Math. Proc. Camb. Phil. Soc. (2023), 174, 301-344 301
doi:10.1017/S0305004122000251
First published online 9 June 2022

Correlations of almost primes

BY NATALIE EVANS
Department of Mathematics, King’s College London, Strand, London, WC2R 2LS.
e-mail: natalie.evans@kcl.ac.uk

(Received 10 May 2021; revised 18 May 2022; accepted 16 May 2022)

Abstract

We prove that analogues of the Hardy—Littlewood generalised twin prime conjecture for
almost primes hold on average. Our main theorem establishes an asymptotic formula for the
number of integers n = p;py < X such that n + & is a product of exactly two primes which
holds for almost all |2| < H with 10g19+‘8 X < H < X'¢, under a restriction on the size of one
of the prime factors of n and n + h. Additionally, we consider correlations n, n + h where
n is a prime and n 4 & has exactly two prime factors, establishing an asymptotic formula
which holds for almost all || < H with X!/0+¢ < H < X2,

2020 Mathematics Subject Classification: 11N37 (Primary)

1. Introduction

The generalised twin prime conjecture states that for any integer k > 1 there are infinitely
many primes p such that p 4 2k is also a prime. Hardy and Littlewood [10] conjectured that
the number of primes p € (X, 2X] such that p 4 2k is prime is

N G107'9).¢

1-1
10g2X b

as X — oo, where G(h) is the singular series defined by

-1
&= 2m, [ [ 2= (1-2)
p—2
plh
p>2
if /2 is an even integer and zero if 4 is odd. Here Ty := [],., (1 = 1/(p - 1)?) is the twin
prime constant. The Hardy-Littlewood conjecture (1-1) is equivalent to showing for any
fixed non-zero integer / that

2

1 1
5 2 lemlee+n~&m| L 3 1xm], (1-3)

X<n<2X X<n<2X

where 1p is the indicator function of the primes, as X — oco. While the Hardy-Littlewood
conjecture remains wide open it is known to be true on average. In particular, for any fixed
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A > 0 we have

1

2
>y 2 lp(n)lp(n+h)—6(h)<)l( > h»(n))

2
oliats)

h<H | X<n<2x X<n<2X log"*? X

so by Chebyshev’s inequality we have that (1-3) holds for all but at most O4(H log™ X)
values of || < H = H(X). Mikawa [24] proved that if X'/3t¢ < H < X!~¢_ then for all but at
most O, A(H log~ X) values of |i| < H we have that (1-3) holds. Matomiki, Radziwitt and
Tao [21]l improved this range, showing that if 0 < iy < X1=¢ and X3/33+¢ < H < X!~¢ then
(1-3) holds for all but O, A(H log_A X) values of & such that |7 — hg| < H.

In this paper we establish an analogue of the Hardy-Littlewood conjecture for integers
which have exactly two prime factors (called £; numbers) which holds on average, provided
we restrict the size of one of the prime factors. Given P > 0 and fixed § > 0 we define
E5 := E5(P) to be the set of integers n= pip, with exactly two prime factors such that
p1 € (P, P1*9]. The presence of the two prime factors gives the problem a bilinear structure
which enables us to go further and we show an asymptotic formula for the correlation

1
¥ 2 lgmige+hn,

X<n<2X

where 1 £ is the indicator function of the set E5, which holds for almost all |4| < H with
log’** X <H <Xlog™ X and A > 3.

THEOREM 1-1. Lete >0, A > 3 be fixed and let10g'%+¢ X < H < X log™ X. Then, there
exists some 1 = n(e) > 0 such that

2
1 1
X Z ]lE/z(n)IlEg(n—kh)NG(h)(} Z ]lEé(n)> (1-4)

X<n<2X X<n<2X

holds for all but at most O(H log™" X) values of 0 < |h| < H. Here we define

_ J1og*E X, if log"”™* X < H <exp ((log X)53),
o exp (( log 10gX)2), if exp (( log X)83) <H<Xlog™X.

Remark 1-2. The range X log*A X <H <X can also be dealt with by the same methods,
see for example [24, 21]. The smallest possible choice of H in the above is H = 10g19+8 X,
however it may be possible to lower this exponent. In the proof of Theorem 1-1 we apply the
argument of Terdviinen [28, sections 2-4] showing that almost all intervals [x, x + 10g5+8 x]
contain an integer which has exactly two prime factors. The second half of Terdvéinen’s
paper is dedicated to lowering the exponent 5 + € to 3.51 through an argument additionally
using some sieve theory and the theory of exponent pairs. We do not apply these ideas here,
but it is possible that adapting some aspects of this argument to our proof could lower the
exponent of H.

! Mikawa proved his result (in his notation) also in the range X'~ < H < X. Matomiki, Radziwitt and Tao

note that their result can also be proved in this range by their methods. Both results are also proved with a
better error term.
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We can prove a similar asymptotic formula for correlations of general E; numbers
which holds on average using the same methods. Making some adjustments to the proof
of Theorem 1-1, we obtain an asymptotic formula for correlations n, n + h € E; which holds
for almost all |i| < H. The cost of considering the set of E; numbers is taking H larger than
in the previous theorem, although we still go beyond what is known for primes.

THEOREM 1:3. Let €¢>0, B>0, A>3 be fixed and let exp ((logX)l_S) <H<
X log_A X. Then, we have that

2
1 1
T 1152<n>1E2(n+h>~6(h)()—( > JlEz<n))

X<n<2X X<n=<2X

for all but at most O(Hlog_B X) values of 0 < |h| < H.

We can also combine our argument with the work of Mikawa [24] on correlations of
primes to study correlations n,n 4 h where n is a prime and n+ & is an E, number on
average. We are still able to take advantage of the bilinear structure provided by the almost
prime to go further than what is known for primes and prove an asymptotic formula which
holds for almost all || < H with H as small as X/6+¢,

THEOREM 1-4. Let ¢ >0 be fixed sufficiently small, B> 0, A>5 be fixed and let
Xx1/6+¢ < H < X1og™ X. Then, we have that

1
Z ﬂp(n>1E2<n+h>~6<h>( > llp(n))()—( > ﬂEz(m))

X<n<2X X<n<2X X<m=<2X

for all but at most O(H log™8 X) values of 0 < |h| < H.

1-1. Previous works

Before outlining the proofs of our results we first discuss some previous results on primes
and almost primes which are proved using sieve methods.

Chen’s theorem gives that p + 2 = ¢ such that p is prime and g is either a prime or a
product of two primes holds for infinitely many primes p. Debouzy [4] proved under the
Elliott—Halberstam conjecture that given any 0 < 8 < y there exists Xo such that for all
X > X we have that

A(d) A
> AmAMn+2) o3 Y Am+2) ) AADMD) _ o1 %1 4 o(1)).
,3 logn
n<X n<X ddr=n
nP <dy<n”
This result is proved using an improvement of the Bombieri asymptotic sieve. The Elliott—
Halberstam conjecture [5] (see also [3, 6]) concerns the distribution of primes in arithmetic
progressions and states that for every A > 0 and 0 < 6 < 1 we have that

> max
(a.9)=

g=x?

Y (x;q,a) —

x ’<
(@) logAx

where we define ¥ (x;q, a) := anx,nza(q) An).
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More generally, Bombieri [1] had previously considered pairs Py and Py + 2 = p with p
prime and Py an almost prime with at most k factors. More precisely, defining Ax(n) := (u *
log® )(n) to be the generalised von Mangoldt function where * denotes Dirichlet convolution,
Bombieri proved that if £ > 1 is an integer and x > xo(k) we have

Z Ar()A(n + 2) = 21X (log X)F 1 (k + O(Kk*327+/3y)
n<X
and, assuming the Elliott—Halberstam conjecture, for k > 2 we have the asymptotic

Z Ar(m)A(n +2) ~ 2TTkX(log X) 1.

n<X

There are a number of results regarding bounded gaps between the primes; Zhang [30]
proved that

lim inf (ppg1 — pp) <7 x 107 1-5)
n— oo

and in particular that there exist infinitely many bounded gaps between the primes. Maynard
[23] improved the above bound to 600, while the Polymath 8b [27] project subsequently
improved this to 246. Under the generalised Elliott—Halberstam conjecture, the best known
bound is 6. The twin prime conjecture would amount to proving the above result with the
bound 2. Goldston, Graham, Pintz and Yildirim [9] proved an almost prime analogue of
(1-5);if g1 < g2 < - - - denotes the sequence of products of exactly two distinct primes, then

liminf (g,+1 — gn) < 6.
n—oo

Integers with exactly two prime factors cannot be counted by sieve methods due to the
parity problem - even assuming the Elliott—Halberstam conjecture - and we will instead
apply the circle method as in previous works on correlations of primes [21, 24].

1-2. Outline of the proof

We now discuss the main ideas of the proof of Theorem 1-1. We apply the Hardy-
Littlewood circle method, first expressing the correlation

Y Llymlym+h
X<n<2X

in terms of the integral
2
e( — ha)da. (1-6)

1
J
We split the integral (1-6) over the unit circle into integrals over the major arcs, the set

of points in (0,1) which are well approximated by a rational with a small denominator, i.e.
the set of @ € (0, 1) such that |@ —a/q| <1/(g logc X) for some integers (a,q) =1 with

Y. Ly mena)

X<n<2X

1<g< logA/ X for some 0 < A’ < C, and the minor arcs consisting of the rest of the circle.

In many problems of this type (see e.g. [21, 24]) where the Hardy—Littlewood circle
method is applied, it is usual that the major arcs are treated in a standard way to provide
the main term and an error term which is not too difficult to control, while the contribution
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from the minor arcs is more difficult to bound suitably. Since the correlation

Yo lywlym+h= oo
X<n<2X P<p1,p3<P!+8 X<p1p2,p3p4<2X
p3pa=p1p2+h
has a bilinear structure, we are in fact able to bound the integral over the minor arcs with rel-
ative ease using standard results on bilinear exponential sums. For the major arcs, while we
are still able to evaluate the main term in the usual way, the difficulty now lies in estimating
the error term.
We will first treat the integral over the minor arcs. We find cancellation in the contribution
on average over the shift &:
J,

0<|h|<H
Expanding the square, applying Poisson summation and Gallagher’s Lemma, we can reduce
the problem to bounding an integral of the form

2
e( — ha)da

2

Z 1 £ (n)e(na)

X<n<2X

2X 2 2X 2
sup/ Z ]lE/z(n)e(na) dx = sup/ Z e(apip2)| dx.
aem JX x<n<x+H aem JX x<p1p2<x+H

P<I71 SPH»S

The bilinear structure of these sums means we get the required cancellation, as seen in
the work of Mikawa [24]. We apply the Cauchy—Schwarz inequality before separating the
contributions of the diagonal and off-diagonal terms. The diagonal terms are bounded triv-
ially and a standard argument for bounding bilinear exponential sums is used to bound the
off-diagonal terms.

The major arcs contribute the main term, which is evaluated in a standard way, and an
error term. We expand the exponential sum in terms of Dirichlet characters, with a suitable
approximation to the principal character providing the main term.

To the remaining terms in the expansion, we again apply Gallagher’s Lemma to reduce the
problem to understanding almost primes in almost all short intervals. We add and subtract a
sum over a longer interval, so that we aim to estimate an expression of the form

> ( /”‘
, ¢(q) o \Ux

A
g=(log X) R

2
_ 1
St 2 e
x<n=x+ qUlogX)~ IO%X)

2
dx (1-7)

2
“A Yo lymxm

x<n§x+%
2
dx),

with A slightly smaller than X. We are then able to apply Cauchy—Schwarz and what is
known about primes in almost all short intervals to the second term. For the estimation

2X 2
g
X |4

— > lgmxm

x<n§x+%
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of the first term, we adapt the work of Terdviinen [28] on almost primes in almost all
short intervals (which in turn adapts the work of Matoméki and Radziwilt [19] on mul-
tiplicative functions in short intervals). In particular, we first use a Parseval-type bound
in order to bound the integral in terms of the mean square of the associated Dirichlet

polynomial
T
I,

We then factorise this Dirichlet polynomial into a short Dirichlet polynomial corresponding
to the smaller prime factor p; and a longer polynomial corresponding to the larger prime
factor p>. The domain of integration is split according to whether the short polynomial is
pointwise small. When the shorter polynomial is small, we apply the pointwise bound fol-
lowed by a mean value theorem. When this shorter polynomial is large, to get sufficient
cancellation we further decompose the long Dirichlet polynomial into products of shorter
polynomials using Heath—Brown’s identity, reducing the problem to estimating type I and
type II sums. The type I sums occur when these polynomials are sufficiently long and are
in fact partial sums related to Dirichlet L-functions. In this case we are able to apply the
Cauchy—Schwarz inequality followed by a result on the twisted fourth moment of partial
sums of Dirichlet L-functions. Otherwise, for the type II sums, we then further split the
domain according to whether one of these polynomials is small, in which case it is bounded
pointwise before we use a mean value theorem. When the polynomial is large, we apply the
Hal4dsz—Montgomery inequality followed by large value theorems.

The proof of Theorem 1-3 also follows the argument given above, but we need to make
appropriate adjustments to the parameters when applying the circle method and take more
care when using the Cauchy—Schwarz inequality. On both the major and minor arcs the
application of Cauchy—Schwarz to sums over the smaller prime factor is now too inefficient,
but we can overcome this by splitting these sums into dyadic intervals and then combining
the contributions. For the proof of Theorem 1-4, we combine these ideas for the almost
primes with the work of Mikawa [24] on the primes.

Recently, the methods of Matoméki and Radziwitt [19] have been combined with the
Hardy-Littlewood circle method to make progress on other problems in analytic number
theory. Matomiiki, Radziwitt and Tao [22] obtained short averages (of length log? X for some
large B > 0) for correlations of divisor functions and the von Mangoldt function, at the cost
of weaker error terms. Matomiki, Radziwilt and Tao [20] use these ideas to establish that
Chowla’s conjecture [2] holds on average as soon as the length of the average grows with X.
Recent work of Lichtman and Terédviinen [18] shows that a hybrid of Chowla’s conjecture
and the Hardy-Littlewood conjecture holds on average (see also [17]), with average of length
a power of log X.

Ly (mx(m [

Z nltit

X<n<2X

1-3. Notation

Throughout p, p;, are used to denote prime numbers, while k,l,m,n,q,r,v (with or without
subscripts) are positive integers.

As usual, (- ) is the Mobius function and ¢( - ) is the Euler totient function. We let d,(n)
denote the number of solutions to n=ay - - - a, in positive integers. We let ¢,(-) be the
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Ramanujan sum, defined by

q
cqg(n) = Z e <%> .

a=1 q
(a.9)=1

We write 7( - ) for the Gauss sum defined on Dirichlet characters x modulo g by

q
=Y e (g) x (). (18)

n=1

which satisfies 7(xo) = u(q).

We use e:T — R to denote e(x) := €™, where T is the unit circle. The notation Lg( - )
is the indicator function of the set S; in particular, we write 1g(n) =1if n € S and 15(n) =0
otherwise. Let ||x|| := min,cz |x — n| denote distance to the nearest integer.

We will use (a,b) to denote the greatest common divisor of natural numbers a and b,
while we write a | b if a divides b. The shorthand a = b(g) is used to denote that a and b are
congruent modulo g.

We use the shorthand x(g) to denote that the summation is taken over all Dirichlet
characters modulo g. For complex functions g1, g» we use the usual asymptotic notation
g1(x) = O(g2(x)) or g1(x) K g2(x) to denote that there exist real xg and C > 0 such that for
every x > xg we have that |g1(x)| < C|ga(x)|. We write g1(x) = 0o(g2(x)) if for every € >0
there exists xg such that |g1(x)| < e|ga(x)| for all x > xg. We use the convention that € > 0
may be different from line to line.

2. Preliminary lemmas

We now state several results we will need throughout the argument. We will need the
following bound on primes p such that p + A is also prime and the singular series:

LEMMA 2-1. Let h < x be an even non-zero integer and suppose that y > 4. The number
of primes p € (x, x + y] such that p + h is also prime is
S(h)y
(logy)*

Furthermore, we have that

Z S(h) < x.

h<x
Proof. See [26, corollary 3-14] and the subsequent exercises.

We will also need Gallagher’s Lemma, which will reduce bounding integrals over the
major and minor arcs to studying almost primes in short intervals.

LEMMA 2-2 (Gallagher’s Lemma). Let 2 <y < X/2. For arbitrary complex numbers a,
we have

/Iﬁlsz‘y X
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Proof. This lemma is a modification of [8, lemma 1] (see also [24, lemma 1]).

Once we have applied Gallagher’s Lemma in the treatment of the major arcs, part of the
error term is reduced to a Dirichlet character analogue of a problem on primes in almost all

short intervals. We will use the following result adapted from the work of Koukoulopoulos
[16] to bound the second term arising in (1-7):

LEMMA 2-3. LetA> 1ande €(0,1/3] be fixed. Let X > 1,1 <Q < A/X"/t¢ qnd A =
X? with 1/6 + 2e <6 < 1. Then we have that

2

2X Q3A2X
A -8 d.
ZZ/X 2 (A =5)| dve

q<0 x(q) x<n=x+qA

where we define 6, =1 if x = xo and §,, =0 otherwise.

Proof. The proof can be adapted from the proof given in [16, section 4]. Once the contribu-
tion of the imprimitive characters has been bounded in a standard way, the main difference
we need to account for when compared with [16, theorem 1-2] is the presence of the square.
To account for this, we adjust certain parameters (namely, replace D with /D and adjust
some of the powers of logarithms as needed) and do not require as many applications of
the Cauchy—Schwarz inequality. We also note that in our argument we do not need the full
strength of [16, theorem 1-2].

We use the following Parseval-type result to reduce the problem of finding almost primes
in short intervals (cf. the first term of (1-7)) to finding cancellation in the mean square of the
associated Dirichlet polynomial:

LEMMA 2.4 (Parseval Bound). Let a, be arbitrary complex numbers, and let 2 < h] <
hy < X/Tg with To > 1. Define F(s):= Y y_,<ox an/n". Then

2
1 (2|1 1
- — an — — an| dx
X /;( hl x<r§+h1 ’ h x<r§+h2 !
- - (2:2)

1 2 [ o X (7 2
K 5 max |ap| —l—/ |F(1 4 it)|“dt + max — |F(1 4 it)|~dt.

TO X<n<2X T, TZ% Th, T

Proof. This is [28, lemma 1], which is a variant of [19, lemma 14].

Finally, we record an exponential sum bound and a related bound on the sum of reciprocal
of the distance to the nearest integer function which provide the necessary cancellation in
the estimation of the minor arcs.

LEMMA 2-5. Let B € R, then

Z e(Bn) < min <x, ”;?”> .

n<x

Proof. This is a standard result, see for example [13, chapter 8, Equation (8-6)].
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LEMMA 2-6. If1 <X <Y and a € R satisfies @ = a/q + O(q~>) with (a, q) = 1, then we
have

(Y 1 Y
me — —— || —+X+g)log (gX).
n’ |lan| q

n<X

Proof. This is a standard result, see for example [13, chapter 13, Page 346].

3. Applying the circle method

To prove Theorem 1-1, we will apply the Hardy—Littlewood circle method. Let ¢ > 0 be
small and fixed. We define P > 0 according to the size of H as follows:

P {log”“X if log"? "¢ X <H <exp (( logX)gs), 3.1)

exp (( log log X)Q), if exp (( log X)SS) <H<Xlog"X.

It will be more convenient throughout the argument to have a log weight attached to the
indicator function of E% as follows:

Definition 3-1. We define the arithmetic function @,:N — R to be

logps, if n=pips with P <p; < P13,
wo(n) =

0, otherwise.

From now on we fix § > 0 sufficiently small. We will prove the following asymptotic for-
mula, from which Theorem 1-1 follows immediately after applying dyadic decomposition:

THEOREM 3-2. Lete >0, A > 3 be fixed and let log'"*¢ X < H < X1log™ X. Then, there
exists some 1 = n(g) > 0 such that for all but at most O(H log™" X) values of 0 < |h| < H we
have that

1 X
Z o (m)wr(n + h) = S(h)X Z [; + 0 (k)g—"X> , (3-2)

X<n<2X p<p§pl+8
where S(h) is the singular series defined in (1-2).

Remark 3-3. As H becomes an arbitrarily large power of log X, or is larger than any power
of log X, we are able to improve the bound on the error terms to O(X log™ X) for A > 0 once
we have suitably modified the dependencies between H, P and the parameters of the circle
method. We also note that, after appropriately modifying the main term, using this result we
can in fact prove Theorem 1-1 with a better error term.

We consider the integral

1 1
/ |S(o¢)|2€( — ha)da = Z wor(m)wn(n) / e(a(m—n— h))da, (3-3)
0 0

X<m,n<2X
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where for @ € (0, 1) we define the exponential sum

S(a) := Z @ (n)e(na).

X<n<2X

Then, by the integral identity

I {L ifn=0,
/ e(nx)dx = (3-4)
0

0, otherwise,

we have that the integral in (3-3) vanishes unless m = n 4 h. Thus (3-3) becomes

1
/ S@PPe(—hayda= ) @rm@a(n+h)
0

X<n<2X—h

= Y mmmwan+h)+ O(hlog* X). (3-5)
X<n<2X

This error term will be negligible by our choice of H. Thus, except for an acceptable error,
we can represent the correlation by an integral over the unit circle.

We split the domain of integration into the major and minor arcs. We define the major arcs
1 to be the set of real « € (0, 1) such that

a
o — —

q

1
S—Qforsome1§q§Qo,a<q,(a,q):1 (3-6)
q

with Qg := logA, X and Q := Plog X. Here we define A’ > 0 according to the size of H as
follows

) 1+¢&2, if 10g19+8 X <H<exp (( log X)gB),
A= 37
3462, if exp(( logX)sa) <H<Xlog™X.

We define the minor arcs m to be the rest of the circle, that is, the set of real @ € (0, 1) such
that

a
a__
q

1
5—Qforsomer<q§Q,a<q,(a,q)=1- (3-8)
q

Remark 3-4. The parameters satisfy Qg < P < Q < H. Decreasing the size we can take for
P would directly reduce how small we are able to take H.

In Section 4, we will prove the following estimate for the integral over the minor arcs:

PROPOSITION 3-5 (Minor arc estimate). Let A > 3 be fixed and let ¢ > 0 be fixed sufficiently
small. Let Qlog'*® X < H < Xlog™ X. With m defined as in (3-8), for a € m there exists
some n = n(e) > 0 such that

NORRS (3:9)

/mﬁ[a—z}_[,(x+2}1] 10g1+’7X.
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Sections 5-8 will be dedicated to proving the following expression for the integral over
the major arcs:

PROPOSITION 3-6 (Major arc integral). Let A > 3 be fixed and let ¢ > 0 be fixed sufficiently
small. Let 10g19+5 X<H< Xlog_A X. With N defined as in (3-6) and & > 0 sufficiently

small, there exists some n=n(e) >0 such that for all but at most O(HQ,, 1/ 3) values of
0 < |h| < H we have that

) B 1 X
/;m 1S(a0)|"e( — ha)da = S(h)X Z +0 <log” X) ’

P<p§P1+5
where S(h) is the singular series given in (1-2).
Assuming Proposition 3-5 and Proposition 3-6, we can now prove Theorem 3-2.

Proof of Theorem 3-2. Following [21, section 3], by [21, proposition 3-1] we have that

2

Y| D mmmnty - / |S(e0)e( — her)der

O<|h|<H |X<n<2X m

<H f IS@)P f IS(8)PdBda.
m mﬂ[a—ﬁ,a+i]

By Proposition 3-5, there exists some 1 = n(¢) > 0 such that

X
2
sup / ISBIdp < ———-
aem Jmnfa— .ot 5] log' " X

Noting that by partial summation and Mertens’ theorem we have the bound

! 1
/ |S(oz)|2da = Z wzz(n) <K log X Z wr(n) K Xlog X Z —
0

X<n<2X X<n<2X P<p<p!+s
<L XlogX

we have that

2

Y| D mmmnty - / 1S(e)e( — hanyder| <
m

O<|h|<H |X<n<2X

2

log" X~

Applying Chebyshev’s inequality and Proposition 3-6 then gives the result.

4. The minor arcs

We first treat the integral over the minor arcs, proving Proposition 3-5 by following the
proof of [24, lemma 8].
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Proof of Proposition 3-5. Starting with the minor arc integral (3-9), we make the substitution
0 =a + B to see that

1;=/ [ 1 |S(0)|2d0=ﬁ+ﬁem S + B)I2dB.
mN[a—

2%+ 2] 1BI= 2

We apply Lemma 2-2 to the integral to get
2

1 2X
I — / Z wr(n)e(na)| dx+ Hlog2 X.
H? X
x<n<x+H

The second term is acceptable by our choice of H, so it remains to bound the first term. We
first consider the case H < exp ((log X)® 3). We apply the Cauchy—Schwarz inequality to the
integrand to get

2

Y. (logpaelapip2)

x<pipr=<x+H
P<]7]SP1+(S
2
S( Z |]l]P’(ml)|2>< Z Z (log p)e(amap) ) 41)
P<my<P!+8 P<my<P1+8 | x<mpp<x+H

The first term is < P! 79 /log P, while the second term is equal to

Y. (logpi)(logpye(am(pi — p2)).

x<mpy,mpy<x+H
P<m<P!*}

Next, we perform the integration on this sum. We may trivially extend the domain of inte-
gration to [0,3X] as the integrand is positive. Define the set Q2 := {x:0 <x <3X,mp;, — H <
x <mp;,i=1,2}. Exchanging the order of integration and summation and noting that
X <x<mpy,mpr> <x+ H <3X, we have that

P1+5
I<<W0gl’ 3 > (logpi)(log paelem(pi —p2)) - || -

P<m<P!+3 |X<mp,mpy<3X

If m|p1 — p2| > H, then | 2| = 0. Since we have that mp; — H > X — H > 0 and mp; < 3X for
i=1,2, the condition 0 < x < 3X is weaker than the condition max (mp{,mpy) —H <x <
min (mp1, mpy). Therefore, if m|p; — p2| < H we have that |2| = H — m|p; — p2|.

We now split the sum into the diagonal terms, p; = p», and the off-diagonal terms, p; #
P2, denoted by S; and S, respectively. The diagonal terms contribute

P1+5
HlogP

XP'* log (X/P
81 < YooY g« X log /). 42)

H

P<l’l’l§PH"S X<p§ﬁ
m m
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Now we bound the off-diagonal terms. Let r = |p; — p2|. Noting that 0 < mr < H, we need

to bound
146
2 < hoep > Z ( logpi)(logpa)| Y elamr)(H —mr)|.
O<r<H —<p1 2= P<m<P+3
pz—p1+r O<m<H/r

Noting that 0 <m < H/r and P <m < P'*% we have that 0 < r < H/P. We apply partial
summation and Lemma 2-5 to the sum over m to see that

P+ H 1
s o (2 | oa o
2 < HlogPOZH i ( " ) ) Y. (logpi(logpa)

farl .
=% pits <PLP2=F
p2=pi1+r

By partial summation followed by Lemma 2-1, we have that the sum over pi,ps is
bounded by

&(nNX
> (ogpi(logp) <log?X Y 1< (P) .

X 3X X 3X
pits <PLP2=F pits <PLP2="F
pr=p1+r p2=pitr

Therefore the contribution of the off-diagonal terms can be bounded by

XP!+3 H 1
Sh in S().
2< HPlogP Zﬁmm<r ||ar||) )
<

r<p

We have that G(r) < log log r, so applying partial summation we have that
1
S K log log X ( )
Hlog P ) Z< focr]

Next, we apply Lemma 2-6 to the sum over r to get

S <<XP(S H+H+Q 1 oA 4-3)
—_— JE— J— 0 _’ .
ST \g, TP £7p

recalling that since « € m we have that Qg < ¢ < Q. Since H <exp ((log X)£3), we note

that (log QH/P) < (log X)83. Therefore, combining the contributions of the diagonal terms
(4-2) and the off-diagonal terms (4-3), we find

1 1 Q\ Plog(X/P)
1< XP? ((logXx &? —+= _— ).
< <(0g ) <Q +P+H>+ 7
By our choices of Qp = log!*¢* X, Q log!™* X = Plog?>** X <« H, we have that
I« X
log! ™" x

for some n =n(e) > 0.
Otherwise, if H > exp ((log X)83), we split the sum over P < p; < P'*? into dyadic inter-
vals before applying Cauchy—Schwarz in (4-1). We have that log (QH/P) < log X and
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Qo= 10g3+‘82 X, so that the total contribution is
0 XPlog (X/P) X
I < Xloglog X | log X —+=
< Xloglog <0g (Q0+P+H + I log2+'7X

for some 1 = n(e) > 0, which is acceptable.

5. The major arcs

We now shift our attention to evaluating the contribution of the integral over the major
arcs. We will first expand the exponential sum S(«) in terms of Dirichlet characters and
suitably approximate the contribution of the principal character, which will provide the main
term. We will then evaluate this main term and the sequel will then be dedicated to bounding
the error terms that arise from this expansion.

5-1. Expanding the exponential sum

First, we rewrite the integral over the major arcs by expanding the exponential sum S(c)
in terms of Dirichlet characters. Recalling that « = a/q + B satisfies (3-6), we first define

a(oz)::M Z ! Z e(Bn),

9(q) P<p<p!+s p X<n=<2X

1
b= — 3 1@ Yo | mmxm =5, Y = |eBn),

#(@) x(@) X<n=2X Py <p<Pl+6

A%(X) = / |a()|*de,
m

BX(X):= / b(e)|*da,
m

where 7()) denotes the Gauss sum as defined in (1-8) and §, =1 when x = xo and is zero
otherwise. We will now find the following expression for the integral over the major arcs,
once we have expanded the exponential sum:

LEMMA 5-1. Let 9 be defined as in (3-6). We have that
/ 1S(@)2e( — ha)da = / la(e)2e( — ha)da + O <A(X)B(X) T BZ(X)) .
QL JL

Proof. Let o € 9, so that « = a/q + B with ¢ < Qo, (a,q) =1 and |B| < 1/(¢gQ). Then

S@= Y wz(ﬂ)c’(q)e(ﬂn)

X<n<2X

By Definition 3-1, we have that n =pp, with P < p < P13 As we have P> Qo, we
must have that (p1, ¢) = (p2,¢) = 1 and therefore that (n, g) = 1. We can now rewrite our
expression for S(«) by applying the identity

(q) pr )Zx(a)r(x) (5:1)

x(q)
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which holds for (a, g) = 1. This gives

S(e) ()Z (Ox@ Y. @an)xmepBn) (52)
x(q) X<n<2X
1 _
= @ 2 TOx@ Y x@eOx(pP(log pre(Bpip2),
D@ X<pim=2X
P<p;<pP'*?

where we have applied the definition of w» in the last line. Now we approximate the
contribution of the principal character, which will become the main term. First, note that
since we have ¢ < Qg < P < p; we must have that (p1p2,q) =1 for X <p1pr <2X, so we
must have (log p2) xo(p1)xo(p2) = log p2 in these ranges. By the prime number theorem, we
have that

Y mmm= Y > logpp~X Y

X<n<2X P<pI<P1+5 X <p2<2X P<p<P1+5
P

Therefore we choose to approximate ) y_, _,y @2(n) by

Z Z 1=X Z —+0(1)

P<p<pl+5 P X<n<2X p<p<Pl+5

Using this and the fact that (o) = u(g), we approximate the contribution of the principal
character to the exponential sum S(«) by

LU

e(q) PPl

> epn.

X<n<2X

S

Adding and subtracting this approximation in our expression (5-2) for S(«) we have that

O
S(a)_fp(Q) > Z e(Bn)

<p<P!+3 P X<n<2X

1 1
()Zr(x)x(co Yo | mmxm =5, > —|eBn

x(q@) X<n<2X P<p<pPl+s
=a(a) + b(w).

Finally, expanding the square and applying the Cauchy—Schwarz inequality, we have that
/ 1S(e0)|?e( — ha)do = f la(er) + b(a)|*e( — ha)da
R m
- / la(a)[2e( — ha)da + O (A(X)B(X) + 32(X)) :
m

as required.

Thus, in order to prove Proposition 3-6 we need to evaluate me la(a) |2e( — ha)da (which
will also provide a bound for A%(X)) and suitably bound BX(X).
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5-2. Evaluating the main term

In this section we evaluate the integral fzm la(a)|?e( — ha)da, giving the main term of the
asymptotic (and a bound for A%(X)):

PROPOSITION 5-2. Let &€ > 0 be fixed sufficiently small. Then for all but at most O(HQ(;IB)

values of 0 < |h| < H we have that
2

) _ ! X
/gm la(a)|“e( — ha)da = S(h)X Z +0 (log”X> ’

P<p<pl+s

for some n =n(e) > 0, where we define the singular series S(h) as in (1-2).

Before we can prove Proposition 5-2, we need an expression involving the singular series

S(h).

LEMMA 5-3 (The Singular Series). Let h be a non-zero even integer and Qo be defined
as in (3-7). Then, for all but at most O(HQ(;IB) values of 0 < |h| < H we have that

2 e ( —
Yy A T @gq( ") = &(h) + 0(Qy ' log H).
q<Qo i

Proof. For similar results, see [21, page 39] and [29, page 35]. Rewriting the sum over ¢, we
have that

2
Z w(@eq( — 2 (q)cq( —h)
2 Z Z 20
q=Qo 97(q) q=1 q>0Qo 9(q)

The first term can be seen to be equal to &(4) by calculating the Euler product. It remains to
bound the tail of the sum. By [29, page 35], we have that

2
2 2
w(q)cq(—h) Hlog”H
AL o | <o

0<h<H |qg>Qo

By Chebyshev’s inequality, we have for all but at most O(HQ,, 1 3) values of & the bound

2
c,(—h _
S @A) o B og H,
v=(q)
q>Qo

as claimed.
We are now able to complete the proof of Proposition 5-2.

Proof of Proposition 5-2. Applying the definition of the major arcs (3-6) and expanding the
square, we have that

/ |a((x)|ze( — ha)da (5-3)
m
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(— —hﬁ) dp

M(CI) Z Z e(Bn)

w(q) P

- >

4=00 1<a=q I81= 25 <ppits P x<n<ox
(a,q)=
2 2
1 w=(q)cg( —h)
=| X ) X X epon—n—inp
P<p<pl+i p q=Qo ¢ |.3|§qu X<mn<2X
2
1 12(q)cg(— h)
ol DI I Dt (5-4)

P<p<P!+3 p q=0Qo

say. We rewrite the integral [ as

I = { / / 1_} e(Bm —n — h)dp

X<mn<2X
= - I,
say. To the first term /5, we apply the identity (3-4) to get
L= ) 1=X+0®H) (55
X<m,n<2X

m=n+h

and by our choice of H the error term is acceptable. Now we bound the integral /3. Note that
B is never an integer in the domain of integration, so applying Lemma 2-5 to the sums over
m and n we have that

1—L

l—qi q 1
13:/1 ¢ > e(ﬁ(m—n—h))d,/3<</l Q||ﬁ”2dﬁ<<qQ

90 X<mn<2X q0
Therefore, combining this with (5-5), we have that
IL=X+0@Q+H).

We now substitute this expression for /; into (5-4) to get

2 —h 1\’
/m ja(@)Pe( — hayda = Y %(}(( 3 —) +0(qQ—|—H)).

q=Qo P<p<pl+s

To complete the proof, it remains to treat the sum over g. By Lemma 5-3 and our definitions
of H and Qy, we find immediately that for all but at most O(HQ;, '/*) values of 0 < |h| < H
we have that

) B 1 X
/gm la(e)*e( — hayde =SMX | ) +o <log" X> ’

P<p<pl+i

for some 1 = n(e) > 0, as claimed.
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6. The error term of the major arcs

In order to complete the proof of Proposition 3-6, and therefore the proof of Theorem
3.2, we need to find sufficient cancellation in the error term B>(X) arising on the major arcs.
In this section we prove the following bound for B>(X), which immediately completes the
proof of Proposition 3-6 when combined with Proposition 5-2:

PROPOSITION 6-1. Let € > 0 be fixed sufficiently small, then there exists some n =n(e) > 0
such that

BX(X

log" X

6-1. Reduction of the problem

First, using Gallagher’s Lemma (Lemma 2-2), we will reduce the problem of estimat-
ing B%(X) to understanding almost primes in almost all short intervals. We first define the
following: let A := X/Tg with Ty := X!/190 and

BiX)= Z v(q) Zf

1
(X(n)m(n)—SX > —) 1)

q9=Qo x(@) x<n<x+qQ/2 P<p<P!+
2 1 :
- (X(n)m(n)—8x 3 —> dx,
q x<n=<x+qA /2 P<p<pPl+?
1 2
By(X):= Z ()Z/ (X(n)wz(n)—éx Z —) dx. (62)
9=0Qo vl x(@ x<n<x+qA/2 P<p<P!+}

Now we are able to state a bound for B(X) in terms of B;(X) and B»(X):
PROPOSITION 6-2. We have that BX(X) < B1(X) + Ba(X).

Then, if we can prove that B;(X) < X log™" X for i = 1, 2, we will immediately be able to
conclude Proposition 6-1.

Proof. By definition, we have that B%(X) equals

2
1
> / () Y tox@ Y (X(n)wz(n)—SX > —)e(ﬂn) dp.
9=Qo (1<c;<q ¢l x(@) X<n<2X P<p<Pl+s
aq

Expanding the square, we have that B>(X) equals

2 wzl(q) > 0t Y x@x’@ Yo | xmeam) s, 1

q<Qo x.x'@ 1<a<q X<m=<2X P<p<pl+8
’ (a.9)=1
— 1

x Yy (K wemw-s, Y - / e(B(m — n))dp.

X<n<2X p<p5p1+6 p |ﬂ‘—qQ
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Now, using the definition of Dirichlet characters to trivially extend the sum over a to all
1 <a < g, we may apply the character orthogonality relation

Xq: @r@ o(@). if x =x',
x(@yx'(a) =
a=1 0, if x # X',
to see that B>(X) is
2
1
=> o )Z| 1velk / xmmam) =8, Y = |eBn)| dp
9=0Qo x(q) 18 |<qQ X<n<2X P<p<P!+
2
1
( )Z/ X(n)w2(n)_8x Z - 6(,371) d,B,
q<Q0 vla x(q) ﬂl—qQ X<n<2X P<p<Pl+}

where we have used that 7(¥) < ¢'/? in the last line. Now we apply Lemma 2-2 to the

integral term to get that B>(X) is bounded by

2
1
D ” > f (X(n)m(n) —8 Y —) dx
) ¢lq x(q) X<n<x+fJQ/2 P<p<Pl+} p 63)
+Q0log® X > Z
q=<0Q0 x(q) v(@)

The second term contributes

Qlog’ X ) Z—<<QQ(3)log2X

9<Qo x(q)

to B2(X), which is negligible. Let A =X/T; with To =X"/19, then we have that B*(X) is

bounded by
2X |
<o )Zf o Xy =8, Y. -
9=Qo via x(@) 9 x<n<x+qQ/2 P<p<P!+s
2 1 2
- Y |xmmm—-s, Y ]| d
qA x<n<x+qgA P
n=x-q /2 P<P§Pl+5
. 2
Z ( )Z/ (X(n)w?(n)—(sx Z —> dx
9=0Qo vla x(@) x<n<x+qA/2 P<p<P!+ p

=B1(X) + B2(X),

as claimed.
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First, we prove the the following estimate for B2(X), which will be reduced to a Dirichlet
character analogue of a problem on primes in almost all short intervals.

PROPOSITION 6-3. Let C > 0 be fixed, then with B2(X) as defined in (6-2) we have

By(X) <«

log® X

Proof. We separate the cases y = xo and x # xo. If x = x0, we have that

2
— w’ —_
A E 2(n)
x<n<x+qA/2
— ¥
gA
q P<PISPI+SPLI <

2

2

P<p§Pl+6

logpz — Z

x+qA /2
P1

P<p<pl+s

1
-+0
p

1
gA

(5s)

We now apply the prime number theorem in short intervals (see, for example, [13, chapter

10-5]), finding that

2. X

P<P1§P1+5 pl]<p §X+Z]A/2

2

gA

Substituting this back into the above,

2

gA

2

x<n<x+qA/2

w(n) —

P<p<pPl+s

we have that

Z =0 (exp

P<p<P!+é

logpr= Y. Tio (exp (— e 10gx)1/3_£)> .

(= c(logn)'™).

Returning to the integral and summing over g, we find that the contribution of the principal

character to B>(X) is

< XQop

exp(—

which is acceptable by the choice of Qy.

(log X)1/37%),

We now consider the case x # xo. By the definition of @y and the Cauchy—Schwarz

inequality, we have that

qgA

2X
B0 = Z o(q) 2 /

q<Qo x(q)
XFX0

Z /2X

x(q)
XFX0

qA

<00 <p(q)

2

x<n<x+qA/2

x(maa(n)

2

P<p<PI+?

x(1)

X
X <
71 <p2=
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Pl+3 q 2
< log P Z @, Z (gA )2 Z / Z x(p2)log pa| dx.
q=0Qo <P+ x(@) Xy <AL
XFX0 P1 = r
64

We make the change of variables u = x/p; to the integral, so that

2X 2 2X/py
/ dx =p /
X X/p1

First, in the case H < exp ((log X)83), we now apply Lemma 2-3 to get that

2

> x(p2)logp du.

X x+qA /2
X p, <Y/
pi ~P2="0

Y x(logps

A
u<pr<u+ gp—l

P8 X0 log log Qg Z 1 X

B(X) K —
2 logP  logP X log€ X

P<p<pl+d p

for C > 0, as required. In the case H > exp ((log X)SS), we split the sum over P < p; < P!*9
in (6-4) into dyadic intervals and again apply Lemma 2.3 to obtain the required bound.

6-3. Bounding B1(X)

It now remains to prove the required bound for Bj(X). This problem can be reduced to
finding cancellation in the mean square of a Dirichlet polynomial.

PROPOSITION 6-4. Let ¢ > 0 be fixed sufficiently small. With By (X) as defined in (6-1), there
exists some n =n(e) > 0 such that

B (X .
1) K log’ X

To prove this result, we will need the following variant of a result of Terdvéinen [28] on
the mean square of the Dirichlet polynomial

Z X)X (p2)
F(S, X) = (p )S ) (65)
X<p1p2<2X 1p2

P<p;<plts

to be proved in Section 8:

PROPOSITION 6-5. Let & > 0 be fixed sufficiently small. Define Ty = X'/1% and F(s, x) to
be the Dirichlet polynomial defined in (6-5), with P and § > 0 as in Section 3. Then, for
T > Ty, there exists some n = n(e) > 0 such that

By(X):= ) o )Z/ |F(1 +it, x)| dt

q9=0Qo x(q)
(6-6)
1 TPlog X
< Qolog X 2 (q Xg +<ﬂ?q)>'
B q<Qo
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Proof of Proposition 6-4. assuming Proposition 6-5. First we consider when x = g as we
have a different summand in this case. We have

2 1 2 1
2% (mo- ¥ M2y (ew- ¥
qQ x<n<x+ p qA
<x+qQ/2 P<p<pl+s x<n<x+qA/2 P<p<Pl+
(6:7)
‘We first consider the contribution of the second and fourth terms, namely
1| 2 2 1 1
DR P D DR b S DR <ot (6-8)
P<p<P!+3 P \1 x<n=<x+qA/2 90 x<n=<x+qQ/2 90

Returning to our expression for B1(X), by our choice of Qp, O and A we have that (6-8)
contributes

2X
ZQ€0(_6])/)( wor™ <o ; Z 61<P(q) QZ’

which is acceptable. Therefore, when considering the principal character o, we need only

to bound
2
2X 2 2
( ) Z/ _Q Z wo(n) — Y Z wo(n)| dx
q<QO P9 x(@) q x<n<x+qQ/2 x<n=<x+qA/2
2
2X 2 2
( 2 Z f o 2 mmum—-T 3 @mxm)| d
q<Q0 vla q x<n<x+qQ/2 q x<n<x+qA /2

noting that in the range of summation we must have (n, ¢) = 1, i.e. @2(n) xo(n) = @2 (n) for
each X <n <2X. Thus, from now on we are able to unify the treatment of the principal
character xo with the rest of the characters modulo ¢ at the cost of a negligible error.

We now apply Lemma 2-4 with h; = gQ/2 and hy = gA /2 to the integral with respect to
X to get

log?X [
B <X Y L3 (25 +/" [F1(1+ i, )|t
( ) TO T

9=Qo x(@) 0
2T

X
max —— Fi(1+it, x)|%dt ),
+T>2>;( a0 |[F1(1+it, )| )

with T = X /100 and

) @2(n)x (n) X (P1)x(p2)log pa
Fiso= ), k= 3 sl (69)
X<n<2X X<p1p2<2X
P<p;<plts
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The choice of Ty ensures that the first term is negligible. Applying partial summation, we
have that B1(X) is bounded by

«Xlog’x Y Ly / [F(1 +it, x)[Pdt + max x [F(1 +it, x)|dt
¢(q) =34 TqQ ’ ‘

q=Qo x(@) 1 T

We now apply Proposition 6-5. Note that we have P log X = (, so that the first term in our
bound for B (X) is bounded by

X PlogX X
L= > ( 22 1 ><< T
Qolog"X ==\ Q v(q) log" X

as needed. For the second term, we want to bound

X% log? X
o Taa gt X eenta

q<Qo =aQ = x(q)

Applying Proposition 6-5, we have the bound

< X2 Z PlogX N 1 < X
_— max 5
QoQlog" X —= 7-26\ X Te(q)) — log"X

again using that P log X = Q. Overall we have that
BiX) K ——,
1X) <L log’ X

for some 1 = n(e) > 0, as required.

7. Preliminaries on Dirichlet polynomials

Before we can prove Proposition 6-5, we first need the following preliminary lemmas on
Dirichlet polynomials.

7-1. Pointwise bound

After we factorise our Dirichlet polynomial, there will be instances where the best we can
do is use a pointwise bound. Before we state this bound, we need the following definition of
a well-spaced set.

Definition 7-1 (Well-spaced set). We say a set T is well-spaced if for any t,u € T with
t # u we have that |r — u| > 1.

LEMMA 7.2 (Pointwise bound). Let S be a set of pairs (t, x) witht€ [ —T,T] and x
a Dirichlet character mod g which is well-spaced (i.e. if (¢, x), (u, x) €S then |t —u| > 1).
Suppose that min{|t|:(¢, x) € S} > logA N forall A > 0 if x = xo. Let

P = ¥ x(P1) - x(Pr)
0):= (P1---pItit’
N<pi-p<2N
D1se-sPkZZ
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where z > exp (10”19 N). Then for any C > 0 we have

1
P +it, Pl K< —=—.
PO+t 01 <

Proof. This is [11, lemma 10-7].

Definition 7-3 (Prime-factored polynomial, [28]). Let M > 1 and
M( )= Z am X (m)
S, X)) = o
M<m=<2M

be a Dirichlet polynomial with |a,,| < d,(m) for some fixed r. We say that M(s, x) is prime-
factored if for each C > 0 we have

sup |M(1+it, )| K
(tx)eS log“ M

when exp ((log M)!'/3) <t < MClogloeM "where S is as defined in the previous lemma.

7-2. Decomposing Dirichlet polynomials

As in the work of Terdvidinen [28] and Matomiki, Radziwilt [19], we take advantage of
the bilinear structure to factorise our Dirichlet polynomial.

LEMMA 7-4 (Factorisation of Dirichlet polynomials). Define
amby,

F(s):=
©:= D s

X<mn<2X
M<m=<M

for some M' > M > 2 and arbitrary complex numbers ay,, by,. Let U > 1 and define

— Am . bn
A= ZM e BO= 3 E
eU<m<e U Xe U <n<2Xe U
Then
dy
F(s)= Z A, (s)By(s) + Z ’ry 7-1)
velNZ ke[Xe—1/U xel/U]

or ke[2X,2Xe'/V]

where I = [UlogM, Ulog M'] and

ldi] < > lambal. (7:2)

k=mn
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Proof. This is [28, lemma 2] (see also [19, lemma 12]).

In some cases we will use the Heath—Brown identity to decompose a long polynomial into
products of shorter polynomials.

LEMMA 7-5 (Heath-Brown decomposition). Let k> 1 be a fixed integer, T >?2 and
fix € > 0. Define the Dirichlet polynomial P(s, x):= ) p<p<p x(P)p~S with P> T¢, P ¢

[P + P/log T, 2P]. Then, there exist Dirichlet polynomials Q1(s, x),...,Qr(s, x) and a
constant C > 0 such that L < logC X and

IP(1+ it, ) < (log® X)(1Q1(1 +it, )| + - + 1Qu(1 + it, X))
forallt e[ —T,T]. Here, each Qj(s, x) is of the form

Qi(s, )= [ Mis, ), J; <2k,

i<J;

where each M;(s, x) is a prime-factored Dirichlet polynomial (depending on j) of the form

(1 () (mx(n)

M;<n<2M; M;<n<2M; M;<n<2M;

whose lengths satisfy My - - - My = X't M; > exp (log P/log log P). Furthermore, if in
fact M; > XV/%, then Mi(s, x) is of the form

) x(mlogn 3 xn) (73)

n’ ns
M;<n<2M; M;<n<2M;

Proof. This is the Dirichlet character analogue of [28, lemma 10], which follows from the
same argument.

7-3. Mean value theorems for Dirichlet polynomials

Now we state two mean value theorems, the first being the classical result:

LEMMA 7-6 (Mean Value Theorem). Let q,X > 1 and let a, be arbitrary complex
numbers with F(s, ) 1= Y y_,<ox @XM Thep

nS

T
> f |F(it, ) Pdt < (w(q)ﬂ?@ Do lal.
T

x@" X<n<2X
(n,g)=1

Proof. See, for example, [25, chapter 6, equation (6-14)].

Next we state a variant of the mean value theorem which will allow us to save a log X in
certain parts of the proof.
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LEMMA 7-7. With the same assumptions as Lemma 7-6, we have that

T
>, / T|F(it,x)|2dt<<w<q>< doodal+ Y Y, |an+h||an|>.

x(@ " X<n<2X l<h<X X<n<2X
(n.g)=1 T (. g)=1

Proof. This is the Dirichlet character analogue of [28, lemma 4], which follows from [13,
lemma 7-1]. The proof is contained in the proof of [22, lemma 5-2].

After factorising the Dirichlet polynomial F' and splitting the domain of integration
according to the size of the factors, there will be cases where the mean value is taken over a
well-spaced set. In this case, we will apply the Haldsz—Montgomery inequality:

LEMMA 7-8 (Haldsz—Montgomery Inequality). Let T > 1, g > 2. Let S be a well-spaced
set of pairs (t, x) with t€ [ —T,T] and x a Dirichlet character mod q. With the same
assumptions as Lemma 7-6, we have that

S IR 0P < (*"(‘”x+|$|(qT>”2><log<2qT>> S el

t,x)eS q X<n<2X
(n,g)=1

Proof. This is [15, lemma 7-4].

7-4. Large value theorems

There will be subsets of the domain of integration where a short Dirichlet polynomial
factor is large, in which case we apply the following large value theorem.

LEMMA 7.9 (Large value theorem). Let P>1,V >0, |apy|<1 and F(s, x)=
ZP<p§2P apx(p)/p’. Let S C[—T,T] x {x mod q} be a well-spaced set such that |F(1 +
it, )| >V forall (t, x) €S. Then

S| < (qT) 87 V=2 exp ((1 +o(1y)o8laD loglog ("T)> .

log P

Proof. This is the Dirichlet character analogue of [28, lemma 6] and [19, lemma 8]. Also see
[15, lemma 7-5].

Remark 7-10. As remarked in [28, remark 6], this lemma can still be applied to polynomials
with coefficients not only supported on the primes as long as we have P >> X?, as will be the
case in our application.

Alternatively, in the case that we have a longer Dirichlet polynomial factor which is large,
we will apply a result of Jutila on large values.

LEMMA 7-11 (Jutila’s large value theorem). Let ¢ > 0 be fixed, |a,| < d,(n) for some fixed
rand F(s, X) =Y x_n<ox @nX(n)/n’. Let k be a fixed positive integer and S C [ — T, T] x
{x mod g} be a well-spaced set such that |F(1 +it, x)| > V for all (t, x) € S. Then,

—4N\ K —8k
S| < (V—2+(QTV )+qu )(qTX)s.

X2 XZk
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Proof. This is the first bound of the main theorem in [14].

7-5. Moments of Dirichlet polynomials

After decomposing the Dirichlet polynomial using the Heath—-Brown decomposition
(Lemma 7-5), we can have a long polynomial which is the partial sum of a Dirichlet
L-function (or its derivative). In this case, we will apply the Cauchy—Schwarz inequality
to enable us to use the following bound on the twisted fourth moment of such sums:

LEMMA 7-12 (Twisted fourth moment estimate). Let Qo <T¢, T <To <T,1 <M,N <
T'+°W and define the Dirichlet polynomials

N(s, x) = Z Mor Z M’

ns ns
N<n<2N N<n<2N

M= Y X

mS
M<m<2M

with a,, any complex numbers. Then we have that

2 o

9=Qo

Z/ INCL+ it, )| IM(1 + it, x)|*dt
v(q) @

< <AQ4?V2<1+M2(Q0T> )+ — >(Q0T)8 X lanl (74

Proof. This is the Dirichlet character analogue of [28, lemma 9] and we follow the same
argument. In the case 1 < gt <N, we use partial summation and the hybrid result of Fujii,
Gallagher and Montgomery [7]

1+it

it _ 8x9(@) 1/2
};Vx(n)n =~ im0 log (¢7)),

with 7 := [t| 4 2 in place of the zeta sum bound to get that

2 oo

Z/ INCLit, 1ML+ it, )Pt

=0,"D 3@
4 4
»(q) log™ (¢q7)
<<T€ max am|? / ( )—1— dt
<om gow@z n \q(1 + 1)) (g7)
&
L7 max lam!?,

To M<m<2M
providing the third term of (7-4).

In the case N < gt < QoT, we apply in place of Watt’s twisted moment result its Dirichlet
character analogue [12, theorem 2] to obtain the first two terms of (7-4).

8. Bounding the mean value of a Dirichlet polynomial

We are now able to prove Proposition 6-5, completing the proof of Proposition 6-1 and
consequently Theorem 3-2. We will adapt the argument appearing in [28, sections 2-4].
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We first factorise the Dirichlet polynomial F(s, x) before bounding the contribution of the
remainder terms, that is, the second term of (7-1).

LEMMA 8:-1. Let & > 0 be fixed sufficiently small and Ty = X'/1%°. Denote

b

Gs. )=y X;”), He0= Yy

s S
v v+l p
eU<p<e U

A v
Xe U<p<2Xe U

then we have the bound

U? log” P r , :
B < Y. (%Z[ 1Goo(1+ it, 3O P1Hyg (1 + it, 30\t
To

q<Qo x(q)
n 1 <qT10gX n q )
Qo log?t" X X @) )

for some n =n(e) > 0, where we take [ =[U log P, (1 4+ §)U log P], U := Q(l)"'g2 and vy €1
a suitable integer.

Proof. We factorise F(s, x) using Lemma 7-4 to get that

dix(k
F(s.0=Y_ Gys. OHy(s.x)+ » ex (k)

s b
velNZ ke[Xe /U xel/U)

or ke[2X,2Xe!/V]

where I = [Ulog P, (14 8)Ulog P], U := Q(1)+g2 and

di| < Z 1.

k=p1p2
P<p <p'*®

Therefore, taking the maximum in the sum over /, the mean square of the Dirichlet
polynomial is bounded by

T
/ |F(1 +it, x)|*dt
T

0

T
< /
To

2

T
it
To

T
< |1|2/ IGv0(1+it,X)|2|Hvo(1+it,x)l2dt+/
To

To

2

> G +it, )H,(1+it, X)
velNZ

Z de(k)
k1+iz

ke[Xe /U xel/U]

or ke[2X,2Xe!/V]

di x (k)
Z kl-Ht
ke[Xe /U xel/U)
or ke[2X,2Xe!/V]

T 2

dt,
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where vo €1 is the integer maximising the right-hand side. Applying Lemma 7-7 to the
second integral, we have that

Z/ \F(1 + it, x)|2dt
x(@)* 1o
2 2 r 2 2
<U?log PZf |Gy (1 +it, )1 [Hyo (1 + it, x)|d
x(q) 2 1o
|di|? \dy |||
+Tel) Y o tTe@ ) > e S GO
ke[Xe /U xel/U] 1<h<2Xel/U m—n=h
or ke[2X,2Xe' /U] T T mpne[Xe™ /Y Xe!/V]
(k.q)=1 a or mne[2X,2Xe'/V]
(mn,q)=1

We now bound the last two terms. We consider only the sums where k € [Xe~ /U, Xel/U],
with the sums over k € [2X, 2Xe!/U] being treated analogously. For the first sum,

1 62/U
> <y X > L (8-2)
k=p1p2 P<p|<P1H8 xe=U/U _ _xel/U
Xe— /U <k<Xel/V Pl =p2= Pl
P<pi<P'®

By the Brun-Titchmarsh inequality, we have the bound

X(el/U _ €71/U)
E I« —
p1logX

Xe—1/U Xel/U
Al T cp,<Al
o —P2=Tp

Returning to (8-2), by Mertens’ theorem we have that

Z 1 AU _ /U Z | !

< - .

2

Xe= /U <pypy<Xel /U (P1p2) XlogX papopitd p XUlogX
P<p;<P'*?

We will use Brun’s sieve to bound the second of these sums. We may trivially bound
[{n <2X:n=pips.p1 € (P, ']}
< |{n <2X:n=pim,p; € (P, P'*°], (m, P(2)) = 1}],

where we define P(z) = ]_[p<z p with z=X!/# and B > 1 suitably large. Let IT be the product
of all primes in I := (P, PN [1,z) and P'(z) =[]

|dm | |dm+h |
Z Z m(m + h)

1 < 21V Xe 1V <m=Xel/U

p<zpth P Therefore, we have that

qlh
2/U P/
<<eX_2 Z me[Xe_l/U,Xel/U]: (m(m+h), l'(IZ)) =1”.
| <z 2/
qlh

https://doi.org/10.1017/S0305004122000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004122000251

330 N. EVANS

Brun’s sieve then gives the bound

Hm € [Xe_l/U,Xel/U]: (m(m+h), P (Z)> = IH

3l
hX(eV/U — e~ 1/U) ( 2)
| | 1—-=
< @(h)

p<z P
pél
< X h
Ulog? zp(h)
Therefore we have
|dm || dm+nl eV h
2 2 i Sxul@: 2 o
1 <he 2ellY Xe /U <mXe /U el
qlh qlh
1

L—Fr—.
o(@)TU log” X

Combining these estimates and applying the definition of U, these two sums contribute

Tlog X 1
< <<p(q) gX 1) -
X Qo log "X

to (8-1) for some n = n(e) > 0, as needed.

It remains to estimate the integral appearing in Lemma 8- 1. We split the domain of integra-
tion [T, T according to the size of the polynomial G,,,. We will first bound the contribution
of S| C [Ty, T] x {x mod ¢} defined by

. _o1vo
S1:={t ) €lTo, T x {x mod g}:|Gy,(1 +it, )| <e” T}, (83)
where o) := 3/34 — ¢’ and ¢’ > 0 is sufficiently small in terms of ¢ > 0. We may write
Si= |J ) xTiy (8-4)
x mod ¢

for some 71, C [To, T].

8-1. The contribution of Sy

We first treat the contribution of the integral over 7 ,, where the polynomial G,,(1 +
it, x) is pointwise small.

LEMMA 8:2. Let ¢ > 0 be fixed sufficiently small and Ty , be defined as in (8-4). Then,
there exists some n = n(e) > 0 such that

Ulog?P Y % Z/ Gy (1 + iD)2 | Hy (1 + i) 2t
a=00 V'V 3@ 7 Tix

1 qPT log X
<<Q010g2+nXZ( < +1).
q<Qo
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o VO

Proof. First we apply the definition of 77, bounding pointwise |Gy, (1 + if, x)| < e T <
P~ to bound the integral over 7T , by

J,

Applying Lemma 7-7, we have that

|Gyo (1 4 it, )12 Hyy (1 4 it, x)|2dt < P~2% / \Hyo (1 + it, x)|%dt.

X Lx

Z/ |Goo (1 =+ it, )12 | Hyy (1 + it, x)|?dt

x(q)
p—2a TgD(q)eZVO/U
T oy X )
eVo%q’Se‘%% I=h=250m TeVO/U Vo/U SPLP2E 50T V0/U
qglh p1—p2=h

By Chebyshev’s inequality, we have that
Yk X
R , e'0/Ulog X'
2070 <P= /U

For the second term, we have by Lemma 2-1 that

X X2
1<K ———— 6K ————5—.
Zx X Z o e"0/Ulog? X Zx e20/UgT log? X
IShSW W<ﬂbﬁ2§m IShSW
qlh p1—pa=h qlh

Combining these estimates, we have that

PS—201 /oPT log X
@(q) <q og +1>_

Z/ |G (1 + it, )17 | Hyp (1 + it, 301 dt < ~

x(q) q 10g2 X

Thus the overall contribution to the sum B3(X) is

UZPS=2 Jog? P 3 (qPTlogX+1>

10g2 X q<Qo X

Now, by our choices of P, U and the definition of «; with ¢’ sufficiently small in terms of &,
we have that

U%pS=21 Jog? P 1
2 < 24 3
log” X Qo log=™X

for some 1 =n(e) > 0 as § > 0 is sufficiently small.

8-2. The contribution of the complement of S

It remains to consider the contribution of the complement of ;. We apply Lemma 7-5 to
H,, (1 +1it, x) with k =3, decomposing this polynomial into

|Hyo(1 +it, )l < (log® X) (1Q1(1 + it Ol + - - - + 1Qu(1 + it, X)) .
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where L < logCX for some C > 0. Each Qj(s, x) is of the form Q;(s, x) = Hiilj M;(s, x)
with J; <6 for each 1 <j < L, where M;(s, x) are prime-factored Dirichlet polynomials of
the form

(n) log () (m)x ()
D P L DM

M;<n<2M; M;<n<2M; M;<n<2M;

whose lengths satisfy M - - - My, = X!+ ;> exp (log X /log log X) for each i. We will
treat the polynomials Q;(s, x) according to the lengths M; of the factors as follows:

Type II Sums. Suppose we have Qj(S’X):l_[iSJj M;(s, x) for some 1<j<L with
M,-§X1/3+5/ for some i<J;<6. Then, we rewrite Q;(s, x)=Mi(s, x)M2(s, x) with

exp (log X/loglog X) < M| < X3+ and M, = X'+ /7. Note we may write M = X"
for some 0 < v < 1/3 + ¢’. Where the coefficient log n appears, we apply partial summation.
The polynomial M;(s, x) is a product of polynomials, and the coefficients are given by con-
volving coefficients which are one of the sequences (w(n)), (1). Thus the coefficients of the
polynomial M»(s, x) are bounded in absolute value by < d,(n) with r <5.

Type 1 Sums. Otherwise, we may write Q;(s, x) = N1(s, x)N2(s, x), where each N;(s, x)
is of the form

(n)logn n)
Z g ns = » Of Z an ’
N;i<n<2N; Ni<n<2N;
with lengths satisfying N1 N, = X't°(D_ Note that if in fact only one of the lengths N; satisfies
/
N; > X'/3%% | then one of Ny(s, x), Na(s, x) can be the constant polynomial 17%. Since we

have that Ny N> = X' (D without loss of generality we may take that Ny > X 1/ 2*5/, so that
x1/3+¢" _ N> < xl/2+e"

8-2-1. Type Il sums
To treat the contribution of these sums, we split the complement of S; according to the
size of M (1 + it, x):

Sa:={(t, x) € [To, TI x {x mod g}:|M1(1 +it, x)| < M; “*}\ Si,

(8:5)
S:= ([To, T1 x {x mod g})\ (51U Sy),
with ap := 2/17 — &’ > 1. As before, we may write
S= {J xxTy
x mod ¢
(8:6)
S= |J xxT
x mod g

for some 75,)( , 7;( C [T, T]. We first consider the contribution of the integral over 7§,X.

LEMMA 8-3. Let € > 0 be fixed sufficiently small. Let >, be defined as in (8-6) and
M (s, x), Ma(s, x) be the prime-factored polynomials defined previously. Then

> LZ[ Guo (1 + it, )P IM1(1 +it, )Mo (1 + it, x)|*dt < X /1000,
q=0Qo (@) 2@ T2
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Proof. By definition of 7;,, we have that (|G, (1 + i, ) |[PM)2E=D > 1 where k=
[log M1/ log P]. Therefore, we have

Z/ Gy (1 +it, )P IM (1 + it, )Mo (1 + it, x)|*dt
x(q)

< My pratk= ‘)Zf Gy, (1 +it, )Mo (1 + it, x)|*dt. (8-7)
x(@)

By the choice of k, we have that

PRk & exp 2ay log Plog M _ a2
log P !

Therefore (8:7) is bounded by

M2 p2a 3 / IGE (1 + it OMa (1 + it, )/
x(q)

« M2 p2 30 / AL + it, x)Idr,
x(@

where we define

Ay
At 0= 3 2,

neJ

with J := (Mae?0/U  2M, K0+ D/U7 and the coefficients A, satisfying

|Anl < > dim),

n=py--pxm
evo/U <piSe(V0+l)/U
i=1,...k
My<m=<2M,

where r <5, as before. Note that the primes py, . .., pr are not necessarily distinct and m
may also have prime factors in the range (¢"0/V, ¢®0+D/U] Applying Lemma 7-6 to the
integral, we have that

2
Z/ AL + it, x)|Pdt < ((p(q)T+ D 1, hoo U a1V 1)) > Al

2
Ta.x q neJ n
x(@) sl

Following [19, lemma 13], for the coefficients A, of A(s, x), we have the bound

o(1
A7 S ¢
n=p---pim
01U < <0+ D/U
i=1,..k
My <m<2M;

https://doi.org/10.1017/S0305004122000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004122000251

334 N. EVANS

The number of ways we can write d = p1 - - - px with p; not necessarily distinct is at most k!.
Then we have the bound

Anl < M3 VK1 ) 1,
n=md
pld=e"0/U <p<ero+h/U

trivially extending the range of summation for m. We write g(n) for the latter sum, which is
multiplicative and satisfies

a+1, ife0/V<p<etotb/U,
8" =

0, otherwise.

Therefore, we clearly have g(n) < d(n) < n°M and thus

Al Xk |An|
I T

neJ neJ
(n,q)=1 (n,q)=1
(1) ¢
X Dk! d,(m) 1
<gwmn 2 >
ekvo/UM, m P
Mr<m=<2M, eVO/U<pl-§e(V()+1)/U
XDk

< e/Up, %’

noting that (log M) ~! « (log X)* is negligible. By the definition of k and since v € I, we

have that

k log M

— <« 7L«

vo UlogP
By the definition of k, we also have that

log My log log M log M, e
k! log M) ToeP M
<« (logM1) <exp ((17+8)10g10gX <M

Therefore, we can bound the integral over 7>, by

T w(q) o
> / AL+ it )Pdr < (so(q) wortag, F g 2 - 1)) XM
x(@)

Since vg € I, we have that ko/U s Phss vy by the definition of k. We also have that
2¢K/U — 1 « 1 and therefore we can bound the above integral by

L 1
C]
x(@

as we have MM, = X't°0 and T < X'T°(D_ Returning to (8-7), we have the bound

Z/ |Gy (1 + it, )P IM1 (1 + it, x)Ma(1 + it, x)|*dt
x(@)

+2(a1—a2)

< @XM P2,
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With our choices of a1, a, we have that 2oy — 2o = —1/17. Summing over ¢ introduces
a factor of Qé. Recalling that we may write M| = X", for some 0 <v <1/3 + ¢, we find
that

Z o(q) Z/ |Gy, (1 +it, X)| |M{(1 + it, x )M>(1 + it, X)Izdt<< Q%P_zo‘lX 300+0(1)
9=Qo x(@)

and choosing ¢’ > 0 sufficiently small in terms of ¢ > 0 ensures the above is bounded by
X—¢/1000 a9 needed.

We now treat the contribution of the integral over 7, applying the Haldsz—Montgomery
inequality and the large value theorems.

LEMMA 8-4. Let T, be defined as in (8-6). Let E > 0 be fixed sufficiently large. Then, we
have that

Z/ Gy (1 + it, )M (1 + it, )Mo (1 + it, x)|Pdt <

x(q) ng

Proof. Let My =X" for some 0 <v < 1/3 +¢’. We first replace the integral over 7, with
a sum over a well-spaced set. For each character x mod g, cover 7, with intervals of unit
length and from each interval take the point which maximises the integral over that interval.
This set is not yet necessarily well-spaced, but we can split it into O(1) well-spaced subsets.
Therefore we may write

Z/ |Guo(1+ it, OM1 (1 + it, OMa(1 + it, x)|*dt
x(@)

< Y Gy (L + it )M (1 + it, )M(1 + i, )1,
tx)eT’

where 7T is the well-spaced subset which maximises the right-hand side. We now apply the

prime-factored property |M1(1 + it, x)|> <« log™F / X with F’ > 0 sufficiently large and then
Lemma 7-8 to get that

D Gy (1 + it, OMi (1 + it, )M(1 + it, )|
)T’

/
<log™ X N Gy (1 +it, OMa(1 + it, I
)T’

/ / 1 d?
<logF X (%X“”*? +IT /|(qT)1/2> X =2 ;i;n)

eVo/U<p5€(Vo+1)/Up My<m<2M,

/ 172
<log F X <<P(61) n I'T"1(qT) ) ,

q Xl—v-i—s/
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where F > 0 is suitably large and r < 5. If we can show that | 7’| « X1/2—v—52, then we will
have that

> / Gy (1 +it, )M (1 + it, x)Ma(1 + it, x)|*dt < log™E
x(q)
for some suitable £’ > 0. Summing over g, we have that

Y oo

q=Qo

Z/ |Gy (1 + it, )M (1 + it, x)Ma(1 + i, x)|

v(q) @

logf X~
where E > 0 is sufficiently large.

Thus, it remains to prove that |77| <« X'/2="=¢". Applying Lemma 7-11 with M;(1 +
it, )L, V=M k=2, and [ € {2,3}, we have that

7' < X (Mf“zl + x2meeh +XM4111(4012—1))

Xmax(17v2 1041}1 721}) 26 (122)’
<

Xmax(”v 2—i76v 1- 1081))—28 (l= 3)
We have that v < 1/3 + &’. The inequality 8v/17 < 1/2 — v holds when v < 17/50 and we
have that 2 — 104v/17 > 8v/17 when v < 17/56. Note that 2 — 104v/17 < 1/2 — v fails if
v < 17/58, so the inequality with / =2 provides the bound |7"| « X1/2-v=¢" i the range

17/58 <v < 1/3.

Similarly, 12v/17 <1/2 — v holds for v < 17/58 and 2 — 156v/17 > 12v/17 when v <
17/84. We have that 2 — 156v/17 < 1/2 — v fails when v < 51/278, so the inequality with
[ =3 gives the required bound for | 7’| when 51/278 <v < 17/58.

For the remaining range v < 51/278, we apply Lemma 7-9 with V =M, 2 to get that

1T7| < (qT)222x2vete <<Xli7(1+v)+1ooe <<X1/2*”*82,

as required.

8-2:2. Type I sums

It remains to treat the contribution of the sums of form (7-3), applying the Cauchy—
Schwarz inequality and a result on the twisted fourth moment of partial sums of Dirichlet
L-functions.

LEMMA 8:5. Let ¢ >0 be fixed sufficiently small. With N1(s, x), Na(s, x) as defined
above, we have that

Z/ Gy (14 it, X)PINT(1 + it, x)N2(1 + it, x)|*dr < X572,

(0(11) 0TI\ Ti,

q=0Qo

Proof. We split the domain of integration into dyadic intervals [T, 2T] such that Ty < T <
T. As we are in the complement of Sy, we have that |G, (1 + if, x )P*! |2(l_1) > 1, where we

https://doi.org/10.1017/S0305004122000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004122000251

Correlations of almost primes 337
define [ = | e log X/ log P]|. Therefore, we have that

— f |Gug(1+ it JOPPIN(L A+ it, xON2(1 + i, )|t
=0, YD o S TN NI 27
2T,
«prt=h 5~ 4 Z/ |Gy (1 + it, )PINL (L + it, x)N2 (1 + it, )| dt.
=0 YD 5@

Applying the Cauchy—Schwarz inequality three times (to the integral and the sums over x
and ¢g), we have that the sum over g above is bounded by

2T
<| > o )Z/ Gy (1 + it, OI*INT(1 4 i, )| *dr

9=<0Qo x(q)
1 (8-8)
2T, 4 2
IN2(1 +it, )| dt
Z »(q) Z/
q<Qo x(q)

We apply Lemma 7-6 to the second integral. Noting that N»(1 + it, x) either has coefficients
1 or log n, we find that

Z . T\ + N3
Z / N2 (1 +it, ) *dt < X110 3 ¢ ‘—22/‘]
§0(CI) Ty ]\]2
9=Qo x(q) <09

Ty + N?

€/10 2

<X (—N2 ) )
2

We next treat the first term appearing in (8-8). We have that
4 2

Gy (1 4 it, )| * = ) xXp)| - _ 3 x(mam) |

pl—Ht 14t
&0/U <p<eio+D/U 2vo/U 2(vo+1)/U

<n<e
where a(n) = 0 unless n is a product of 2/ primes, not necessarily distinct, each lying in the
interval (¢"0/U, ¢0+D/U) Writing n in terms of its prime factorisation n = p‘lll e pzb with
b <2, we have that a(n) = (a1 21 a/,) when it is non-zero and therefore that a(n) < (21)!. Now

we can apply Lemma 7-12 with M(1 + it, x) = G%(l +it, x), M = P* and N corresponding
to N to get that

2T

> — pre Z/ |Go (14 it, OIYINY(L +it, )| *dr
q=0Qo x(q)
<<X8/10(2l)'2 QO 1 (1+P4[(Q Tl) 1/2) 1
N2PU T

00Ty 1
< XS/]O i 44¢ | XU T +—1,
@ N7P2 T
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as the definition of / ensures that P4l(Qo )~ 12« 1. Returning to (8-8), we have that

9 Z / (G (1 + it ORINI(L+ it, ONa(1 + it, )/l
a=o, ¢ @ = JeTnim 21
1\ (r+n2\"
« PR=Dye/10(2+e Q;) Ly b 1+2 F
NIPZI T N2

12

_ Q0T 1

< P2011(l I)XS/IO(Z!)2+8 (T +N )_|_ P — .
NENZpa T N T

We have that N|N, = X' 7o) with N, >X1/2_’3, and X!/3+¢ <N, <X1/2+8/. As we also
have that X'/100 = Ty < T; < T < X'*°(_ the above is bounded by

1 1 1
20 (I—1)ye/10 24 [ =, & , &
<P 9. Gaad (1)) <Pl + N + Té/z) .

Summing the contribution of each of the integrals over the dyadic intervals multiplies the
above estimate by log X. By the definition of /, we have that (11)27¢ <« (log? X)!!*+#) and so
we also have that

2
(P~ og? X)!®) « exp ((1 +e)e (20:1 -1+ W) log X)
&

<< szé‘ / 3 .
Overall we have the bound

2y / Gug(1+it, OPINY + i, ONa(1 + i, 30t < X512,
To,T\T1,x

q=Qo (@) x(q) [

as needed.

8-3. Completing the proof of Proposition 6-5

We may now combine these estimates to complete the proof of Proposition 6-5.

Proof of Proposition 6-5. By Lemma 8-1, we have that

Z/ \F(1 + it, x)|dt

q=0Qo 90(61) x(@)
U?log? P
<Y (%Z/ |Goo(L+ it, JOP | Hyg (1 + it, 30 dlr
<0 i x(@)

N 1 (quogX+ q )
Qo log?™" X X o(q)

U210 P
<<Z( = Z([ |Gg (1 + it, )PP |Hyy (1 +it, x|t

ez \ @D G\,
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+ / (Goo (1 + it, 3O 1 Hiy (1 4 it, 20)12dt
To,.T1\T1,y

4 1 <qT10gX+ q )
Qo log>™ X X o(q)

for some n =n(e) > 0 and some suitable integer vo € I. We apply Lemma 8-2 to bound the
contribution of the integral over 7 ,, finding that the above is bounded by

U?log? P
<Y (222 e’ f (Gug(1+ it, )2 g (1 + it, 300t
To, T\ T1.¢

9=Qo @ x@ !
4 1 (qTPlogX . q )
Qo log”*" X X @) |

Combining Lemmas 8-3 to 8-5, we bound the contribution of the complement of S; by

U?log? P 1
logf X logh X

<

for some sufficiently large F > 0, which is negligible. Thus, we have that

qTPlog X q
F(1 +it, x)|%dt ,
Zf FO i 0Pl < e long XQ:0< -+

»(q)

as required.

9. Proof of theorem 1-3

We now briefly outline how to adjust the argument to prove Theorem 1-2. The problem
can be reduced to the set of £ numbers which factorise in the “typical” way. By Mertens’
theorem, almost all products of exactly two primes p1p; < X with p; < p» satisty

p1E [exp (( log X)S(X)) , €Xp (( log X)I_E(X))] =: [Py, P2], -1

where ¢(X) = o(1). We define E% := E%(X) to be the set of E; numbers n=pp; € (X, 2X]
which factorise in the typical way. Using a sieve theory argument, we have that

S(h)(log log X)? 1
(log X)? >

Z ]lE/z/(n)]lE/z/(n + h)

X<n<2X

> 1E2<n>1152<n+h>—o(

X<n<2X

1
<3 2 le®lp0i+h.
X<n<2X

Therefore, we can reduce the problem to considering the correlations of n, n + h € E4.
We modify every definition featuring (P, P'*?], replacing this interval with [P, P,]. We
will once again apply the Hardy-Littlewood circle method and in (3-6) and (3-8) we take

00:=log" X,A' >4, Q:=PylogCX, H=>Qlog"X, 9-2)
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where C is chosen sufficiently large in terms of A" and D is chosen sufficiently large in terms
of A" and C. In Lemma 8-1 we instead define I := [Ulog Py, U log P;] where U := QE,
E > 0 and we define a] := ¢’ > 0 sufficiently small in terms of & > 0.

The applications of the Cauchy—Schwarz inequality to sums over products of exactly two
primes in the proofs of Proposition 3-5 and Proposition 6-3 are now too inefficient. To over-
come this, we split the sum over pj € [P, P2] into dyadic intervals before applying the
inequality. We now outline how to modify the proof of Proposition 3-5.

PROPOSITION 9-1. Let A > 3, B> 1 be fixed and m be defined as in (3-8) with Qq, Q as in
(9-2). Let QlogP X <H <X log_A X with D > 0 sufficiently large. For o € m we have that

2 X
[S(0)|7db K 5o
mﬂ[a—ﬁ,a-ﬁ-ﬁ] log X

Proof. As before, we apply Lemma 2-2 to the minor arc integral so that we need to bound

2

1 2X 5
[< 2 f > wame(nar)| dx+ Hlog® X.
x<n<x+H

The second term is acceptable by our choice of H, so it remains to bound the first term.
Now before applying Cauchy—Schwarz to the integrand we split the sum over p; into dyadic
intervals [P,2P] with P; < P < P, so that we instead need to integrate

2)

( > |11ﬂ»(m1>|2)< >

P<m<2P P<my<2P

Y. (logple(amp)

x<mpp=<x+H

The first term is < @, while the second term is equal to

Y (logpi(log poe(em(pi — p2)).

x<mpi,mpr <x+H
P<m=<2P

Next, we perform the integration on this sum and split into the diagonal (p; = p;) and off-
diagonal terms (p; # p2) as before. The diagonal terms now contribute

P XPlog X X
Si< Z Z log?p < < —= ) 93)
+D—1

HlogP P<m=2P X _ 3 Hlog P log X

Once again applying Lemma 2.5 followed by Lemma 2-1 and Lemma 2-6, the off-diagonal
terms contribute

S K

(CR)

/

XloglogXlogX [ 1 1
g log g ( Q><<
logh x

log P Qo I_’+H

for B’ > 3 by our choice of Qq, P, Q and H. Combining the contributions of the dyadic
intervals [P,2P] gives that

1< —F—
log8 x

for B > 1, as claimed.
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PROPOSITION 9-2. Let A>3,B> 0 be fixed. Let & >0 be fixed and exp ((log X)!~¢) <
H<X log_A X. Let I be defined as in (3-6) with Qo, Q as in (9-2). Then, for all but at most

O(HQSIB) values of 0 < |h| < H we have that

2

1 X
S(e)e( — ha)da = S(h)X - 0(—).
/m|(a>|e< ayde =&MmWX [ > =

B
P1<p=<P; log™ X

Proof. Recalling Lemma 5-1, we have the expansion

M(C]) Z Z e(Bn)

Qﬂ(q) Pi<p<P; " X<n<2X

1 1 9-5)
o) 2 Tox@ Yo | mmxm -5, Y —|etn
x(q) X<n=2X Py<p=P;
=a(a) + b(a)
and following the argument of Section 5 we have that

2

2,0 _ _ 1 X
/m IS(e)*e( — hayda =SMX | > +0(10 -

Pi=p=P»

(X)) :

Note that A2(X) < X( log log X)3, so it remains to bound B2(X). Following Proposition 6-2,
we have that B%2(X) < B1(X) + B>(X) where B (X) is defined in (6-1) and B»(X) is defined in
(6-2) with (P, P'19] replaced with [Py, P>]. With our choices of (9-2) and Py, P;, following
the arguments of Proposition 6-4 and Proposition 6-5 we now have that

BiX) K —%—
1(X) o X

The proof of Proposition 6-3 requires modifying in a similar way to Proposition 3-5. In
(6-4) we split the sum over P < p; < P» into dyadic intervals P < p; < 2P before applying
Cauchy—Schwarz, Lemma 2-3 and then combining the contributions of the dyadic sums.

We are now able to complete the proof of Theorem 1-3.

Proof of Theorem 1-3. By partial summation and Mertens’ theorem we have the bound
1
/ 1S()|>do = Z w3 (n) < log X Z @ (n) < Xlog X Z
0 X<n<2X X<n<2X Py<p=P,
< Xlog XloglogX.

Therefore, following the proof of Theorem 1-1, the result may be deduced from combining
this bound with Proposition 9-1, an application of Chebyshev’s inequality and Proposition
9-2 followed by an application of partial summation.
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10. Proof of Proof of Theorem 1-4

We outline the modifications needed to prove Theorem 1-4. When applying the Hardy-
Littlewood circle method, in (3-6) and (3-8) we now choose

0o:=logd" X,A'>6, Q:=x/+/2  H>ox/?, (10-1)

As in Section 9, in Lemma 8-1 we instead define I := [U log P, U log P;] where U := Qg,
E > 0 and we define aj := &’ > 0 sufficiently small in terms of & > 0. Analogously to the
almost prime case, we may write

] —_—
Z Am)wry(n+h) = / S(a)S' (a)e( — ha)da + O(h log2 X),
X<n<2X 0

where for « € (0, 1) we define the exponential sum §'(«r) := ) y n<2x A(m)e(na). The error
term is acceptable by our choice of H. We have the following result for the major arcs.

PROPOSITION 10-1. Let A > 5, B > 0 be fixed and let € > 0 be fixed sufficiently small. Let
xl/ote < g < Xlog_A X. Let M be defined as in (3-6) with Qq, Q as in (10-1). Then, for all
but at most O(HQ(;IB) values of 0 < |h| < H we have that

/S(a)%e(—ha)dazah)x Z ! +0< X )
m

B
Pi=p=P; p log™ X

Proof. We can expand S’ in terms of Dirichlet characters (see for example [24]):

1
5o =42 Yo empy+——= Y t(Ox@ Y. (Amx(n)—8yemnp)

§0(6]) X<n<2X QD(C]) x(q) X<n<2X
+ O( log2 X)
=c(a) 4+ d(a) + O( log2 X),

say. Therefore, using the expansion (9-5) and Cauchy—Schwarz, we may write the integral
over the major arcs as

/ S()S'(a)e( — ha)da
m

= / a(@)c(a)e( — ha)do
m
+ O(AX)D(X) + BX)(C(X) + D(X)) + (AX) + B(X)) log? X), (10-2)

where we define C?(X) = [y, lc(@)|*da with D(X) defined analogously. Evaluating
fgﬁ a(a)c(a)e( — ha)da as in Section 5 gives the required main term and an acceptable
error. Mikawa [24, section 3] proves that C*(X) < X log log X and that

5 q 2X
D(X)<<Z @Z(/X

9=Qo x(q)
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The second term is negligible by the definition of Q. Noting that we have chosen Q =
X1/6+¢/2 e apply Lemma 2-3 to the first term to get

D*(X) <
&) log? X

for B > 0, as required. Combining this with our estimates for A(X),B(X) (from Proposition
9-2) and C(X) we have that the error term in (10-2) is O(X log_B X), as required.

Proof of Theorem 1-4. Analogously to the proof of Theorem 3-2, by [21, proposition 3-1] we
have that

2

Z Z An)wr(n+ h) — / S(@)S' (a)e( — ha)da

O<|h|<H |X<n<2X m

<<H/ IS(@)I1S" ()] | ISBIIS (B)ldpda.

mN[a— 55,0+ 551

By Cauchy—Schwarz, we have that the above is bounded by

| | 1/2 1/2
<<H( / |s/<a)|2da> ( / |S<a>|2da> <sup / |S(ﬂ)|2dﬂ) :
0 0 aem JmN[a— 55,0+ 551

H

Trivially, we have that

1 1
/ 1S(er)|>de < X log X log log X, / IS ()| da < X log X,
0 0

so, combining these estimates with Proposition 9-1 (suitably adjusting for the choices of
Qo, O, H), we have that

2

> Y atwmeth - [ S@S@e - hda| <
m

B
0<|h|<H |X<n<2X log™ X

2

Therefore, applying Chebyshev’s inequality and Proposition 10-1 followed by partial
summation gives the result.
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