Can. J. Math., Vol. XXXIV, No. 3, 1982, pp. 741-758

CHROMATIC SOLUTIONS

W. T. TUTTE

1. The problem of chromatic sums. Early in the Seventies I sought
the number of rooted A-coloured triangulations of the sphere with 2p
faces. In these triangulations double joins, but not loops, were permitted.
The investigation soon took the form of a discussion of a certain formal
power series [(y, z, A) in two independent variables y and z.

The basic theory of ! is set out in [1]. There ! is defined as the coefficient
of x2 in a more complicated power series g(x, ¥, 2, A\). But the definition is
equivalent to the following formula.

(1) I N) = A—=1ly+y ; {(y" TP (T, \)}.

Here 7" denotes a general rooted triangulation. #(7) is the valency of its
root-vertex, and 2p(7T’) is the number of its faces. P(T, \) is the chromatic
polynomial of the graph of 7.

By substituting 1 for y in (1) we obtain the power series

(2) h(z,\) = I(1,3,\),
(3) Az \) = N = 1) + 2 {2 PP(T, \)}.

The enumerative problem mentioned above is the problem of determining
h for the value of N\ under consideration.

The colour-number X in (1), (2), and (3) can be generalized to values
other than positive integers. For any fixed A we say that I(y, 3, A\) and
h(z, \) are corresponding chromatic sums. | think of the ‘‘problem of
chromatic sums'’ as that of determining %(z, A\) for as many real or
complex values of X as possible.

We note here some points of interest about /. First it is a power series
in 2% rather than z. However odd powers of z do occur in the more general
power series g(x, ¥, 2, \). Next, [ is z-restricted, that is the coefficient of
each power of z? is a polynomial in the other variable y. To prove this we
observe that a triangulation 7" with 2p faces has 3p edges and p + 2
vertices. The least possible value of #n(7T) is 2. The maximum value of
n(T), for 2p faces, is attained when the deletion of the root-vertex and its
incident edges reduces the graph of T to a tree. This tree has p + 1
vertices and p edges, whence #(7T") = 2p. So the coefficient of 2% in / is
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a polynomial in y of degree at most 2p + 1, and moreover this polynomial
divides by ¥3.

In [4] functional equations for / are found for special values B, of A,
where

(4) B, = 2 4+ 2 cos (27/n),

and 7 is an integer not less than 2. B, is often called ‘‘the nth Beraha
number”’ by combinatorialists. The theory of [4]is simplified and extended
in [5].

For small values of # the equation for / can be got by more direct graph-
theoretical methods. This is done for » = 5 and #» = 6 in [2] and [3]
respectively. In each of these papers a parametric solution is found; 22 and
h are each expressed as simple functions of a parameter £. In principle £
can be determined as a power series in z? by eliminating £ In these two
papers the elimination isachieved, by applications of Lagrange’s Theorem.

In the present paper similar parametric solutions are found for the
cases n = 7 and n = 8, though the author has not yet attempted to
extract numerical results from them. For larger values of # parametric
solutions can still be claimed, in terms of the parameter 8 of Theorem 5.2.
But the equation (64) relating 8 to 22 may be thought rather complicated.

2. The basic equation. The simplification in [5] involves some changes
of notation. For a given B, it is found convenient to write

(5) =\ — 2 = 2cos (27/n),

(6) v = (2— w7t =4{sin® (v/n)}"

Next v is replaced by a variable T related to it as follows.
(M yA—=v+V)=1

Finally / is replaced by the following expression K, regarded as a function
of V and 22

(8) K = N2y, z,\) + 220 — V)P + (v — V)24 T

In [4] and [5] care is taken to explain that the work is being done in the
field of quotients of formal power series in the basic variables. In this
further study we can, because / is z-restricted, regard K as an element of
the ring R of formal power series in 22 in which the coefficient of each
power of 2? is a rational function of V. In general we work in the quotient
field F of R. A member X/Y of F can be seen to be a member of R unless
the initial term, the coefficient of 2%, in Y is zero.

The form given in [5] for the basic equation in the case A = B, depends
on whether % is odd or even. In the first case we write # = 2M — 1, and
in the second » = 2M. Let us also write 8 = 0 or 1 according as 7 is even
or odd, so that M = (n + 6)/2.
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In the theory of [5] K is called an “‘invariant’”’. For each B, a second
invariant I(n) is found. It is shown that I(n) must satisfy the equation

©  I(m) = Z ¢K',

where the coefficients g; are power series in z? independent of V. In
Theorems 8.2 and 8.3 of [5] I(n) is given as a polynomial in ¥V and
k/4 = K/(4 — u?). The first theorem refers to the even case and the
second to the odd. Unfortunately there is an error of sign in the second
theorem; the expression (V?™+! — p2™+1) should be replaced by (»*"*!
— V?+1), Using 6 we can combine the equations of the two theorems into
one as follows.

o M) (=1 M+ — 1)
10)  Im) = (=)' X, {(2(1' +)0)(!(M+— ’ —)6)!

K M=r=0 2r+6 27+
X (‘_*“(4 — Mr)> vV v )} .

The “‘basic equation”” with which this Section is concerned equates the
right sides of (9) and (10). It seems that this equation contains enough
information to allow us to determine the coefficients in the initially un-
known power series g;. When these series are known the basic equation
reduces to an ordinary equation of degree M — 1 for K.

In (10) we are dealing with Chebyshev polynomials and we can make
use of the identity

(11)  (—1)™{cos {n cos™" (x/2)}}

e S (D) M A — D) s
_7(_1)n7220(27+0)l(M—r—0)!x .

Accordingly we can rewrite the basic equation as
M

(12) (=DM *fcos {ncos™ (V/2t)} — cos {ncos™* (v/2t)}} = > g,
i=2

where

(13) qi= 34 — p®)M gy and

(14) ¢ =K/(4 — u?).

The definition of 2 needs some comment. From (5), (6) and (8) we have
(15)  (Coeff. of 2°in K) = V2?2 — wV + »2

Hence the initial term, the coefficient of 2°, in the square roof of K/ (4 — u?)
is not a rational function of V, and so the square root is not a member of F.
We have to think of ¢ as an imaginary over the field F. But the dependence
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of Equation (12) on the imaginary ¢ is only apparent; the equation is in
fact a relation between two polynomials in {72
Equation (12) combines Theorem 6.4 and 6.5 of {5].

3. A preliminary study of the basic equation. We write
(16) Q= (v — V)K.

Q is an element of R in which the coefficient of each power of 22 is a poly-
nomial in V divided by a power of (1 — v 4+ V), by (7) and (8). The same
statement can be made for each of the derivatives of Q with respect to V,
of all orders. Hence we can substitute » for I in Q, or in any V-derivative
of Q, to obtain a definite power series in z2. By (8) we have

a7y Q. =22

18)  (8Q/aV), = — (N 122k + v),

where the suffix indicates substitution of » for V. More generally we note
that each of the substituted V'-derivatives of Q has coefficients expressible
in terms of those in the power series [(y, 2, A\) in y and z2.

In (12) we have an equation between two polynomials in =2, We can
write in it

(19) =@ -l - MO

Let us now multiply (12), expressed in polynomial form, by Q7, where
the integer j satisfies 2 < j < M. Let us then differentiate j times with
respect to V and substitute » for V. We find that

L i1 =t (=) (M — 1)) 2err
HEDT 2 {(‘Z(r e

r=0

X [(a/avv{ T — i_ ( V"u“*"‘““)}] }

B gq"(‘* = 1)'1@/0M’ {6 = V'@,
that is,

L OEN (DM A — 1) arro___ (—1)" - 5!
(20)  &m {(2r+0)!(M—7-9)!(4——M)+(j—r“o_l)!

=0

u=0

— = i 2 i_j!__ j—1i -1
= ;qi<—1) 4 =)' Gy (/01707

+ g (—1) @ — )i,
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We note that the left side of (20), expressed as a polynomial in Q, and
the substituted V-derivatives of Q, divides by Q,. It thus reduces to a
power series in z? with a zero initial term. So by applying (20) for succes-
sive values 2, 3, 4, . . . , M of j we can obtain the following theorem.

3.1. In both the even and the odd cases each q; is a power series in 3% with
a zero initial term. Moreover its coefficients are expressible in terms of those

ofl.

The cases j = 2 and j = 3 of (20) are of special interest. We consider
first the even case, noting that the second sum on the left of (20) becomes
empty when » = 0. It is found that

_ _Mzuz2 .
@1) ¢ = - ® = 0).
_ Mg (\"2°h + v} _ iM%
(22) ¢ = @ — 27 @ — )?
M+ )M (M — 1)’
GRS @=0)

Equations (17) and (18) are used.
In the odd case we get the following rather different equations.

@eM — 1)z’ B
2(4:_ﬂ2) (0— l)v

@M — DN+ @M —DMM+ 1)
(24) qs 2(4 _ ”2>2 - 4(4 — #2) (0 = 1)

(23) g2 =

Since we have stated our objective as the determination of % in terms
of 22 we can now redefine our enumerative problem as that of relating ¢;
to ¢». But perhaps we should resign ourselves to the necessity of determin-
ing all the ¢, as functions of z2.

4. Reducers and conducers. Let
25) f= 217"
J

be any power series in z2 with real or complex numbers as coefficients. We
consider the operation of substituting f for V' in an element

(26) A= Az"
=0
of R. Here A4, is a quotient X,/ Y; of two polynomials X; and Y, in V.

We can substitute f for V in X, and Y, getting power series [X,], and
[Y,], respectively in z2. If the series [V,], has a non-zero initial term we
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can also evaluate the quotient

[Aj]f = [Xj]f/[yj]f

as a power series in z2. If this can be done for each j we can obtain from 4
the well-defined power series

4], = 2514,

which we call the result of substituting f for 7 in 4.

Evidently the procedure fails only if V' — f, is a factor of Y, for some ;.
In particular we can substitute f for ¥ in K whenever f;is not v or v — 1.

It is convenient to use the symbol U, where s is a positive integer, to
denote any number that can be expressed in the following form. It is a
polynomial in the quantities f; with j < s and the coefficients /;; of the
products %%/ in I(y, 2, \), again with j < s. Moreover the coefficients in
this polynomial are to have determinable real values. For example we
can write

(27)  [(8/022)°[K]sle = [(8/02*)°(f* — wof + »))]o + U,

where the suffix 0 indicates that we are to take the initial term. As a
simplification of (27) we write also

(28)  [(9/92%)°[K]slo = s1(2fo — w)fs + U..

The symbol U, need not represent the same number in each occurrence.
We use (28) to prove the following existence theorem.

4.1. Let a be a real number which is notv,v — 1 or 2v/u. Then there exists
a real power series f in 2% such that fo = o and such that

(29) f* = BIK],

for some real number 3. Moreover we then have

9

I
(30) B =it

Proof. If (29) is to hold we must have
for = B(fo* — wufo + v?)
by (15). But
(31)  fo — wufo 4+ v? = (fo — 3wv)® + 12(4 — u2).

Hence the expression on the left of (31) is positive for each real fo, by (5)
and (6). We are therefore justified in writing (30).
By formal differentiation of (29) and the use of (28) we have

s2fofs = s1(2fo — w)fsB + Us,
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that is

(32)  (forwr — 2v%0)f. = U..

If fo = 0 the theorem holds. In that case f is the zero power series in z?
and 8 = 0. In the remaining case, by hypothesis,

Sfolwr — 2%y # 0.

Hence, fo being known, we can find fi, fs, f3 and so on in terms of the
numbers I;; by (32), using the appropriate number U, in each case. The
sequence of the f; defines a formal power series f in 22, as in (25), and this
series satisfies (29).

This completes the proof of 4.1. We can add that (32) determines f
uniquely in terms of the preceding coefficients f;. So we have the

COROLLARY. Under the conditions of 4.1 the series f is uniquely determined.
If the inijtial term of fis not » or v — 1 we have the series [K],in z2. The
initial term of this series is fo> — wvfo + »2, which is positive by (31).

Accordingly there is a uniquely determined power series ¢ in 2% which is
a square root of

(K1,/ (4 — )

and has a positive initial term ¢o. It is convenient to regard ¢ as the result
of substituting f for Vin ¢.

Since f can be substituted for 7 in K it can be substituted also in the
basic equation. The result, expressed in trigonometrical form, is as follows

(33)  (=1)"{cos {ncos™" (f/2¢)} — cos {mcos” (v/2¢)}} = l=22 g

We can get another equation involving f and ¢ by first differentiating
the basic equation by 7 and then substituting. We take note of the follow-
ing identities.
sin {n cos™* (x/2)}

{1— @/4)”

M—8 r 2r40-1
—1D)'(M+7r— 1k
=31 o M D
= @2r4+0—1DI(M—r—0)!

We can now write our new equation as

1 a __ nfsin {n cos™' (f/2¢)} | mwsin {ncos™ (v/2¢)}
35 2 [ dv] [ 2671 — (F 74N T 26711 — (P /Ae)]

nsin {ncos” (f/2¢)}
2¢{1 — (f*/4¢")}*

(34)  (d/dx){cos {ncos™ (x/2)}} = in

- (D" @i 0)q1-¢"‘“‘1} + 0.
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Let us say that the power series f is a reducer, with respect to the given
n, if it satisfies the two following conditions.

(i) foisnot v, » — 1, 2v/u or ur/2.
(ii) f = 2¢ cos (p7/n)

for some integer p.
The second condition is equivalent to the assertion that

(36)  sin {n cos™! (f/2¢)} = 0.

If f is a reducer we say that ¢ is the corresponding conducer.
If (35) is to be interpreted as a relation between power series in 3% we
must have

(37)  4¢o® # fo?, 4¢¢* # v
But if 4¢¢? = fo? or »* we have

4fo* — dunfo + d? = (4 — u?)fe> or (4 — ),
by (15), whence

(Wfo — 20)2 =0 or (2fo — w)? = 0.

Hence (37) is always satisfied if f is a reducer.

By (15) the initial term of the power series [d(¢2)/dV], is that of
[d(V2 — wV + »?)/dV],, which is (2fy — wv). Hence if f is a reducer the
power series [d(#2)/d V], is non-zero.

Using these results we can state Equations (33) and (35) in simpler
forms valid for the case in which fis a reducer.

4.2. Let f be a reducer, and ¢ the corresponding conducer. Then

(38)  (=D™{(=1)" — cos {ncos™ (v/20)}} = ;qidf’_z"

and

(39)  (=1)"(d/d¢){cos {ncos™" (v/2¢)}} = ; (26 — 0)gi’ """

We can get some information about initial terms by applying 3.1.
Using that theorem in conjunction with (34) and (39) we find that

sin {n cos™ (v/2¢,)} = 0.
Hence
(40) v = 2¢ cos (mn/n)

for some integer m. Since ¢, is by definition positive we can restrict m to
satisfy 0 < m =< in. If n is even we exclude the case m = iz since it
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makes ¢, infinite. We can now state the range of m as from 0 to M — 1in
both the even and the odd cases. But we shall see that Condition (i) of
the definition of a reducer imposes a further restriction.

Let us write

w = cos (mw/n).

The values of f, corresponding to m can be found by substitution in (15).
We find that

(4 — p)r2w=? = 4f2 — dwfy + 42,
fo=Z{w £ v — p)2(w? — 1)1,
(41)  fo = Sv{p £ (4 — w22 tan (mw/n)}.
By (5) and (6) this can be written also as

vcos {(m £ 2)7/n}
cos (mw/n) ’

42) fo=

Comparing this equation with (40) and with Condition (ii) of the defini-
tion of a reducer we see that the integers p and m have the same parity.
Consider the case m = 0. There is only one corresponding value of fo,
namely 3uv, by (41). But this value is excluded by Condition (i).
Now suppose m = 1. We deduce from (5) and (6) that

cos (n/n) = 4(2 + w)17, sin (n/n) = 32 — w)1",
tan (w/n) = {(2 — )/ (2 + W)}
Substituting this in (41) we find that
fo=%lux 2—w}=» or v(p—1).
But
v(p—1) =v(—v14+1) =v —1,

by (6). Hence fois v or v — 1, and both these values are excluded.
Take next the case m = 2. By (5) we have

cos (2m/n) = ju, sin 2r/n) = 3(4 — u?),
tan (2r/n) = (4 — p?)'?/p.
Hence, by (41),
fo= (v/2u){u? = (4 — ud)},
fo=2v/p or w(u*— 2)/p.

The first of these is an excluded value. We deduce that if m = 2 we must
take the negative sign in (41) and the positive sign in (42).

Now by (15) f, determines ¢, uniquely. By (40) and the restriction on
m distinct values of m determine distinct values of ¢,. Hence no value of

Il
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m exceeding 2 can correspond to an excluded value of fy. If m is 2 or more

the two values of f; given by (41) are distinct. Hence if m = 2 the second
value of f; is not an excluded value.
Using Theorem 4.1 we summarize our results as follows.

4.3. There exist M — 2 distinct conducers, one satisfying
2¢ cos (mw/n) = v
for each integer m such that2 = m < M — 1.

When m exceeds 2 there are two distinct corresponding reducers f,
with f, given by (41). The corresponding conducers have the same value
¢y for their initial terms. Indeed we shall show in the next section that
the two conducers are equal. Let us say that the two reducers correspond-
ing to the same value of m (exceeding 2) are conjugate.

5. Parametric equations. We can express (38) and (39) in simpler
form by writing
. (=) M +7r—0— 1)
- L
@3 b=t =
where 0 < r < M and ¢y = ¢, = 0. If we also write ¢ for the reciprocal of

¢ then we can, by (11) and (34), replace (38) and (39) by the following
equations (44) and (45) respectively.

(44) (_1)M+m - Z;PH[/‘ZT—BY

(45) 0= ; @2r — 0)p.y”.

We refer to (44) and (45) as the parametric equations for the given value
of n. There are at least M — 2 parameters ¢, by 4.3, and for each one we
have the above two equations. Moreover pg, p; and p. are known in
terms of 22, by (21), (23) and (43). This leaves M — 2 unknown functions
p.. We may hope to determine them, and M — 2 parameters ¢, from 2M
— 4 parametric equations.

In the even case § = 0 we have, by (43),

(46) po=1, p1 = —3M»~
In the odd case § = 1 we can take p, to be zero. By (43) we have
(47)  p1= —32M — .

Let us now differentiate (44) by z2. Applying (45) to the result we find
that

(48) ; (@p,/d(=")¥" = 0.
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5.1. Conjugate reducers have the same conducer.

Proof. Suppose that some two conjugate reducers f and g have different
conducers. Then we can assert (48) for M — 1 distinct parameters

V=9, ¥y ..., ¥y

The derivatives in (48) are not all zero, by (21), (23) and (43). But in
(48) we have M — 1 homogeneous linear equations for the M — 1 deriva-
tives. Hence the determinant of the matrix {¢;*?} must vanish. The
necessary and sufficient condition for this is that ¢ ;> = ¢, for some two
distinct suffixes < and j. But then y; = ¢, since each conducer has a posi-
tive initial term, and we have a contradiction.

We write
(49)  p/ = dp,/d(z*).
We put also p, = p,/ = 0 when» > M.
5.2. There exists a power series (3 in 22 such that
(50)  Apru’ = Bp, — (2r — 0)p,
for each integer r = 2.

Proof. The squares of our M — 2 parameters are the roots of the
equation

M—2
Gl 2 pra'” = 0,

by (48). But they are also roots of

(52) i @r — 0)pix” = 0,

by (45). In (52) the coefficient of x° is zero if # = 0. So in both the even
and the odd case we can reduce the degree of (52) by dividing by x. Then

M—-1

(53) ZO @2r +2—0)px’ =0.

The squares of our parameters are still roots of this equation. For the
reciprocal of a conducer cannot be zero.

We deduce that the left of (51) is a factor of the left of (53). We can
therefore write

M—2 M—-1
(54)  (a+ Bx) ZO pr2'x’ = X(; (2r +2 = 0)prax’.
Here each of e and 8 is a constant, a power series in z% or perhaps a quotient

of two such power series. Such a quotient could be written as a power
series multiplied by a negative power of z2.
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From the coefficients of x° and x! in (54) we find
(55)  ap) = (2 — 0)py,
(56)  aps’ + Bpy’ = (4 — 0)p.
Taking all the coefficients into account we have the general rule
(B37)  aprd’ + BpS = (2r — 0)p,

valid for all positive integers 7, and of which (55) and (56) are special
cases.
In the even case we have

(58)  p1 = —zMHE  py = M/(4 — p?),

by (46) and (21). In the odd case we have

(59)  pr= —32M — 1)y, p =32M —1)/(4 — u?),
by (47) and (23). In both cases

(60) a= —v(4 — p?) = —\,

by (55), (5) and (6). Since p.’ is a non-zero constant we deduce from (56)
that 8 is indeed a power series in z2. The theorem follows, by (57).

We conclude this section with a comment on Theorem 5.2. Let us define
an operator W, as follows.

(61) W, =D"'(8D — (2r — 9)),
where D is the operation of differentiating by 2. Then
(62)  pr1 = NTWop,

for r = 2, by 5.2. The initial term in p,,; is known, by (43) and Theorem
3.1. Hence the constant of integration implied by the symbol D~! can be
determined. By iteration of (62) we have

(63) P7+1 = )\_T+1WTW,_1 e WgWQPQ.
In particular we can put » = M in (63). Then p,4; = 0 and
(64) WMWM_1 “ e W3W2p2 = 0

Equation (64) involves only the one unknown function 8; it would
seem to be of some theoretical interest as an equation for that power
series. If B were known we could use (62) to find p3, p4, p5 and so on.

6. The case n = 5. In this case

(65) w=r17
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where 7 js the positive root of the equation
(66) x2=x-4+ 1.

It is convenient to have the following table of powers of 7.

TasLE 1.
2r = 1 4+ /5 21 = —1 45
272 = 34+ /5 2772 = 3—4/5
273 = 4 4 2+/5 2773 = —4 4 2+/5
2t = T 435 2774 = 7 4+ 345
27 = 11 4 5+/5 2775 = —11 + 54/5

Using this Table in conjunction with (5) and (6) we find that
(67) N=712v=1/5 4 —p:=+/5-1.
From (23) we have
(68) g2 = V52227,
and from (24)

= 1{7—43% + T_lzz} _ éT_zz
93 = 2 NG V5
3.2
— 2
(69) ¢; = ir%'h — 2’\/5.

Applying (43) we obtain the following formulae for the p,.
(70)  p1= —35 -7,

3
(1) =357 + 2z/5,

3.2 5
1 —4 4

T2 T
by =3 Bk = T SN

In the present case M = 3 and there is only one conducer ¢, correspond-
ing to the value 2 of m. The associated parameter ¢ = ¢! satisfies the
following two equations, by (44) and (45)

(73)  —1 = pip + poy® + pay?,
(74) 0 = p1y + 3po¥® + Spay®.
From these we deduce

(75)  2p2 = —5¢* + 24/5 - 7¢%,
(76)  2p; = 3¢° — /5 - 1

(72)

I
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Using (71) and (72) we can now express 22 and z‘k in terms of ¢, as
follows.

(T7) 22 = —5re® + 2029 — (1/5),

-9 47 5 4 4,3 27'5¢2 T5(57'2_1)
(718) rZ'h =3¢ —5-7¢"—1'¢ +\/5 ~ o5

If we put
(79)  x=+/5-77!
Equations (77) and (78) can be written as follows.
80) =5t = (x — 1)(x — 7)(x + 771,
(81) 25457 %%h = (x — 7)2(x + 7)) (Bx2 4+ Br — 2)x — (47 + 1)).

These two formulae can be identified with the parametric equations
numbered (35) and (36) in [2]. There the symbol # is to be interpreted as

(x 4+ /5.

A solution of the parametric equations is given in [2]. Here it remains
for us to check the application of Equations (48) and (50).
From (75) and (76) we have

(82)  dps/d¢p = —15¢* + 4/5 - 19,
(83)  dps/dé = 15¢* — 44/5 - 7¢°.
Using (71) we deduce that
(84)  2p = /577,
(85)  2py = —~/5- 1719
These results verify (48) which for M = 3 takes the form
(86)  po + ¥y’ = 0.
From Equation (50) we have
(87)  Npy' = Bpy — 3p»,
(88) 0 = Bps" — 5ps.
From either of the last two equations we can deduce

(89) B = —3v5-¢°+ 5ri¢.
7. The case n = 6. In this case we have

(90) AN=3,pu=10=14—p=3.
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From (21) and (22) we find
91)  g» = 322,
(92) ¢qs = (z*h/3) — 322 — (2¢/2).
Hence by (43)
(93) po=1,p1=—9/2,po=q:+ 3,3 = ¢z — 3.

Again there is only one conducer ¢, corresponding to m = 2. Equations
(44) and (45) can be written thus.

(94) =2 = pi* + pop* + Pyt
(95) 0 = p1+ 2py* + 3payt.
From these we find

(96)  p2 = —6¢* + 9¢%,

97)  2p; = 8¢° — 9o,

We can use the preceding equations to express 32 and z* in terms of ¢.
We find

(98) 2= —(¢" —1)(2¢* — 1),
(99) 2tk = 6(¢* — 1)*(¢* + ¢* — 1).

These can be identified with the parametric equations numbered (24)
and (27) in [3]. We are to put ¢ = .
From (96) and (97) we have

(100) dps/d(¢?) = —12¢* + 9,
(101) dps/d(¢?) = 12¢* — 9¢°.
Using (91) we deduce that
(102) po’ = 3,ps = —3¢"

This verifies (48), which still takes the form (86). From Equation (50)
we now have

(103) 3ps" = Bpy’ — 4p2, 0 = Bps’ — 6ps.
From either of these equations we can deduce

(104) B = 9¢* — 8¢*.

8. The case » = 7. In this case M = 4 and p satisfies the equation

(105) w4+ pu?—2u—1=0.
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In works on chromatic polynomials the values of A forn = 5and# = 7

are sometimes called the gold and silver roots respectively.

We now have two distinct conducers, corresponding to m = 2 and

= 3. We denote them by ¢, and ¢; respectively. In (44) and (45) we
now have four linear equations which we can solve for pi, ps, p3 and p;
in terms of ¢, and ¢s.

The author found it convenient to write

(106) v = ¢35 — @2, u = v %Ps¢hs.
Solving the four linear equations he then found

(107) 2p; = —v(3 + 3u — u?),

(108) 2p = v3(1 + 3u + 4u? — 3u?),

(109) 2p; = —v°(2u? + 2u® — 3u?),

(110) 2p4 = o7 (u* — ud).

But p; = —7v/2 by (47), so Equation (107) gives v as a function of .

Accordingly we can write the following equations for p,, p; and p, as
functions of a single parameter u.

()°( + 3u + 4® —-3%)
3+ 3u — u?)?

(7u) (2u® + 2u® — 3u’)
(8 + 3u — u*)° ’
()t =)

(113) 24 = {5 gt

Since p2 and p3 have simple expressions in terms of z2 and zk, by (23),
(24) and (43), the above equations can in principle be used to determine
h as a power series in z2. Leaving this for possible future investigation we
go on to study the present forms of (48) and (50). By differentiation we

(111)  2p, =

(112)  2ps

have
(114) 2982 _ (Tv)’u(12 — 24u + 16u* — 9u®)
du B4 3u —u)! '
15y 24b2 _ = (M)°u(l + 2u) (12 — 24u + 16u° — 9u’)
du (B + 3u — u*)°
2dps _ (T)'u’(12 — 24u + 160" — 9u’)
(116) du 3+ 3u — u?)®
Accordingly
2
a1y s = (T)*(1 + 2u)

dps 3+ 3u — u®)’ -
4 2
(118) dps (Tv)"u

dp, (B4 3u —u®)*’
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By (23) and (43) we have
(119) 2py = 7/(4 — u?).
To find 2py’ and 2p, we multiply the right sides of (117) and (118)
respectively by 2p,’.
Equations (48) can be written
b2'dps + ¢o’dps + dpy = 0,
@3'dps + ¢s?dps + dpy = 0.

Their solution is

__—dps _ _dps
(120)  dp2 = b + d5° P2y
But

d22Ps? = ut, o + ¢3® = v2(1 + 2u),
by (106). Hence (120) is consistent with (117) and (118).
From (50) we get the three following equations.
Aps' = Bps — 3p,
Mpd = Bps’ — 5ps,
0 = Bps — Tps.
From any one of these we can deduce that
2 3,2 3
We have checked our parametric equations (111)-(113) against (50).

Since the check gives a solution 8 of (64) as a function of % it amounts
almost to a new proof of these equations.

9. The case » = 8. In this case M = 4 and u = /2. Again we have
two conducers ¢, and ¢3, and four linear equations to solve for pi, p,
psand p4in terms of them. We also have

p1 = —8»?
by (46).
This time the author wrote
(122)  u¢s® = ¢3* — ¢o?
and obtained the following parametric equations.

—8"u°*(6 — 15u + 8u°)

(123) p. =

1 — 2u)*
 —=320%°(3 — 6u + 2uP) (1 — u)
=32%°2 = 3u) (1 — w)’
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For derivatives we can deduce the following equations.

4 2 2 3
(126) dps _ —16ru (9 — 36u + 50u” — 24u”)

du (1= 2u)° :
(127) (fl_;;g _ =325 (2 — w) ((? = 321;4+ 500" — 24u°)
(128) %%4 _ =645 (1 — ) 8} - :232?5+ 50u° — 24u’)
(g0 9 0= w)

dp: (- 2u)’

We can use these results to verify (48), much as in Section 8. From
Equation (50) we get the following equations for the parameter .

Apy' = Bpy — 4pe,
i = Bps’ — 6ps,
0 = Bp4l - 8P4
From (21) and (43) we have
pe = 16/(4 — u?).

From this, Equations (123)-(130) and any one of the three 8-equations
we can deduce that

=4 = 25— w) (2 — 3u)
(131) 8= T = 2u)? :
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