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Abstract

We prove that a germ of a one-dimensional holomorphic foliation with a generic singularity in dimension
two or three that exhibits a Lie group transverse structure in the complement of some codimension one
analytic subset is logarithmic, that is, given by a system of closed meromorphic one-forms with simple
poles. In the global context, we prove that a foliation by curves in a three-dimensional complex manifold
with generic singularities and a Lie group transverse structure off a codimension one analytic subset is
logarithmic; that is, it is given by a system of closed meromorphic one-forms with simple poles.
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1. Introduction

Foliations are an important tool in the study of the topology of manifolds, dynamics
and the theory of singularities. In the theory of foliations it is very useful to consider
the transverse structure. Among the simplest transverse structures are Lie group
transverse structures, homogeneous transverse structures and Riemannian transverse
structures.

Here we consider foliations with a Lie group transverse structure. Roughly
speaking, this means that the foliation is given by an atlas of submersions taking values
in a given Lie group G and with transition maps given by restrictions of left translations
on the group G. This atlas is called the transverse model for . We shall refer to such
a foliation as a G-foliation. The theory of G-foliations is a well developed subject and
follows the original work of Blumenthal [2].

In codimension one, the Riemann—Koebe uniformization theorem implies that any
holomorphic G-foliation is transversely additive (that is, its transverse model is the
additive group of complex numbers) and is therefore given by a closed holomorphic
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one-form (see [16]). Using this fact, together with some extension techniques from
the theory of holomorphic foliations, it is possible to study in detail codimension one
holomorphic foliations on complex projective spaces that admit a Lie group transverse
structure on the complement of some invariant algebraic subset (see [16, 17]). In the
nontrivial case, this invariant algebraic subset has codimension one.

On the other hand, as in the local situation, it is possible to prove that, under some
mild conditions, an isolated singularity of a holomorphic one-form in two dimensions
that admits a G-transverse structure on the complement of its set of local separatrices
is given by a closed meromorphic one-form (see also Theorem 9). In particular, in the
irreducible case, the singularity is analytically equivalent to its formal normal form as
introduced in [13, 14].

Our aim is to motivate the study of the case where the codimension is at least two,
beginning with the very simplest case. More precisely, we study one-dimensional
holomorphic foliations on complex manifolds with generic singularities that admit a
Lie group transverse structure on the complement of some analytic invariant subset of
codimension one.

In codimension one, a basic example of a class of foliations with generic
singularities that have a Lie group transverse structure on the complement of some
analytic hypersurface is the class of logarithmic foliations. A logarithmic foliation on
a complex manifold V is one given by a closed meromorphic one-form 5 with simple
poles. A Darboux foliation on V is a logarithmic foliation given by a meromorphic

one-form 7 as follows:
r dfl
n= 1 AE)
%"

where the functions f; are meromorphic on V and 4; € C \ {0} (see [4, 17] for more on
logarithmic and Darboux foliations). It is well known that any logarithmic one-form
in the complex projective space CP™ is of Darboux type (see [16]).

By a logarithmic foliation of dimension one on a complex manifold V of dimension
m, we mean a foliation that is given by a system of m — 1 closed meromorphic one-
forms 7y, ..., nm-1, all of which have simple poles and are linearly independent in
the complement of their sets of poles. A Darboux foliation of dimension one is a
logarithmic foliation given by one-forms 77; of Darboux type. An isolated singularity
of a holomorphic vector field X is said to be without resonances if the eigenvalues
of the linear part DX at the singular point are linearly independent over Q. Local
linearization of such a (nonresonant) singularity is assured if this singularity is in the
Poincaré domain; that is, the convex hull of its eigenvalues does not contain the origin.
In the other case, that is, in the Siegel domain, there are Diophantine conditions that
assure local linearization (see [3, 19]).

Our results below are a first step in the understanding of the possible Lie group
and homogeneous transverse structures (see [9]) for holomorphic foliations with
singularities. The description of the local situation with a generic singularity is better
stated in terms of germs as follows.
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THeOREM 1. Let ¥ be a one-dimensional holomorphic foliation defined in an open
connected neighborhood V of the origin (0, 0, 0) € C* with a linearizable singularity
without resonances at the origin. Assume that ¥ has a G-transverse structure outside
an invariant codimension one analytic subset A of V. If each irreducible component
of A contains the origin, then F is logarithmic.

As in the global case, we have the following result.

THEOREM 2. Let  be a one-dimensional holomorphic foliation with singularities on
a three-dimensional connected complex manifold V and a G-transverse structure in
the complement of a codimension one analytic subset A of V. Suppose that each
irreducible component of A contains a singular point of F that is linearizable without
resonances. Then F is logarithmic.

We point out that the restriction to three dimensions (that is, codim ¥ = 2) is just for
notational simplicity. The main conclusion of the paper, that the presence of generic
singularities forces the transverse structure to be Abelian, holds for one-dimensional
foliations in three or more dimensions, as one can mimic the proof of Lemma 12 in
higher dimensions.

2. Lie foliations and differential forms
We begin with a definition.

DEerniTION 3. Let F be a foliation of a manifold V of codimension £. Given an £
dimensional Lie group G, we say that & admits a Lie group transverse structure with
model G, or a G-transverse structure for short, if there is an open cover V = jes Uj
of V such that the following conditions are met.

(i)  On each open set U;, there is a submersion f;: U; — G such that the leaves of
F |y, are the level sets of f;.

(ii)) on each nonempty intersection U; N U; # 0, there is a locally constant map
8ij: U,n Uj — G such that f; = g,'jfj.

In other words, ¥ is defined by submersions f; : U; — G that differ on U; N U; by left
translations f; = Ly, (f;) where the elements g;; € G are locally constant. When these
conditions hold, we call ¥ a G-foliation or simply a Lie foliation.

The next result characterizes G-foliations.

Let G be a Lie group and {wy, ..., w¢} be a basis of the Lie algebra of G. Then
there is a family of constants cf?j, called the structure constants of the Lie algebra in
the given basis, such that

k
dwy = Z Cijwi A wj.
i<j
TueoreM 4 (Darboux—Lie [9]). Let F be a codimension € foliation on 'V and let G be
a Lie group of dimension €. Let {wy, . .., w¢} be a basis for the Lie algebra of G with
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structure constants cf If ¥ admits a G-transverse structure, then there are one-forms
Q,...,QinV satisfying the following conditions.
1) {Qq,...,Q} is a rank € integrable system that defines .
.o _ k
(i) du =3 ;L% A Q;.

If ¥, V and G are complex and holomorphic, then the Q; may be taken to be

holomorphic.
Conversely, given a maximal rank system of one-forms Q,, . .., Qg in 'V such that
k
_ k
ko = Z cijQi A Qj,
i.j
where the cf.‘j are the structure constants of a given basis {w, ..., w} of the Lie

algebra of G, the following conditions are satisfied.

(iii) For each point p € V, there are a neighborhood U, of p in V and a submersion
Jp:Up— G that defines ¥ in U, such that fy(w;)=Q; in U, for all je
{1,...,¢}.

(iv) If'V is simply connected, then we may take U, to be V.

V) IfU,NnU,;#0, then there is a locally constant element g,, of G such that

Jo=Lg, (fp)inU,NU,.

In particular, ¥ has a G-transverse structure.

3. Examples

The most trivial example of a G-foliation is given by the product foliation on a
manifold V = G X N, that is, the product of a Lie group G with a manifold N. The
leaves of the foliation are of the form {g} X N where g € G. Next we give a type of
nonsingular example based on an algebraic construction.

ExampLE 5. Let H be a closed (normal) subgroup of a Lie group G. We consider the
action @ : H X G — G given by ®(h, g) = hg and the quotient map n: G — G/H (a
fibration) that defines a foliation # on G.

Given x € = n~'(Hg), we have n(x) = Hg and ®,(x) = hx. However, the fact that

m(Dp(x)) = n(hx) = Hhx = Hx

implies that
D(x) € 7 (Hx) = F

and the orbit O(g) = Hg is transverse to the fiber 7! (Hg). Hence ¥ is a foliation that
is invariant under the transverse action @.

Now let G be a simply connected group, let H be a discrete subgroup of G
and let F: H — Diff(G) be the natural representation given by F(h)=L,. The
universal covering of G/H is G, with the projection 7 : G — G/H and n{(G/H) ~ H,
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because 7o f(g) = Hf(g) = Hg for f € Aut(G). Thus if f(g)~g, then f(g)g™' € H
and f(g) =hg for some unique h € H. Therefore f =L, and we may define an
isomorphism f +— h from Aut(G) to H. Thus we may write F : n1;(G/H) — Diff(G)
and @ : 1 (G/H)XG - G. Themap ¥ : HX G X G — G X G given by Y(4, g1, 82) =
(Ln(g1), Ln(g2)) is a properly discontinuous action and defines a quotient manifold
V = (G x G)/Y whose equivalence classes are the orbits of ¥. We have the following
facts.

(i) There exists a fibration o : V — G/H with fiber G induced by 7 : G — G/H and
structure group isomorphic to F(H) C Diff(G). In fact, we define o: V —» G/H
by o (¥(h, g1, g2)) =n(g1). For every point x € G/H there is a neighborhood
U c G/H such that n~'(U) is isomorphic with U x H, and thus there is an
isomorphism between o~ !(U) and U X G.

(i) The natural (zero-dimensional) foliation # on G given by the classes Hg for each
g € G is @-invariant. Therefore the product foliation G X ¥ on G X G, which has
dimension dim G, is W-invariant and induces a foliation ¥y on V, which is called
the suspension of ¥ with respect to ®. The suspension ¥y is then a foliation
transverse to the projection o : V — G/H.

ExampLE 6 (Euler equation). The Euler equation is the germ of a saddle node at the
origin (0, 0) € C? given by Q = 0, where

Q=x*dy—(y+x)dx.

Note that dQ = (2x + 1) dx A dy and dQ = n A Q, where 7 is the closed form

2d—x + d—f
X X
Since
B d(xze_l/x)
T 2e-l/x
if we define

w= (e HQ,

then w is a closed meromorphic one-form in the complement of the (only) separatrix,
the y axis. Because Q A w = 0 off this axis, we conclude that the Euler equation admits
a Lie transverse structure off the set of separatrices. Nevertheless it is well known
that, due to the absence of a second separatrix, the Euler equation is not analytically
conjugate to its formal normal form. This needs to be considered in the statements of
our results in the next section.

4. Germs of generic singular Lie foliations in dimension two

The generic local case in dimension two is described below. A germ ¥ of a
holomorphic foliation at the origin (0, 0) € C? is called a nonresonant singularity if
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it is given in suitable local coordinates (x, y) centered at (0, 0) by an equation of the
form
x(1 +A(x, y)) dy — Ay(1 + B(x, y)) dx = 0,

where A and B are holomorphic, A(0) = B(0) =0 and 1 ¢ Q. In this case, the set of
separatrices A is the union of the x and y axes. The following proposition is derived
from [21, Theorem I1.3.1].

ProposITION 7. Let F be a germ of a nonresonant singularity at the origin (0, 0) € C2.
Suppose that F is a G-foliation in the complement of the set of separatrices A. Then
the germ F is analytically linearizable. Moreover, any closed holomorphic one-form
Q defining  in V\ A, where V is a neighborhood of the origin, extends to V as a
logarithmic one-form.

Proor. First we remark that we may suppose that G = (C, +) because dim G = 1.
Therefore there is a closed holomorphic one-form Q in the complement of the
separatrices such that Q defines the foliation in this open set and the foliation is
transversely additive in the complement of its local separatrices. In particular, it is
transversely projective in this complement and we may apply [21, Theorem I1.3.1] to
conclude that the singularity is analytically linearizable. We may assume that the set
of separatrices A is the union of the x and y axes.

Now let V be a neighborhood of the origin and Q be a closed holomorphic one-
form that defines ¥ in V\ A. Then there are local coordinates (X, ¥) such that
{(x,y):y=0}={(%,9) : =0} and {(x,y) : x =0} = {(X, ¥) : X = 0}, and further ¥ may
be written in the form

Xdy—Aydx=0.
We define the closed one-form @ by
dy dx
o= _ &
b X

Then @ is a meromorphic one-form defining 7, so we may write @ as f Q, where f is
a meromorphic function off the ¥ and y axes. Expanding the Laurent series of f with
respect to the axes, we see that

f&5) =) ;@5
i,jeZ
with coeflicients f;; € C. Since
O=do=df AQ+ fdQ=df AQ,

£ is a Laurent series that corresponds to a first integral of , that is, df A @ = 0. Using
this Laurent series, we see that

D+ ADfiEY =0,

ij€Z.
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and so we may conclude that f;; = 0 whenever (i, j) # (0, 0), since 4 ¢ Q. Hence f
is the constant fy) and therefore Q = fo‘old). This implies that the Laurent series of
the one-form XyQ around the X and § axes contains only positive powers, and so it
converges to a holomorphic one-form. Therefore Q) extends to the separatrices as a
meromorphic one-form with simple poles. O

Now we consider a more general situation than that examined in Proposition 7.
Let 7 be a holomorphic foliation in a neighborhood U of the origin with an isolated
singularity at the origin. Since we are concerned with the behavior of # in a
neighborhood of the origin, we may assume that sing(#) ={(0, 0)}. We resolve
singularities for # at (0, 0) Lsee [6, 15, 18]) to obtain a complex surface U and a
proper holomorphic map 7 : U — U that is a finite composition of quadratic blow ups
such that the exceptional divisor D = 7~'(0) is a normal crossing without triple points.
We note also that D is a finite union D = |JL, P;, where the P; are projective lines

with negative self-intersection in U. The pull back foliation F = *(F) is a foliation
with singularity set sing(%) in D, consisting of irreducible isolated singularities that
are either nondegenerate singularities or saddle node singularities. Nondegenerate
singularities satisfy equations of the form

x(1+A(x,y))dy — Ay(1 + B(x, y)) dx =0,

where A and B are holomorphic, A(0) = B(0) =0 and A ¢ Q.. These singularities are
said to be resonant if 1 € Q_ and nonresonant otherwise. Saddle node singularities
satisfy equations of the form

Y dx - [x(1 + y') + A(x, y)] dy = 0,

where ¢ is a positive integer, A is a holomorphic function of order at least # + 2 at
(0,0) and 1€ C. The strong separatrix of the saddle node is the x axis. If the
singularity admits another separatrix, then it is necessarily smooth, transverse to the
strong separatrix and it can be taken as the other coordinate axis. This will be called
the central manifold of the saddle node. _

Any component P; of D is either # -invariant or everywhere transverse to . In the
latter case, we say that IP; is a dicritical component.

The following definition generalizes the above notion of a nonresonant singularity.

DeriniTioN 8 (Nonresonant germ). A germ of a holomorphic foliation ¥ at the origin
(0, 0) € C? is called nonresonant if the following conditions are met.

(i)  The resolution of singularities of # at the origin exhibits no saddle node.
(i) Each connected component of the invariant part of the exceptional divisor 7~!(0)
contains a nonresonant (nondegenerate) singularity.

Given an analytic invariant subset A of U such that each irreducible component of
A contains the origin, we may write A as the union of irreducible components U;=1 Aj.
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The strict transform A of A may then be defined by

A= (AN{O0,0h =| | A,
=1

where Kj =n~1(A;\ {(0, 0)}); it is a union of F -invariant irreducible components in U.
A component A; of A will be called dicritical if its strict transform A j contains
no singularity; that is, if it is a leaf of the foliation #. We write Dic(A) for the
union of dicritical components of A. The exceptional divisor D is 77'(0,0). The
large transform of A is by definition the union of the strict transform of A and the
exceptional divisor, that is, 77'(A) = A U D.
Now we are in a position to prove our main result in two dimensions.

THEOREM 9. Let F be a nonresonant germ of a holomorphic foliation at the origin
(0, 0) € C2. Suppose that F is a G-foliation outside of a germ of an analytic subset A
of codimension one. Then F is given by a closed meromorphic one-form Q in some
open subset U* of the form U \ Dic(A). In the nondicritical case, U* = U.

In order to prove Theorem 9 we shall need the following extension lemma in
addition to Proposition 7.

Lemma 10. Let F be a germ of a nondegenerate singularity at the origin (0, 0) € C2.
Suppose that there is a closed meromorphic one-form Q defining ¥ in a neighborhood
of the singularity minus one of the local separatrices. Then the germ of the singularity
F is analytically conjugate to its formal normal form. In particular, Q extends
meromorphically to the other separatrix.

Proor. First we prove that the formal normal form of the singularity converges. In
suitable local coordinates (x,y) in some neighborhood U of the origin, the set of
separatrices is the union of the x and y axes. We may assume that Q is defined on
U\ {(x,y): x=0} for some neighborhood U of the origin. Since Q is closed, its
polar set is invariant under the foliation # = ¥ (Q2), and therefore the polar set of Q
in U \ {(x, y) : x =0} is the y-axis.

Let A denote the separatrix {(x, y) : y = 0}. Let a = Resy (Q2) € C be the residue of Q
at A and let the positive integer k be the order of A as an irreducible component of the
polar set of Q. If we take U to be a bidisc, then we can write

d
Q(x,y) = a—y + d%,
y y

where ¢ is a holomorphic function in U \ {(x,y):x=0}. If ge A\ {(0,0)}, then
there are local coordinates (X, ) in a neighborhood U, of g such that X(¢g) = j(¢q) = 0,
{(£,9):5=0}={(x,»):y=0}NnU,, and

&1
Q%) =a +d=.
yoy

https://doi.org/10.1017/5144678871100142X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871100142X

[9] One-dimensional Lie foliations 21

In particular, j : U; — C is a holomorphic submersion that defines ¥ in U,. Now

ay* —k

U 5) = g 45,
and for each nonempty intersection U, N U, the corresponding change of coordinates
in the local submersions above leaves the vector field

yk+1 o

O 06

invariant. There are therefore two possibilities for the local holonomy map % of the
leaf A\ {(0,0)} = {(x,y) : y=0}\ {(0, 0)}. If a = O, then & leaves the vector field
k+1 0

k ay

X()=-%

invariant and therefore £ is analytically conjugate to a map of the form

Ky

O b

which is a formal normal form for the map 4. If a # 0, then & leaves a vector field of
the form

yk+1 o
(1 +ay") dy
invariant, and since this is a holomorphic vector field in its formal normal form, we
may also conclude that 4 is analytically conjugate to its formal normal form.

Now, according to [14], because the local holonomy map # is analytically conjugate
to its formal normal form, the singularity # is analytically conjugate to its formal
normal form. This proves the first part of the lemma.

We divide the remaining part of the proof into several cases. If 2 ¢ R_, then the
singularity is in the Poincaré domain and because A ¢ Q. it is without resonances.
By the Poincaré-Dulac linearization theorem [8] the singularity is analytically
linearizable. Thus from now on we may assume that 1 € R_. We now consider each
remaining case separately.

X(y) =

Case 1: Nonresonance. In this case A ¢ Q. The formal normal form is linear and we
just apply Proposition 7 to finish the proof.

Case 2: Holomorphic first integral. In this case the foliation is given in suitable
coordinates by a linear one-form « = kx dy + €y dx for some positive integers k
and £. We may assume that k and ¢ are coprime. Set w:=1/(xy) and @ =kdy/y +
fdx/x. Then QA w=01n U \ {(x, y) : x = 0} so that Q = fw for some meromorphic
function f defined in U \ {(x, y) : x = 0}.

Since Q and w are closed, df A w =0 and f is a meromorphic first integral for @ in
U\ {(x,y) : x=0}. Since we have assumed that k and ¢ are coprime, the form « has a
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holomorphic first integral fy(x, y) = y*x* with connected irreducible fibers except for
fo_] (0). This implies, by a local version of the Stein factorization theorem (see [15]),
that f =&(fy) for some meromorphic function ¢ in a punctured neighborhood of
the origin 0 € C. Since Q is meromorphic in U \ {(x,y): x =0} and is therefore
meromorphic in {(x,y):y=0}\ {0}, it follows that f = EOFxY) is meromorphic in
{(x,y):y=0}\{(0,0)}. Hence the function ¢ extends meromorphically to the origin
0 € C. Therefore Q = f w extends to U as a meromorphic one-form.

Case 3: Resonant nonlinearizable. Now A€ Q_, say A =—{/k for relatively prime
positive integers k and £. By hypothesis, the singularity is not analytically linearizable.
According to [14], it has a formal model of the form

Qujeny = 11 + (= Du"ly dx + k(1 + " 1x dy,

where u = x'y* and u € C. By the first part of our proof, the foliation is analytically
conjugate to this formal normal form. Since the foliation is given by a closed one-
form off the separatrix {(x, y) : x = 0}, we may conclude that the analytic model for the
foliation is indeed of the form

Qe = kxdy + &y[1 + (V=1/2m)x"y*] dx

(see [16, p. 179] or [7, Remark 7, Lemma 3]). Each normal form fzk,g admits an
integrating factor i = x*'y**!. Thus there are closed rational one-forms

. 1 . 1 V-1t

Wit = )C[Tyk"'l and .Qk’( = d[—w + 10g(7)x]
Arguing as above, we may deduce that Q = fd)k,g for some meromorphic function f
in U \ {(x, y) : x =0} such that d f A Wi ¢ = 0. Comparing poles enables us to conclude
that £ is indeed holomorphic off the union of the x and y axes {(x, y) : xy = 0}.

We claim that f is constant. If not, then f is a nonconstant meromorphic first
integral for #. Since the singularity is not dicritical, this implies that & admits a
holomorphic first integral. Now, according to [15], if a resonant Siegel type singularity
admits a nonconstant formal or holomorphic first integral, then it is analytically
linearizable, which is a contradiction. Therefore, we conclude that f is constant (see

also the proof of [17, Lemma 3]) and so €2 extends to the separatrices as a meromorphic
one-form with simple poles. O

Proor or THEOREM 9. We choose representatives for the germs # and A as above in a
neighborhood U of the origin. We also denote these representatives by # and A. The
foliation ¥ is a G-foliation in

A WU\NAN=0\7"(A\)=0\(DUA).

Applying the arguments used in the proof of Proposition 7 enables us to deduce that
there is a closed holomorphic one-form Q in U \ (D U A) that defines ¥ in this open
subset.
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We now investigate the possibility of extending Q as a meromorphic one-form to
a given component P; of the exceptional divisor and to a component A; of the strict
transform A. We say that a given point p € 77'(A) = A U D is regular if it is not an
intersection point of two irreducible components of 7~!(0). If P; is a component of D,
then denote by P’ its set of regular points. The set of regular points in A; is denoted
by A’

Let P; be a dicritical component of the exceptional divisor. We claim that the
one-form Q extends meromorphically to P%. In fact, take a regular point p € P;.
Because this component is dicritical, there are local coordinates (x, y) centered at p
such that P; is the x axis and ¥ is given by dx =0. The one-form Q(x, y) is closed
and meromorphic off the x axis. We can write Q(x, y) = u dy/y + df(x, y) for some
u € C and some function f meromorphic off the x axis. Because Q A dx = 0, it follows
that u/y + 0f /0y = 0. Using Laurent series, we conclude that u =0 and f, =0, so f
depends only on the variable x. Because f is meromorphic off the x axis, we conclude
that f is meromorphic in a neighborhood of p.

We claim that the one-form Q extends meromorphically to any nondicritical
component P;; of the exceptional divisor. Indeed, we first observe that, by hypothesis,
since P;, is invariant under ¥ there is a path Qo,...,Q,, where Q, =P, is an
invariant projective line, Qo = P;;, O, N Qy41 # 0, and Q, = P; contains a nonresonant
singularity, say g,, in sing(¥). This singularity corresponds either to a corner,
that is, an intersection of two invariant components of the exceptional divisor, or
to some point intersection P; NA,. In either case, because § is an irreducible
nondegenerate singularity, Proposition 7 applies and enables us to deduce that Q
extends meromorphically to a neighborhood of g.

By a classical theorem of Levi (see [20]), a meromorphic form defined in the com-
plement of an analytic codimension one irreducible subset A of a complex manifold V
extends meromorphically to this subset provided that it admits a meromorphic
extension to some open subset that intersects A. Thus the one-form Q extends
meromorphically to all regular points in P;.

Let p be a nonregular point in P;. If p is a singular point of ¥, then by the above
argument, Q extends meromorphically to a neighborhood of j. Thus it remains to
show that Q extends meromorphically to the nonregular points j corresponding to
intersections of P; with dicritical components of the exceptional divisor, say P; N P,.
Given such a nonregular point p, there are local coordinates (x, y) centered at p such
that P; corresponds to the x axis, P, to the y axis, and the foliation F is given in these
coordinates by dy = 0. The one-form Q is meromorphic off the x and y axes, and by
the above arguments extends to P* and to P% as a meromorphic form. Therefore € is
meromorphic in U \ {p} where U is some neighborhood of the point p.

Hartogs’ classical extension theorem, which assures the extension of meromorphic
forms through analytic subsets of codimension at least two (see [10, 12]), enables us to
conclude that Q extends meromorphically to 5. Now we have proved that Q extends
to P; = Q,. The intersection Q,_; N Q, = {g,} is a singularity and the one-form € is
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defined and meromorphic in a neighborhood of this singularity minus one of its two
local separatrices. More precisely, Q is defined off the separatrix contained in Q,_;.

If g, admits a holomorphic first integral, then by Lemma 10 the one-form Q
extends meromorphically to a neighborhood of ¢g,. If g, does not admit a holomorphic
first integral, then by Lemma 10 the one-form Q extends meromorphically to a
neighborhood of ¢,. Hence, as above, the one-form extends to the regular points in
Q,-1 as a meromorphic one-form. An argument similar to that given above shows that
the one-form Q always extends to the component Q,_;. An inductive argument then
shows that Q extends to P;, = Qg as a meromorphic one-form.

Now we finish the proof. From the discussion above, we may conclude that Q
extends meromorphically to all invariant components of the exceptional divisor and to
all components A that intersect some invariant component of the exceptional divisor.
Also, Q extends to the dicritical part of the exceptional divisor except, possibly, to
those branches A; that meet the exceptional divisor at dicritical components. These
components form an analytic invariant subset I' of A that projects under 7 (using
the proper mapping theorem from [11]) onto the analytic invariant subset ch(A)
of A. The one-form Q is meromorphic in some neighborhood U of 77'(A) \ [ and
therefore the one-form Q is meromorphic in some open subset U \ Dic(A). Here U is
a neighborhood of the origin (0, 0) € C2. O

CoroLLARY 11. Let F be a nondicritical germ of a foliation at 0 € C* and assume that
each projective line in the resolution of O exhibits no saddle nodes and contains a
nonresonant singularity. If there is a germ of a codimension one analytic subset A
at the origin such that ¥ is a G-foliation off A, then F is a germ of a logarithmic
foliation.

Proor. By the proof of Theorem 9, there is a closed meromorphic one-form Q that
defines ¥ in a neighborhood of the origin. This one-form is the projection by the
resolution morphism of a closed meromorphic one-form Q defined in a neighborhood
of the resolution divisor that has simple poles in a neighborhood of each nonresonant
singularity. By our hypothesis on the singularities of the resolution divisor, Q has
simple poles, and, therefore, so has €. Hence the foliation ¥ is logarithmic. O

5. Lie foliations with singularities in dimension three

Now let 7 be a one-dimensional holomorphic foliation with isolated singularities
on a complex manifold V. We shall say that ¥ admits a G-transverse structure if the
corresponding nonsingular foliation Fo := F |y\sing(#) admits a G-transverse structure.

Let p € sing(¥) be an isolated singularity. Take a small neighborhood A, of p in
V, biholomorphic to a ball in C", such that A, N sing(F) = {p}, and set A, = A, \ {p}.
Then A}, is simply connected, and, by the classical theory of transverse Lie foliations
(see also Theorem 4), the restriction #1a; is given by a holomorphic submersion
P: A, — G. By Hartogs” extension theorem, the map extends to a holomorphic map
P: A, — G thatis a first integral for 7 in A,,.
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Now suppose that # admits a G-transverse structure on V \ A, where A is an
analytic subset of V of codimension at least two such that A N sing(#) = 0. Again by
Hartogs’ extension theorem, the one-forms Qy, . . ., Q, obtained in Theorem 4 extend
as holomorphic forms to V. Moreover, also by Theorem 4, the G-transverse structure
extends to V as long as the system {Q, . . ., Q,} has maximal rank at the points of A.

We claim that this is the case because A does not intersect the singular set of 7. Let
g € A. Then since ¢ is not a singular point for ¥, there is a neighborhood U, of ¢ in
V and a system of holomorphic forms {w, . .., w¢}, defined and of maximal rank in
U,, that defines F in U,,. Therefore there is a holomorphic matrix A = (g; f)f,/=1 whose

coeflicients are the holomorphic functions a;; : U, — C such that Q; = 25-:1 ajjw; for
j=1...,¢

If the determinant det(A) vanishes at some point in U, N A, then it vanishes in
some analytic subset of codimension one that intersects A. Therefore the system
{Q, ..., Q} does not have maximal rank in some analytic subset of codimension one
that intersects A, which is a contradiction. Therefore A is nonsingular at the points of
U, N A and consequently {€, . .., €.} has maximal rank at the points of U,. Hence
we shall consider the case where ¥ admits a G-transverse structure on V \ A and A is
analytic of codimension one in V. We shall also assume that A is invariant under 7.

Lemma 12. Let X = Z?:l Ajx;0/dx; lie in a connected neighborhood U of 0 € C5,

where Ay, Ay, A3 are linearly independent over Q. Let ¥(X) denote the one-

dimensional foliation induced by X. Suppose that there are holomorphic one-

forms Qp, Q, defined in Uy :=U \ U?zl{(xl, X2, x3) : x; = 0} such that the following

conditions are satisfied.

i) dy = c’l‘zﬁl A Qp, where the c’l‘2 are the structure constants of a Lie algebra of
a Lie group G of dimension two.

(ii)  The foliation ¥ (X) induced by X is given in Uy by the integrable system {Q1, Q»}
of maximal rank.

Then Q; and Q, are closed and extend to U as closed meromorphic one-forms with
simple poles.

Proor. Let ay, a,, az be complex numbers and define the closed one-form ® by

3
0= Z Ay dxk/xk.
k=1

Then ®(X) =0 if and only if Zi:l a;dx =0. Thus we can take one-forms ®; and
0®,, given by O; = 23:1 ai dxy[x; for ai € C, that are linearly independent in the
complement of the coordinate hyperplanes and satisfy ®;(X) = ©,(X) = 0.

Once we fix such one-forms, the foliation ¥ (X) is defined by the integrable system
{®1, ®,} in U. This definition and part (ii) enable us to write

Q] =a1®| +a2®2 and Qz =b|®| +b2®2
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in Uy for some holomorphic functions ay, ay, b;, b, in Uy with the property that
aby — biay does not vanish in Uy. Now, since ©; is closed,

dQ,=day ANO; +day AO, and dQy =dby A O +dby A O,.

Thus
dQi ANO; =(da; ANOy +day AO) AB®y =dar A Oy A Oy,

Since dQ; = 6}291 A Q,, we see that
dQ; = c},(a1by — a:b1)0; A 93,
and hence dQ; A ®; = 0. Thus we may deduce that
dar NO; A B, =0.
We may also deduce that ®; A O, is equal to

dx; N\ dx, dx) A dx; dxs N dx;
(ald? - a?a)) /= 1+ (@ld? - ) /= + (dd® - alad) .
142 19 193 193 203 3
X1X2 X1X3 X2X3
We write
dx; ANdxy dx) A dx; dxr N dx;
X1X2 X1X3 X2X3

Now we note that, given a holomorphic function f(x;, x;, x3) in Uy, the equation

Juas  foan . foa12

df A O A O, :(
X2X3 X1X3 X1X2

)dxl ANdxy A dxs

is satisfied. Therefore df A ®; A @, =0 if and only if

a3 X1 fr, — @13X2 fr, + @123 fry; = 0.

Now, expanding the Laurent series f = 3; ixez [ jkx"l x; x’§ enables us to see that the
last equation is equivalent to

Z (i3 — jays + kcylz)ﬁij’iXéxg =0,
i,j,k€Z
which is equivalent to
(iag3 — jays + kay) fij =0
for all i, j, k € Z. Recall that

_ 12 21 _ 12 2 _ 12 12
a2 = a1a; —aja,, Q3=a,a;—ayd;, a3 =a,d; — dd;

and that
Cli/l] + dé/lz + (,l%/lg, = 0, a%/ll + a%/lg + ag/h =0.
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Thus the two complex vectors (a2, @13, @p3) and (41, Ay, A3) are collinear, that is,
a1 = tdy, a3 = tdp and a3 = tA3 for some ¢ € C*. Thus df AB®; ABOy=0if and only
if (id; — jd + kA3) =0 for all i, j, k € Z. By the nonresonance hypothesis, the only
solution to the last equation is trivial. Therefore a holomorphic function f(x;, x, x3)
in Uy satisfies df A ©@; A ®, = 0 if and only if f is constant.

The above argument shows that a, is constant. Similarly a;, b; and b, are constant

in Uy and
Q[0
&)=< ()

for some nonsingular 2 X 2 complex matrix C. Since ®; and ©, are logarithmic one-
forms, this proves that Q; and €, extend to U as closed meromorphic one-forms with
simple poles. O

Proor THEOREM 2. By Theorem 4, there are holomorphic one-forms Q; and €, in
Vo :=V \ A such that dQ; = ¥,; cf.‘le- A Qj, where the cf.‘j are the structure constants
of a Lie algebra of the Lie group G. The foliation ¥ is given in Vj by the integrable
system {€, >} of maximal rank.

Let A, be an irreducible component of A. By hypothesis, there is an analytically
linearizable singularity g, € A, N sing(¥) without resonances. By Lemma 12, each Q;
extends to a neighborhood of ¢, in V as a closed meromorphic one-form with simple
poles. The extension theorem of Levi asserts that each Q; extends to A, as a closed
meromorphic one-form. Therefore ¥ is logarithmic. O

Theorem 1 follows immediately from Theorem 2.
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