, to characterize the n-dimensional
numerical range W' (A) consisting of n-tuples of the form {(Afy, f1), (Af3, f2)s -+« (Afns fi)Ds
where the f; form an orthonormal basis of H. In the case in which 4 is Hermitian the problem
was solved by Horn [3].

THEOREM 2.1. W'(A) is arcwise connected for any matrix A.

Proof. Ife,,e,, ..., ¢, is a fixed orthonormal basis of H, then any point in #'(4) has the
form

<(U_1AU81, el)s (U—IAUeZ, 62)’ AR (U—IAUE", en)>)

where U is a unitary operator on H. The theorem is therefore an immediate consequence of
the well known fact that the group of unitary matrices is arcwise connected.

If A={A, 43, ...,4,> is a complex n-tuple and = is a permutation of the numbers
1,2,...,n, let A, be the n-tuple (A1), Ax2)s - - - » Anmy?> and let 5#°(4) denote the convex hull
of the vectors 4,.

THEOREM 2.2. If A is normal with eigenvalues ,, A, ..., 4,, then () = €W (A) (the
convex hull of W (A)).

Proof. Clearly each A, belongs to #'(4) and therefore s (1) c #°(4). To complete
the proof, it is enough to show that ¥(4) = s#(4).
If peW'(A), then there is an orthonormal basis f1, f3, ..., f, such that u, = (Af,, f}) for

i=12....,n Ife,e,,...,e, are the eigenvectors of A corresponding to 4,,2;,..., 4,,
then a computation shows that u = PA, where P;; = [( fo e,)lz. Since P is clearly doubly
stochastic,t it follows from a theorem of Birkhoff [3] that u belongs to J#(2).

ReMARk. Lerer [5] gives an example of a 3 x 3 unitary matrix 4 with the property that
W (A) is a proper subset of 5#(4). Theorem 2.2 therefore implies that in general #7(A4) need
not be convex.

THEOREM 2.3. Let A be a normal matrix with eigenvalues A, 44, ..., A,, and for peC" let
C(w) denote the convex hull of the set of normal matrices with spectrum the set of coordinates
of u. Then

{tr(AB%): Be C(w)} = (#(2), 1)

| TA rriatrix with non-negative entries is doubly stochastic if the sum of the entries in each row and
column is 1.
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Proof. Let [u] be the diagonal matrix whose main diagonal is u. Then (diag(T), p) =
tr (T{u]*) for any matrix 7. Hence by Theorem 2.2,
(S22, ) = (W (A), n) = ¢{(diag(U ~'4U), p): U unitary}
=& {tr(U ~'4U[u]*): U unitary}
=@ {tr (A(U [1)U ~1)*): U unitary}
= {tr(4B*): Be C(u)}.

CoroLLARY 1 (F. John [4]). For any subset ¢ of R", let C(o) be the set of all Hermitian
matrices A with #()) = 6. If ¢ is compact and convex, so is C(c).

Proof. If g is the half-space {¢eR":(&, p) = r}, then by Theorem 2.3 a Hermitian matrix
A belongs to C(o) if and only if tr (48*) = r for all matrices B that are unitarily equivalent
to [u]. From this description it is clear that C(s) is closed and convex. If ¢ is compact and
convex, it is an intersection of closed half-spaces, and C(o) is therefore an intersection of
closed sets. Thus C(o) is closed and convex; because it is bounded it is compact.

Theorem 2.3 yields another proof of Theorem 1.5:

COROLLARY 2. If A is normal with eigenvalues A,, ,, ..., A,, then
1
ka(A) =’g{z(}‘il+}'i2+'”+lik)} (k= 1, 2, ey n).

Proof. kW, (A) = %{tr(AP): P projection of rank k}
= {tr(4B*): Be C(1,)}
= (A#(2), po)
= ¢{(4,, w): ® permutation},

where p, is the vector with the first k entries equal to 1 and the rest equal to 0.
The next theorem indicates a connection between k-numerical ranges and diagonals, and

includes several results of [1].

THEOREM 2.4. If A is a matrix, then A€ W, (A) if and only if W (A) contains a vector with
at least k coordinates equal to A.

Proof. Without loss of generality we may suppose that A =0. If P is a projection, let
Cp(A) = PA|pyy be the compression of A to the range of P. A simple computation shows
that tr (PA) = tr(C,(4)).

Now if 0e W,(A4), then there is a projection P of rank k such that tr(P4) =0. The
operator C,(4) then has trace 0 and hence, using a result from [1], we can choose an ortho-
normal basis fy, ..., f, of P(H) such that (Af,, /) = (C, (A, f)=0fori=1,2,...,k. If
Sit1s ---»f, form an orthonormal basis of P(H)*, then the matrix of 4 relative to the basis
J1sS2 -+, [, has at least k zeros on the main diagonal.
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3. Diagonals of Hermitian matrices. For the remainder of the paper 4 will denote an
nxn Hermitian matrix (» = 3) with eigenvalues 4, £ 4, <... < 4, and corresponding unit
eigenvectors e, e,, ..., e,.

LemMA 3.1. If e W(A), there is a unit vector f such that (Af,f) = u and
kW (4,) = kW (A ((k+ D) W4 1(4)— ),
where A, is the compression of A to the orthogonal complement of f,and k=1,2, ..., n—1.

Proof. Choose the largest integer i such that ue[4,, 4;,,). Since 4 is Hermitian there
is a unit vector f'in the span of e; and e;,; with (4f,f) = . Define

k k+1
o = maX{ Z )»j, Z lj-ﬂ}’
j=1

ji=1
Bk=min{ Z A’j’ Z AJ_#}'
Jj=n—k+1 J=n—k

It will be shown that each side of the above equation is [, B]-
A real number x belongs to the interval [« B,] if and only if

k n
Yhsxs X A,
1 n—k+1

k+1 n

YASx+us ) A
1 n—k

IIA

Theorem 1.5 shows that these conditions are respectively equivalent to

xekW,(4), x+puelk+ )W, (4).
This proves that
[0, Bl = kWD) ((k+ D Wi 1(A)— ).

k
Now kW,(A4,) is the set of all sums ) (Agj, g;) where gy, g3, ..., g, are orthonormal
j=1 k
vectors in {f}*. Hence clearly kW, (4,) = kW,(4). Itisalso clear that ) (Ag;, 9))+(4f,[)
=1

belongs to (k+1)W, . ,(4). Therefore
kW (Ay) € kW D((k+ D)W, 1(4)—p).

To prove the reverse inclusion, it suffices to prove that the numbers o, and f; belong to
k+1

k

kW(A4,). Note first that @, is ) A; or ) A;—p according as A,y S p OF Ayyy >p. If

i=1 ji=1 k

Je+1 < p then fis orthogonal to e, ..., ¢, and so &, = Y, A,€kWi(4,). If Apyy > p then f
=

isin the span of e, ..., €4+ ; let Q be the projection on this span and P the projection on the
k+1

orthogonal complement of f in this span. Then tr(QA4) = tr(PA4)+u and tr (Q4) = '21 A, 50
j=
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that
k+1

tr(PA) =tr(PA) = ) A—p=0
j=1

and o, ekW,(A,). The proof is completed by arguing similarly for B,.

The last part of this proof can be based on the fact, proved in [7], that the spectrum of 4,
consists of 4;,+ 2,4, —u and the points A; with j # i, i+ 1.

It is now easy to obtain Horn’s characterization of #(4).

THEOREM 3.2. Let A be an nx n Hermitian matrix with eigenvalues A = {2y, 23, ..., 4,),
and let p= {uy, Yy, - .., tay- The following are equivalent.

(i) ne#(3).
(i) pew(A).
(i) i, + iy F ooy, €RWA)

Jor each choice of subscripts and k =1,2, ..., n.

Proof. The equivalence of (i) and (ii) is an immediate consequence of Birkhoff’s theorem
(see [3]). Moreover, it is obvious that (ii) implies (iii). We show that (iii) implies (ii).

Choose a unit vector f; such that (Af}, f;) = ¢, as in Lemma 3.1, and let 4, be the com-
pression of 4 to the orthogonal complement of f;. If j =2, then u,+pu;e2W,(4); hence
uje W(A,) by Lemma 3.1. Also, if j # k and j, k 2 2, then

s+ i€ BW3(A)— pu)N2Wy(4) = 2W5(4,).

The argument can now be repeated with 4, replacing 4. This gives a unit vector f, in
{fi}* such that (4fs,f2) =(A,/2, /) = 1. Also, if A, is the compression of 4, to
{fi} n{f2}*, then as before

uje W(AZ):

1+ u € 2W5(4)),

forj,kz3andj#k.
The proof is completed by n—1 repetitions of the same argument.

ReEMARK. We observed earlier that in general %' (A4) # 5 (A) for normal matrices. The
reason for this is that Lemma 3.1 fails. For example, let 4 be the 3 x 3 diagonal matrix with
non-collinear eigenvalues A, 4,, 45, and let u = 44, +44,. Let f be any unit vector such that
(4f,f) = u, and let 4, be the compression of 4 to {f}*. If z=4}4,+%4;, then z belongs to
W (A)n(2W,(A)—p). However, it is easy to see that W (4,) is the line segment [41, +%4,, ;]
(see [7] for example) and this does not contain z.
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