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Additive Riemann—Hilbert Problem
in Line Bundles Over CP!

Roman J. Dwilewicz

Abstract. In this note we consider d-problem in line bundles over complex projective space CP! and
prove that the equation can be solved for (0, 1) forms with compact support. As a consequence, any
Cauchy-Riemann function on a compact real hypersurface in such line bundles is a jump of two holo-
morphic functions defined on the sides of the hypersurface. In particular, the results can be applied to
(CP? since by removing a point from it we get a line bundle over CP!.

1 Introduction and Definitions

Let CP' be the one-dimensional complex projective space. It is well known (e.g., [GH,
Gu]) that all line bundles over CP"! are E;, k = 0,4+1,2,. .., where the transition
functions are z, = z; Vandw, = z’l‘wl. We use the standard notation: O, the sheaf of
germs of holomorphic functions, H' (Ex, O), the first cohomology group of E; with
coefficients in O, and H! (Ex, O), the cohomology group with compact support.

The main results of this note are the following:

Theorem A (Theorem 4.1) In any Ex, k = 40, 1,2, . . ., the equation Ou = w can be
solved for any closed (0, 1) form w with compact support. Additionally, ifk = 1,2, ...,
the solution can be chosen to have compact support; ifk = 0,1, 2, .. ., the solution exists
even if the support of w is not compact.

Theorem B (Theorem 3.1)

(a) HMNEk,O)=H'(E,0)=0fork=1,2,...;

(b) H!(Ey, 0) # 0and H'(Ey, O) = 0;

(c) HMNEi, ) # 0and H'(E, ) # 0fork=—1,-2,....

A smooth function defined on a real hypersurface in Ej is Cauchy—Riemann (CR)
if it satisfies the tangential CR equations. As a consequence of Theorem A we have

Corollary (Corollary 4.3) Let M = QU be the boundary (connected) of a relatively
compact domain U, U = U* € E = E, k = 0,£1,£2,.... Then any smooth CR
function f on M can be represented as

(1) f:qu—u*,

where ut (resp. u™) is a holomorphic function in U* (resp. U~ = Ey \ U+) smooth on
the closure U (resp. U ).
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In particular, the Corollary can be applied to CP?, since by removing a point from
it we get a line bundle over CP". In the CP? a stronger result can be obtained, namely
that one of the functions 4™ or ™ in (1) is constant under some weak hypothesis on
M (global minimality); see [DM, S1, S2].

The 0-equation is intimately related to the first cohomology groups and also to
the Hartogs and Hartogs—Bochner phenomena (see, for instance, [L]). Because of
that we need the following definitions.

Let X be a connected complex manifold. By a domain U we always mean an open,
connected, relatively compact set with smooth connected boundary. By smooth we
mean C°°, however the differentiability class in the results of this note can be relaxed
significantly.

Definition 1.1 'The Hartogs phenomenon (JH in short) holds in a complex manifold
X if for any compact set K such that X \ K is connected, any holomorphic function
defined on X \ K can be holomorphically extended to X.

Definition 1.2 The Hartogs—Bochner phenomenon for a domain U € X, (HB-U in
short), holds if any smooth CR function on U can be holomorphically extended to
U and smoothly up to the boundary.

Definition 1.3 The Hartogs—Bochner phenomenon (HB in short) holds in a com-
plex manifold X if HB-U holds for any domain U € X.

2 Cohomology Groups and the Hartogs—Bochner Phenomenon

Let X be a complex manifold. We introduce the g-th cohomology group with com-
pact support. Let F be a sheaf of abelian groups over X, and let U = {U; };¢s be a
locally finite covering of X by relatively compact open sets U; that are homeomor-
phic to a ball. In what follows, we always consider such coverings. We define the g-th
compact cochain group of F with respect to U, denoted by CZ(U, F), as a collection

L(U;, N---N Ui, F) > {fiu,m,iq}v fio,m.,iq # 0 for finitely many i, ..., i, € I.

We say that the g-cochain {&;, . ;, } as above has compact support. Obviously we have
the standard coboundary operators:

§: CIU, F) — CIH (U, F).
Consequently we can define the group of compact g-cocycles and g-coboundaries

24U, F) := Ker[CI(U, F) — CT (U, F)]
BI(U, F) == Im[CI~" (U, F) — CIU, F)]

and the g-th cohomology group with respect to the covering U, namely

HIU, F) := Z3(U, F)/BI(U, F).
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The inductive limit
H}(X,F) =lim HY(U, J)
u

is called the g-th compact cohomology group of X with coefficients in F. Later on we
will work with H! (X, ©) or H'(X, O), where O is the sheaf of germs of holomorphic
functions.

Proposition 2.1  Let X be a complex manifold.

(a) HX(X, ) = 0 if and only if for any smooth closed (0, 1) form w on X with compact
support there exists a compactly supported solution u of du = w.

(b) The compact cohomology group H' (X, O) is naturally mapped into the standard
cohomology group H' (X, 0). If H holds for X and moreover X has one end, then
the mapping is injective.

(c) Let X be a noncompact complex manifold. If H:(X, Q) = 0, then HB holds in X.

(d) Let X be a noncompact complex manifold with one end. We suppose that H holds
for X and that the O-problem has always a solution. Then H!(X,0) = 0 and HB
holds in X.

Example 2.2 The opposite implication in Proposition 2.1(c) is not true. Let X =
C*\ {0}. Then HB holds in X but H!(X, ©) # 0.

Problem It would be interesting to prove or disprove whether there is equivalence
between HB and vanishing of the first cohomology group with compact support,
excluding some obvious cases (as in Example 2.2).

Proof of Proposition 2.1 (a) Assume that H! (X, 0) = 0. We take a closed (0, 1)
form w on X with compact support. We choose a covering {U; }ic; of X (the covering
is as described above). In each U; we can solve the equation u = w|y, and denote
the solution by 7;. Moreover we choose 1; = 0 if U; N supp w = &. We set

&'J’Z’r]]‘—ni OnU,‘ﬂUj, i,jEI.

Obviously &;; are holomorphic functions and §;; = 0 except for a finite number of
indices. Since H! (X, ) = 0, there exists a 0-cochain {¢;};c; with compact support
of holomorphic functions such that §;; = §; — &. Sowe haven; —n; = §; — § or
n; — & = n; — & on U; N U;. Consequently, we can define a global function u

u=u;j=mn;—-§ on U; jel
Also we have Ju = Ju ;= énj = w on U;. Moreover, the support of u is compact
since u; = 0 except for a finite number of j’s.

Now we prove the opposite implication. We assume that the equation du = w
can be solved as in (a) and we take a 1-cocycle {&;;}; jer with compact support of
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holomorphic functions. Let {1); };cs be a partition of unity by smooth functions. We
define
=Y i
lel

We note that ¢; &; is a well-defined smooth function on U; and {7, } ;s has compact
support. The summation makes sense because the covering is locally finite. We have

nj—ni = Z(U)lflj — &) = 21/11(511‘ —&i) = Zd’l&‘j = &ij-

lel ler lel

Since 5771‘ —0n; = gfij = 0 on Uj;, we have a globally defined (0, 1) form w = 577]»
on M with compact support. By our assumption, the equation Ju = w can be solved
with compactly supported u. Now we take

{&tier, &=mi—u, i€l

which also has compact support. Moreover, 9¢; = dn; — du = 0, and obviously
§; — & = &ij. Part (a) is proved.

(b) We take an element £ € H} (X, O) which is represented by a 1-cocycle {&;;} with
compact support. Obviously it determines an element in H' (X, ©). Such mapping
does not depend on the representing element chosen.

To prove that the mapping is injective, it is enough to prove that only the zero
element of H! (X, O) is mapped at the zero element of H'(X, Q). Assume that there
exists £ € H}(X,0), £ # 0, which is mapped at zero in H'(X, 0). Let {&;;} be a
compactly supported cocycle which represents £ and which determines the zero ele-
ment in H'(X, ©). This means that there exists a 0-cochain {7; };¢; of holomorphic
functions such that

Gj=mnj—mi, i,jel
Since ;; = 0 except for a finite number of indices, we have that 7; = n; for almost all
i, j € I. It means that we have a function f defined on X \ K, where K is a compact
set. Since X has one end, there is only one unbounded component of X \ K. This and
the assumption that J{ holds in X gives that the function f can be holomorphically
extended to a function F on X. Now replacing {7;} by {n; — F} we obtain that {&;;}
determines the zero element in H! (X, ), which contradicts £ # 0. Part (b) is proved.

(c) This part is very well known in the literature (see, for instance, [AH]). Let f be a
CR function defined on the boundary U of a domain U. We can extend f smoothly
to f on X in such a way that 9 f vanishes to infinite order on QU. We consider the
(0,1) form
" {8 f onU, _
0 onX\U.

The form w is smooth. By our assumption, there is a smooth, compactly supported
function u such that du = w. The function u is holomorphic on X \ U, and since u
has compact support, it must be zero on X \ U because it is connected. The function
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F = f — uis holomorphic on U and F|sy = f|sy. This means that the Hartogs—
Bochner phenomenon holds. Part (c) is proved.

(d) Let w be a O-closed (0, 1) form with compact support on X. By the assumption,
there exists a solution u of u = w, and obviously u is holomorphic on X \ supp w.
Since X has one end, there is only one unbounded component of X \ supp w. Be-
cause the Hartogs phenomenon holds, there exists a holomorphic extension uy of
U] x\supp w t0 X. So we have that O(u — uy) = Ou = w and supp (u — 1) is compact.
Consequently H! (X, ©) = 0 and, from (c), HB holds in X. This proves part (d) and
completes the proof of the proposition. ]

3 Some Cohomology Groups of E;

Now a few words about line bundles over CP'. Any line bundle E over CP' can be
identified with an element of H'(CP', ©*) ~ Z (see [GH, Gu]). In practice, this
means that we can choose the atlas (U, (z1, 1)), (Uy, (22, w,)) of E such that

UIZ(CX(C7(ZI7W1)7 1 k
(2) n=—, wm=zw.
U2 ~Cx <Ca (ZZaWZ)v 21

We denote by Ej the line bundle over CP' which is determined by the transition
function &,(z) = 25, k = 40, 1,2, ..., i.e, an element ole({Ul, U,}, O*) .

Theorem 3.1 Let Et, k = 40, 1,2, .. ., be a line bundle over CP'. Then

(a) H'(Ex,0) = H'(E,0) = 0fork=1,2,...;
(b) H!(Ey,O) # 0 and H'(Ey, 0) = 0;
(¢) H!(Ey,0) # 0and H' (B, 0) £ 0 fork = —1,-2,....

Corollary 3.2 Let w be a O-closed (0, 1) form on Ey. Then

(a) The equation Ou = w has a solution in Ey for k > 1. Moreover, if supp w is
compact, then u can be chosen with compact support. Consequently, HB holds
in Ey.

(b) The equation Qu = w has a solution in Ey, but HB does not hold in E,.

Proof of Theorem 3.1  First we prove that H'(E, O) = 0 fork = 0,1,2,.... Since
the covering {U;, U, } is a Leray covering, we have the equality

H'(E,0) = H'({Uy,U,},0),

so it is enough to show that the latter cohomology group is zero. To prove this, we
take a holomorphic function g(z;, w;) defined on C, x € and write its Laurent
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expansion:
ou(z1,wy) = E E Cap 2w = E E Cap ZiW) + E E Cap ZiW)
a=—00 (3=0 a=0 =0 a=—00 (3=0
o0 o0 o0 o0
_ o, B atkg 3
—E E Cl!ﬁzlwl+§:§ A—a)s2, W,
a=0 3=0 a=1 3=0

= g1(z, w) —g2(Zz,Wz)a

where the functions g;, g are holomorphic on Uj, U,, respectively, which gives that
H'({U1,U,},0) =o.

Next we prove that H'(E, O) # 0 for k = —1,—2,.... To see this, we take as
£1(z1, wy) the function

2k+1
©1(z1,wy) = 27w,

We assume that &1 (z1, w1) = g1(z1, w1) — @2(z2, w2), i.e.,

25 w2 Z Z anpzs — Z Z bapzy Wy

a=0 =0 a=0 =0
S SIS
_ b k3 0<
= am;zl Wl qzl
a=0 3=0 a=0 =0

Consequently we have

00 )
2k+1 § e 2 2k—a
Z; = Aa22] — baZZl 3
a=0 a=0

and in both sums there are no powers of z; of order 2k < « < 0, which gives a
contradiction. The claim is proved.

Finally, let k be arbitrary and consider the cohomology groups with compact support.
We take an arbitrary holomorphic function u defined in a “ring neighborhood” of the
zero section of Ej, which in local coordinates on U; and U, can be written as

+0o0

w(z,w) = Y a(z)wi on{(z,w);n(z) < |w| < Riz)},

a=—00
+00

Uy (22, wp) = Z a0 (22) W3 on{(z,w2) ; n(z) < |wa| < Ra(z2)}

a=—00

for some smooth functions Ri(z;) > ri1(z;) > 0 and Ry(z,) > r,(z;) > 0. Because
these two functions u; and u, should be the same in the common domain, therefore
we have

a(1/z1) = sz“am(zl), a==20,1,2,....
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We have three cases with respect to k:
Ifk > 1,thena;, =a;o =0fora=—1,-2,... and

+0o0 +0o0
w(z,w) =Y an(z)w,  (z,w) = anlz)w.
a=0 a=0

This means that the Hartogs phenomenon holds on Ej, k > 1. Combining this infor-
mation with H' (Ex, O) = 0, k > 1, and Proposition 2.1(b) we get that H!(Ex, O) = 0
fork=1,2,....

If k = 0, then a;, = a,, = const fora = +0,1,2,... and

+0o0o +0o0o
— e} _ e}
ui(z1,wr) = E Ao Wi, Uy (2, w2) = E Ay Wy .
a=—0Q a=—00

From the form of the function u we see that the Hartogs—Bochner phenomenon does
not hold in this case. Thus, applying Proposition 2.1(c) we get H (E,, O) # 0.
Ifk < —1,thena;, =ay, =0fora=1,2,... and

0 0

wz,w) = Y an@)wl,  w@mw) = Y aanlz)w.

a=—00 a=—00

Again it is obvious that the Hartogs—Bochner phenomenon does not hold in this case.
Consequently, we have that H! (Ex, 9) # 0 for k < —1.

4 The J-Equation in Line Bundles Over CP'

In this section we deal with the line bundles Ej over CP! for k = —1,—2, ..., unless
otherwise stated. The main theorem of this section is:

Theorem 4.1  Let w be a smooth (C), O-closed (0, 1) form on E = Ej with compact
support. Then there is a smooth solution of the equation

ou = w,
and moreover the function u is determined uniquely up to a constant.

Remark 4.2 1In general, the solution u in the proposition does not have compact
support.

Corollary 4.3  Let M be the boundary of a domain U, M = OU smooth, U = Ut €
E=E, k=0,%£1,42,.... Then any smooth CR function f on M can be represented

as
f = 1/[+ - Mi,

where u* (resp. u™) is a holomorphic function in U* (resp. U~ = E\ U ") smooth on

T ( resp. U ).
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Proof of Corollary 4.3 We can extend f to a C* function F in such a way that
supp F lies in an arbitrarily small neighborhood of M and 9F|y = 0 to the infinite

order. We define B
OF onU",
w =
0 onU™.

The form w is of class C*° and with compact support. From Theorem 4.1 we can
solve the equation Ou = w in Ej for k < —1 and from Corollary 3.2 in E; for k > 0,
and u is of class C*°. So we have

O(F —u) =00onU" ie.,F— uisholomorphicon U",
Ou=0onU" ie.,uisholomorphiconU~,

and
F=(F—uw—(-u), Flu=f

Obviously the components of the decomposition are of class C*>°. The corollary is
proved.

4.1 Properties of Compactly Supported (0, 1) Forms on E;

Any (0, 1) form on Ej can be written

_ {W(Zl,Wl)=ﬂ1(217W1)d51+bl(217W1)dW1 in Uy,

w(zy, wy) = ay(z2, W2) dzy + by(zo, wy) dw,  in U,.

Since
dz, = —z; % dz,, dw, =kz""'w, dz, + 2} dw, ,

we have
ay(zy, wy) dz, + bi(z1, wy) dw,
—1 k. \=—2 4= -1 _k —k—1 — —k
= —ay(z] ", zyw1)z; “dzy + by(z] , Zywy) [kz) " Wy dzy + Z) dw ],
which gives

_—2 -1 _k —k—1— -1 _k
3) ay(zi,w) = =z, “ax(z; ", zyw1) +kzy W ba(z, zjwy)

=k —1 _k
bi(zi,w1) =z, by(z *, ziw1).

4.2 Proof of Theorem 4.1

Let w be a -closed (0, 1) form with compact support. We define

1 1 _
ul(Zl,Wl)ZT/ bi(z1,8) ——dE NdE for (z1,wy) € Uy
i Je, &—w
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and

Uy (22, w2) = / by(2,€) df NdE  for (z,wy) € U,.

It is clear that the functions u; and u, are smooth in U; and U, respectively. Since
for fixed z; the support of w; — by(z;, wy) is compact, and the same with the second
function b,, therefore (see e.g., [N]) we have

0
o) = bz, w) and o2 (zy, ) = bz, wn)

(4) o,

8_

Now, using (3) and (4), we show that the pair u;, 4, determines a global smooth
function on E;.

(21, 1) = ﬁ/ bl(zl,o—dwds

§—
:—/ Zlbz(l/zl, df/\df
:—/ Zle(l/Zl, C szdeAdZ
e d¢ A dC
—% . 1 (22, ¢ C— ¢ ¢
= (22, W2).

We note that the coefficients by = by(z;, w;) and b, = by(z,, w,) uniquely deter-
mine the a; and a, coefficients of w. To see this, assume that two forms have the same
b’s coefficients, so subtracting the forms we get a closed form on E, = U; U U,

ci(zi, w)dz, = (22, w2)dz,

with
Oc 1

0c;
_— = and 8—

0,
ow,

which means that the functions
wp — ci(zi,w1) and wy — a(z, wy)

are holomorphic. Since the supports of these functions are compact, they are iden-
tically zero. On the other hand, the form Ou is closed and because of (4) we get
Ou = w. The theorem is proved.
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