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EINSTEIN HYPERSURFACES OF KAHLERIAN C-SPACES
YUSUKE SAKANE* and MASARU TAKEUCHI

Introduction

A compact simply connected homogeneous complex manifold is called
a C-space. A C-space is said to be kihlerian if it carries a Kihler metric.
It is known (Matsushima [7]) that a k#hlerian C-space has always an
Einstein Kiahler metric which is essentially unique.

Let M be a kahlerian C-space of dimension n whose second Betti
number equals 1. Denote by & the positive generator of H*(M, Z) = Z.
For a hypersurface X of M, we define a positive integer a(X), called the
degree of X, by

o({X}) = a(X)h,

where {X} denotes the holomorphic line bundle on M associated with the
non-singular divisor X. Take an Einstein Kahler metric g on M and fix
it. Then it is known for M = P,(C) that a(X) < 2 for any hypersurface
X which is Einstein with respect to the metric induced by g (Smyth [9],
Hano [3]). In this note we shall show that there exists also an upper
bound for the degrees of Einstein hypersurfaces of general M.

Let H be the holomorphic line bundle on M with ¢,(H) = h and set

N, = dim I'(H%) for te Z,

where I'(H’) denotes the space of holomorphic sections of H‘. The N,s
are computed by Weyl’s formula and monotone increasing with respect to
£>0. We define further a positive integer ¢ by

o(M) = «h ,

and set

e(M) = Max {positive integer a; N,_,,, < N,_, + <N1>} )
n
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For example, «(P(C)) =2 (n=2), «(@.(C)) =1 (n=3) and G, (C)) <
(p ;_ q) —pq (2<p<=q) (Sakane [8]), where Q,(C) and G, (C) denote
the complex quadric of dimension n and the complex Grassmann manifold
of p-subspaces of C?*? respectively. Then (Theorem 5.3) we have an in-

equality:
a(X) < (M)

for any Einstein hypersurface X of M.

The above inequality for M = G, ,(C) was proved by the first named
author in [8]. Essentially the idea of our proof is the same as that of [8].
But we prove the rationality of the dual map for the canonical projective
imbedding M = P, (C) of M without the use of explicit form of defining
equations for M C P,(C).

§1. Preliminaries

Let M be a complex manifold® of dimension m. The (complex) tangent
bundle and the cotangent bundle of M are denoted by T(M) and T*(M)
respectively. Let K(M) = A™T*(M) and K*(M) be the canonical line
bundle of M and its dual line bundle respectively. Then K*(M) = A™T(M)
and hence the first Chern class ¢, satisfies

(1.1) c(K*(M)) = c(M) .

If M carries a Kahler metric g, then the Ricci form ¢ defined by o(X, Y)
= S(X, JY), where S is the Ricci curvature for g and J is the complex
structure tensor for M, is closed and satisfies (cf. Kobayashi-Nomizu [6])

(1.2) c(K*(M)), = 71;[01 .

Here ¢, means the image of ce H*(M, Z) under the group extension
H*(M, Z) - H*(M, R), and [7] means the de Rham class of a closed form
7 on M.

Remark. Hermitian fibre metrics A~ on K*(M) correspond one to one
to positive volume elements v of M by

13) 0, (—2™(V =D™x A X) = h(x, x) for xe K¥(M) .

* In this note, a manifold is always assumed to be connected.
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For a holomorphic line bundle F on M, we write

Fi=F® --QF, F‘=F*Q ... QF* for ¢>0,

£ ¢
Fr=1,
where F* is the dual line bundle of F' and 1 is the trivial line bundle

on M.

A real cohomology class ¢ e HXM, R) is said to be positive if ¢ is the
de Rham class of a closed form 7 on M of bi-degree (1, 1) which has a
local expression: 5 = +'—137,,dz° A dz’ such that the matrix (3., is
positive definite. For example, let M have a Kahler metric g and o the
Kahler form for g defined by o(X, Y) = g(X, JY). Then —[w] is a positive
real cohomology class. Moreover, an integral cohomology class c e H(M, Z)
is said to be positive if ¢z € H*(M, R) is positive in the above sense.

Let V be a finite dimensional complex vector space. The set of non-
zero vectors of V will be denoted by V,. Then the group C, of non-zero
complex numbers acts on V, from the right in natural manner. The
quotient complex manifold V,/C, is denoted by P(V). In particular, in
case of V=C"*"' (m=1) we write P,(C) for P(V). For ze(C™*),, the
class of z in P,(C) is denoted by [2]. Then the map =:(C™*Y), — P,(C)
defined by

7(2) = [2] for ze (C™*),
is holomorphic and we get a holomorphic principal bundle C, —> (C™*Y),,

SN P,(C). For each £e Z we define a holomorphic character ¢, of C,
by

tfa) = a* for a e C, .
The holomorphic line bundle associated to the principal bundle C, —>

(€™, SN P,(C) by ¢ is denoted by E and called the standard line
bundle on P,(C). Note that then for each /e Z E‘ is associated to the
same principal bundle by ¢, Let S,(C™*!) denote the space of homogeneous
polynomials on C™*! of degree £ = 0. Then S, (C™*")is canonically identified
with the space H(P,(C), E~¢) of holomorphic sections of E~% In fact, each
Fe S(C™*") restricted to (C™""), is a tensorial form on (C™*"), of type ¢_,,
and hence it defines an element Fe H(P,(C), E-%). The correspondence
FF gives the required identification. The standard norm of C™*! is
denoted by
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(2

1

m z
Izl = \/Z |27 for z = | . ecmt.
a=0 .
2"
Then the function z+— ||z|* on (C™""), is a tensorial form of type a — |a|™?,

and hence it defines a hermitian fibre metric A, on E. The Chern form
o of E associated to h; is given by

’ ¥y — 1 dld//l 2
w0 = - d'd"log2f

and we have
(1.4 c(E)r = [0] .

The symmetric tensor g on P, (C) defined by g(X, Y) = w(JX, Y), J being the
complex structure tensor for P,(C), is a Kéahler metric on P,(C). It is
called the Fubini-Study metric on P,(C). Note that then o is the Kihler
form for g. It is known (cf. Kobayashi-Nomizu [6]) that the Kéhler mani-
fold (P,(C), g) has constant holomorphic sectional curvature 8z.

Let

0)

1

(
E
u:ll G+1 eCc™ (0=i<m)

0

be the standard unit vectors of C™*!, A frame (e,e;, ---,e,) of C™*!'is
said to be unimodular if e, ANe; N\ -+ Ne, = ug Au, A\ --- N u,. We denote
by P(m + 1) the set of unimodular frames of C™*!, It is identified with
the group SL(m + 1) of unimodular (m + 1) X (m 4+ 1) complex matrices
in natural manner. We define a holomorphic map p: P(m + 1) — P,(C) by

p(eo’ €y * 0, em) = [eO] for (eoa €1 ° 0y em) € P(m + 1) .

The subgroup of SL(m + 1) consisting of all unimodular matrices of the

(o o)

form
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is denoted by SL(1, m). Then we get a holomorphic principal bundle

SLQ, m) —> P(m + 1) 2, P,(C). We define further a holomorphic map
¢: P(m+1)—(C™*"), with zop=p by

ple e, vy e,) = € for (e, e, -+, e )€ P(m + 1).
The subgroup of SL(1, m) consisting of all unimodular matrices of the form
(1 *)}1
0 «a/lm
is denoted by SL,(1, m). Then we get also a principal bundle SL,(1, m)

—> P(m + 1) LN (C™Y),. We define a holomorphic character y, of
SL(1, m) by

@ =2 fora= (f, Z) e SL(1, m) .

LeEmmA 1.1, For each ¢e Z E’ is associated to the principal bundle
S, m) —> P(m + 1) -2 P,(C)
by the character y,.
Proof. The map ¢: P(m + 1) —» (C™*"), satisfies

o(ua) = p(u)y(a) for ue P(m 4+ 1), ae SL(1, m) ,
14@) = ¢(1(a)) for a e SL(1, m) .

Thus ¢ induces an isomorphism from the line bundle associated to P(m + 1)
by x, to the line bundle E¢ associated to (C™*'), by . q.e.d.

Next we define a holomorphic representation p: SL(1, m) — GL(m), the
group of non-singular m X m complex matrices, by

(@) = 1"« for a = (?) *) e SL(1, m) .
[44

LemmaA 1.2. The tangent bundle T(P,(C)) of P,(C) is associated to
the principal bundle

SI(1, m) —> P(m + 1) 2> P.(C)

by the representation p.

Proof. Let GL(m) — F(P,(C)) LN P,(C) be the bundle of frames
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of P,(C). We define a holomorphic map +-: P(m + 1) — F(P,(C)) by
Yleg ey, 5 en) = (Te)ess ** s (T)em) for (e, e, -+, ex)e P(m + 1),
identifying the tangent space T,((C™*!),) with C™*!. Then it satisfies
gev =p and
y(ua) = (w)p(a) for ue Pm + 1), ae SL(1, m) .

Thus the lemma follows as in Lemma 1.1. q.e.d.

§2. Dual map for a complex submanifold of P,(C)

In this section, M is always assumed to be a complex submanifold of
P,(C) with dimension n=>1. Let r =m — n =0 be the codimension of
M. Let j: M — P,(C) denote the inclusion. The Kihler metric on M
induced by the Fubini-Study metric g on P,(C) and its Kihler form will
be also denoted by g and o respectively. We set

M=z"(M).

Then, restricting the bundle C,—> (C™*"), SN P,(C) to M, we get a

holomorphic principal bundle C, —> M -"> M. Note that for each £ ¢ Z

the induced bundle j*E‘ is associated to C, s MM by ¢,. We set
I(M) = {Fe S(C™*"); F|M = 0}.

We denote by P(M) the totality of (e, e, - - -, e,) € P(m 4+ 1) such that
(1) ee M , and
(i) e, -+, e e T (),
identifying Teo(M) with a subspace of C™*'. The subgroup of SL(1, m)
consisting of all unimodular matrices of the form

2 % ¥\}
2.1) a = (0 a *)}’n
0 0 B/}

is denoted by SL(1,n,r). Then we get a holomorphic principal bundle
SL(1, n, r) —> P(M) —2> M, which is a subbundle of SL(1, m) —> j*P(m
+1) P, M. Now Lemma 1.1 implies the following lemma.

LeEmmA 2.1. For each £e€ Z j*E* is associated to the principal bundle
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SLQ, n, 1) —> P(M) 2> M
by the character y,.
We define further
SL,1,n,r) = SL(1,m) N SL(1,n,r),
and denote the inclusion M — (€™, by j. Then we get a holomorphic
principal bundle SL(1, n, r) —> P(M) 2, M, which is a subbundle of

SL(1, m) —> j*P(m + 1) —> M.
We define a holomorphic representation z: SL(1, n, r) — GL(n) by

A % %
(@) = 1« for a = (O a *) e SL(d,n,r).
0 0 B

Now Lemma 1.2 implies that j*T'(P,(C)) is associated to SL(1, n,r) —>

P(M) -25> M by p. It follows that the subbundle T(M) of j*T(P,(C)) is
associated to the same principal bundle by z. Explicitly, the holomorphic
map : P(M)— F(M), the bundle of frames of M, defined by

1:b'(eO, €, * 0y, em) = ((n'*)eoely ) (n*)eoen) fOI' (eO) €y 0y em) € P(M)

provides an isomorphism from the vector bundle associated to P(M) by <
to the tangent bundle T'(M). Since det z(a) = 2~"det « for each acSL(1, n, r)
of (2.1), we have the following lemma.

LemmaA 2.2. The line bundle K*(M) is associated to the principal bundle
SL(, n, 1) —> P(M) —2> M
by the holomorphic character of SL(1, n,r) defined by

2 % %
a— A "det o for a = (O a *) e SL(1, n,r) .
0 0 B

Now we shall define the dual map for M C P,(C). Let p be a point
of M. Choose a vector z ¢ M such that 7(z) = p. Then TZ(M ) is identified
with a linear subspace of C™*' of codimension r, which is determined by
p and independent of the choice of z. The annihilator:

Ip) = {Ee (Cm)*; (&, TAM)) = {0})
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of T(M) in the dual space (C™*Y)* of C™*!, is an r-dimensional linear
subspace of (C™*%)*, i.e., it is a point of the Grassmann manifold Gr((C™*")*)
of r-subspaces of (C™*")*. Regarding Gr((C™*')*) as a submanifold of
P(A(C™*")*) by the Pliicker imbedding, we get a map 9: M — P(A7(C™*Y)¥),
which is easily seen to be holomorphic. The map 9 is called the dual
map or Gauss map for M C P, (C).

The standard hermitian inner product on C™*' defines canonically a
hermitian inner product on A(C™*)*. Identify A7(C™*")* with C**', e + 1
= (m ;f' 1), by an orthonormal basis for A7(C™*")*, and hence P(A"(C™*")*)
with P,(C). Denote the Fubini-Study metric on P,(C) by g'.

The dual map 9 is said to be a rational map of degree d = 0 if there
exists a homogeneous polynomial map D: C™*'— A"(C™*")* of degree d such
that (a) D(M) C (A(C™*), and (b) it induces the dual map 9: M —
PA(C™Y*)., If we identify A(C™*')* with the dual space of A" (C™*") by
the pairing:

N - NEu e\ - Nep=det ({&;, e;D)izi,i<r

for &, e(C™*")* and e; € C™*, then the above conditions (a), (b) are equiva-
lent to that

not zero if (i, --,i)=Mm+1 - ---,m
(D(e), e, N -+ Ne,y = @y ooy t) =+ )
0 otherwise

for each frame (e, e, ---,e,) of C™**' with (i), (i) and for each 0 <i;, <
.. <i,<m. Here,in case of r=0, e,,, A\ --- Ae, will be understood
to be 1eC.

Assuming that the dual map 9: M — P(A(C™**)*) is a rational map of
degree d > 0 induced by D: C™*'— A7(C™*")*, we define

Pp(M) = {(es, €1, - -+, €n) € P(M); (D(er), €1 N\ -+ - Ny = 1}

For each ¢e Z the subgroup of SL(1, n,r) consisting of all unimodular
matrices a of (2.1) such that

A tdetat =1,

is denoted by SL(1, n,r;£¢). Note that if for (e, e, ---,e,) € P(M) and
ac SL(1, n,r) of (2.1) we set (e, ef, ---,¢e,) = (e, e, - - -, e,)a, then

(D), i A -+ ANy = 20det B (D@, eni A - A€y
= 2t det @ (D(e), en A -+ A€, |
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Here, in case of r = 0, det 8 will be understood to be 1. It is not difficult
to see from this that we have a holomorphic principal bundle SL(1, n, r; d)
— Po(M) —25 M, which is a subbundle of SL(1, n, r) — P(M) —2> M. Define
ke Z by

2.2) k=n+1-4d.
Then, for each ae SL(1, n, r; d) of the form (2.1), we have
z-n deta — l—nzd—l — 2—(n+1—d) — l—k —_ X—-k(a) .

It follows from Lemma 2.2 that K*(M) is associated to SL(1,n,r;d) —
P, (M) oM by y_.;. Thus Lemma 2.1 implies that K*(M) is isomorphic
to j*E-* An explicit isomorphism is given as follows. The map ¢: P(m + 1)
— (C™*), defined in §1 by o¢(e, e, - - -, e,) = ¢, induces a map ¢: P,(M) —
M with mop = p satisfying

p(ua) = p(wy(a)  for ue Py(M), ae SL(1,n,r;d),
1-x(@) = ¢_ (@) for ae SL(1,n,r;d) .

Therefore it induces a vector bundle isomorphism:
(2.3 op: K¥(M) —> j*E-% .

In particular, by (1.4) we have

24 c(K*(M))p = —klo] .

The tensorial form z+— ||2||"** on M of type a+— |a** defines a hermitian
fibre metric h, on j*E-*. Let h, be the hermitian fibre metric on K*(M)
corresponding to h, under the isomorphism ¢,. Moreover, let & be the
hermitian fibre metric on K*(M) corresponding to the volume element
v = (—3%"0" of M (cf. Remark in §1). With these notations we have the
following theorem.

THEOREM 2.1. Let the dual map 9: M — P(A(C™*)*) for M C P,(C)
be a rational map of degree d induced by a polynomial map D:C™*'—
A(C™ ¥, Then we have

n!_ D@,

T @) ||z

Note here that the function zw— | D(2)|*/|z]** on M can be regarded as a
function on M.
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Proof. By Lemma 2.2, K*(M) is associated to SL(1, n,r) — P(M)
2.Mm by the character a — A-"det « of SL(1, n, r). Therefore the tensorial
form F: P(M) —> R*, the positive reals, corresponding to a hermitian fibre
metric on K*(M) satisfies

(2.5) F(ua) = |1]* |det a«f F(u) for ue P(M), ac SL(1,n,r) .
Let F, and F,, be tensorial forms on P(M) corresponding to 2 and h,
respectively. Then by (1.3)
Fye, e, -, en) =0, (—2)"(W —=1)"(z ) (es N\ - - - Ne, NN - NEDD
= <(ﬂ*wn)eo’ (V - lel /\ él) /\ ce /\ (‘V - len /\ én)>

for each (e, e, - --,e,) € P(M). In particular, if (f,,f;, - -,f») € P(M) is a
unitary frame of C™*!, then

. Fh 0l "y ln) = n! ’
(2.6) (fo, 1 fu) @)

since the Kihler form o of P,(C) is SU(m + 1)-invariant.
Now take an arbitrary (e, e, - - -, e,) € P,(M). Then

th(eu, e, -, en) = |l .

Choose a unitary frame (f,, f, - - -, fn) € P(M) and a € SL(1, n, r) of the form
(2.1) such that (e, e, ---,€e,) = (fo, fi, -+, fn)a. Note here that then |e]|
=|4]. Now (2.5) and (2.6) imply

Fh(eoa € "y em) = Izl—Zn [detdl2 Fh(ﬁhfh o 'afm)

@.7) ~ (2’”;') |21 |det af .

On the other hand,
1=(D(e), en,i N\ -+ Neyy =det B (D(e), fosi A\ -+ Nfuy
= 2-1 det a‘1<D(eO)yfn+l/\ ce /\fm>
implies
Adet o if G-, i)=M0+1 - --,m)
0 otherwise

(D ful\ - M) = {
for 054, < --- <i,<m. Since the set {f, \---Af,; 05, <--- <1,

< m} is an orthonormal basis for A(C™*'), we have || D(e)|* = |A]}|det af,
and hence |det «f = |2]7%||D(ey)|?. Substituting this into (2.7), we have
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Fulen ey - en) = - (2172 | D(e)

(2n)"
!
= (2’;'),1 leoll =2 || Deen)IF
and hence
Fyene, e, _ nl D)
F, (e €5, -+, e5) @2m)" el
This proves the theorem. q.e.d.

Remark. Hano [3] proved this theorem in case where M is a com-
plete intersection. Note that in this case the dual map is always a
rational map.

THEOREM 2.2 (Hano [3]). Let M be a compact complex submanifold of
P,.(C) and let the dual map 9: M — P(A(C™*)*) be a rational map of
degree d induced by a polynomial map D:C™'— A(C™*Y)*. Then the
following conditions are mutually equivalent:

1) The induced metric g¢ on M is Einstein.

2) || D(2)|/|lz|f* is @ constant function on M.

3) 9*g’' =d-g.

In this case, we have an inequality:

dim (S,(C™)/I(M)) < (’"jl) .

Proof. This was proved by Hano [3] in case where M is a complete
intersection. We can apply his proof to our case, since he used only the
property of Theorem 2.1 in his proof. q.e.d.

§3. Kahlerian C-spaces

A compact simply connected homogeneous complex manifold is called
a C-space. A C-space is said to be kdhlerian if it has a Kahler metric.
In this section we summarize some known results on kahlerian C-spaces

(cf. Borel-Hirzebruch [1], Takeuchi [10]).

(I) A kdhlerian C-space M has always an Einstein Kdhler metric
which is essentially unique in the following sense; For any Einstein Kdhler
metrics g,8 on M, there exist a holomorphism ¢ of M and a constant
¢ > 0 such that ¢*g’ = cg (Matsushima [7]).
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In what follows in this section, let M be a kihlerian C-space. Let
G denote the identity component Aut’(M) of the group Aut(M) of holo-
morphisms of M. It is a connected complex semi-simple Lie group with-
out the center. Fix a point o€ M and set

U={peG;p0) = o}.

It is a closed connected complex Lie subgroup of G, and we have an
identification: M = G/U. Let g = Lie G, the Lie algebra of G, and denote
the Killing form of ¢ by (,). Now u = Lie U is a parabolic Lie sub-
algebra of g and described as follows. Take a Cartan subalgebra § of g
contained in u and denote the real part of §) by §z. The root system I
of g relative to § is identified with a subset of §; by means of the duality
defined by (, ). Then there exist a lexicographic order > on %, and a
subset II, of the fundamental root system /7 with the following property;
If we set 2y =2 NZII, and 3} = {ee — X;;« > 0}, then u is given by
u=5H+ > g,

a€ZoU X

where g, stands for the root space for a.

Let {4,;xeIl} C § be the fundamental weights corresponding to II.
We set

¢ = {H e bg; (H, II,) = {0}

and

Z, = {Aec;-———z(/l’“) ¢ Z for each an} ,
(o,

which is a lattice of ¢ generated the A,’s for ae Il — II,. Let G be the
universal covering group of G and U the (closed) connected complex Lie
group of G generated by u. Then we have also an identification: M =
G/U. For each Ae Z, there exists a unique holomorphic character y, of
U such that x«exp H) = exp (4, H) for each He Y. Then the correspondence
Ay, gives an isomorphism of Z, to the group of holomorphic characters
of U. Let F, denote the holomorphic line bundle on M associated to the
principal bundle U — G — M by x+ The correspondence 4 — F, induces a
homomorphism of Z, to the group H'(M, 0*) of isomorphism classes of
holomorphic line bundles on M. Also the correspondence F — ¢,(F) defines
a homomorphism of H'(M, 0*) to H*(M, Z).
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(II) Both of these homomorphisms:
F
Z,—— H\(M, 0*) 2> H M, Z)
are isomorphisms (Ise [5]).

Thus the second Betti number b,(M) is given by
3.1) b,(M) = dim ¢ = the cardinality of II — II,.
We define positive integers k, by

ko= 289 foaenm—1,.

ezd (a, a)

Let £ be the greatest common divisor of {&,},cz-z, and set

K, = ke for ae Il — I,
K
and
Ay= > kA, .
a€ll-Ig
We define

Zr ={AdeZ;(,a) >0 for each e X}}.
Then we have

Zr= > Z*4,,
acll-Iy
where Z* denotes the set of positive integers. Thus we have 4, Z*. The
set Z* is invariant under the action of the group Aut(/l, II,) defined by

Aut (Z7, I1,) = {0 € GL(5z); 0= = 3, oIl = II,oll, = IT,} .

Let Aut (I, I )\Z} denote the quotient of Z; modulo Aut (/1, II,).

A holomorphic immersion j: M — P,(C) is said to be Aut’(M)-equiva-
riant or simply equivariant, if for each ¢ € G there exists an element @ of
PL(m + 1), the group of projective transformations of P,(C), such that
joo = @oj. Holomorphic immersions j: M — P,(C) and j’: M — P,(C) are
said to be equivalent if m = m’ and there exist ¢ € Aut (M) and @ € PL(m + 1)
such that jogp = @oj. A Kihler metric g on M is called a homogeneous
Kihler metric if the group Aut (M, g) of isometric holomorphisms of (3, g)
is transitive on M. A holomorphic immersion j: M — P,(C) is called a
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homogeneous Kdhler immersion or an FEinstein Kdhler immersion if the
Kahler metric on M induced by the Fubini-Study metric on P, (C) is homo-
geneous or Einstein. Homogeneous or Einstein Kahler immersions j: M
— P,(C) and j’: M — P,(C) are said to be equivalent if m = m’ and there
exist o€ Aut(M) and an element @ of PU(m + 1), the group of unitary
projective transformations of P,(C), such that jogp = @oj’. Let o, " and
¢ denote the set of equivalence classes of full equivariant holomorphic
immersions, homogeneous Kihler immersions and Einstein Kédhler immer-
sions of M respectively.

These immersions are constructed in the following way. Let g, be
a compact real form of g such that the complex conjugation of g with
respect to g, leaves § invariant, and G, the (compact) connected Lie sub-
group of G generated by g,. Take Ae Z; and let p,:g, — 3u(m + 1) be
an irreducible unitary representation of g, such that its C-linear extension
p4: g — 8l(m + 1) has the highest weight 4. The extension of p, to G will
be also denoted by p,: G — SL(m + 1). Taking a highest weight vector
z,€ C™"', we can define a full equivariant holomorphic imbedding j,: M =
G/U— P,(C) by

jlxU) = [o4x)z]  for xe G .

The Kéahler metric on M induced by the Fubini-Study metric on P,(C)
is denoted by g,. Then j, is further a full homogeneous Kéihler imbedding,
and the identity component Aut’(M, g,) of Aut(M, g,) coincides with G,.
Moreover we have:

(II) The space of Aut® (M, g)-invariant closed 2-forms on M coincides
with the space of harmonic 2-forms on (M, g,) (Takeuchi [10]).

For each pe Z* we write j, and g, for j,,, and g,,, respectively. Then
Jp is a full Einstein Kéhler imbedding, and the Ricci curvature S, for g,
is given by

(3.2) S, = 4*g
D
Thus (1.1) and (1.2) imply
(3.3) (M) = —;':—[wp] ,

where o, denotes the Kahler form for g,. The imbedding j, is called the
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Dp-th full Einstein Kihler imbedding of M.

(IV) Any Einstein Kdhler immersion is a homogeneous Kdhler im-
mersion (by (I)), and any homogeneous Kdahler immersion is an equivariant
holomorphic immersion (Takeuchi [10]). Thus we have natural maps:

B

&5 L5 op .
The map « is injective and the map B is bijective (Takeuchi [10]).

(V) The correspondence p — j, induces a bijection Z* =, &, and the
correspondence A~ j, induces a bijection Aut(II, II)\Z} LNV (Takeuchi

[10D).
Let A€ Zf. We set

N, = dim H(M, j*E-%)  for (e Z.

For the imbedding j,: M — P,(C) and the standard line bundle E on P,(C),
we have

(3.4) JXE=Fy.

Thus, applying Borel-Weil-Bott theorem (Bott [2]) to the F,’s we have the
following:

(VI) Let Ac Z.

(i) For each ¢ =0, H(M,jtE*) is an irreducible G-module with the
lowest weight — ¢/, and H*(M, jfE-*) = {0} for p = 1. Therefore N,, (£ = 0)
is given by Weyl’s degree formula:

— ¥4+ 6,9)
NM N «];[0 (5, a)

, where § — - e

2 a>0
(1) For each ¢ >0, H'(M, j¥E*) = {0} and hence N_,, = 0.
CoroLLARY. For each ¢ =0, we have an exact sequence:

0—> I(M) —> H(P,(C), E~%) —]*A—a HM, jfE-)—>0.

Proof. The map j§ is a non-trivial G—homomorphism and H°(M, j¥E-*)
is an irreducible G-module by (VI). These imply the surjectivity of j¥.
Moreover, since H(P,(C), E-%) is canonically identified with S(C™*"), the
kernel of j¥ is identified with I,(M). q.e.d.
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Remark 1. Weyl’s formula implies that N,, < N,,, for £ >0, and
hence the N,,’s are monotone increasing with respect to £ > 0.

Remark 2. The above corollary for £ = 1, the fullness of j, and (3.4) imply
that j¥:(C™")* = H(P,(C), E-Y) - H'(M, F;) is a G-isomorphism. It
follows that for each 4 € Z;} the holomorphic line bundle F;! is very ample
and the associated Kodaira imbedding is equivalent to the holomorphic
imbedding j,. Conversely let F, for A€ Z, be very ample and let j: M —
P, (C) be the associated Kodaira imbedding. Then F, = j*E-' and hence
c(F)) is positive. An explicit description (cf. Borel-Hirzebruch [1]) of the
Chern form of F, shows that 4e —Z*. Thus the set # corresponds one
to one to the set of equivalence classes of Kodaira imbeddings of M.

§4. Dual map for a kahlerian C-space in P, (C)

THEOREM 4.1. Let M be a kdhlerian C-space of dimension n and j: M
= P,(C) a full equivariant holomorphic imbedding of codimension r.
Then the dual map 9: M — P(A"(C™**)*) for M C P,(C) is a rational map
if and only if

1) j is equivalent to an Einstein Kghler imbedding, say j,, and

2) « is divisible by p.
In this case, the degree d of 9 and the positive integer k = k[p is related as:

d=n+1—k.

Proof. By (IV), (V) we may assume that j = j, for some A€ Z}. The
induced Kihler ‘metric on M is denoted by g, and the Kihler form, Ricci
curvature, Ricci form for g are denoted by o, S, ¢ respectively.

Assume that 9 is a rational map of degree d. Set k=n+1— d.
Then by (1.2) and (2.4) we have

c(K*(M))y = —zl;[a] = —klo] .

Since both —(1/4r)¢ and —kw are Aut’ (M, g)-invariant closed 2-forms,
we have —(1/4n)e = —ko by (III). Thus ¢ = 4nko, and hence S = 4zkg.
This proves that j = j, for some pe Z*. In this case, by (3.2) we have
S = (4nx/p)g, and hence k = k/p. This proves the assertion 2).

Assume conversely that j=j, for some peZ* and k=«/p is an
integer. By (3.2), S = 4zkg and hence ¢ = 47kw. On the other hand, by
(1.2) and (1.4) we have
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e(K*(M))y = —-é[a] = — ko] = ¢(*E Yz,

and hence ¢ (K*(M)) = ¢,(j*E*). Now (II) implies
“.1) K*(M) = j*E-* .

Set d=n+1— k. We choose an orthonormal basis {u, u, ---, u,} of
the representation space C™*! of p,,,: G — SL(m + 1) in such a way that
u, is a highest weight vector and {u, u,, ---, u,} span p,(9)u,, We may
assume that p,,, is a matrix representation with respect to this basis. We
denote by G the quotient group of G modulo the kernel of Opsr Then it
is identified with a closed subgroup of SL(m + 1) = P(m + 1). We define

U=GnSLA,mc SL1,n,r).

Then we have an identification: M = G/U and the principal bundle U—
G 2> M may be identified with a subbundle of SL(1, n, r) — P(M) —2> M.
We define further

U, = UNSL(1, m) C SL(1, n, 7).

Then we have an identification: M = é‘/ U, and the principal bundle U,
— G -%> M may be identified with a subbundle of SL(1, n, r) — P(M) —>
M. Now Lemmas 2.1 and 2.2 imply that j*E-* and K*(M) are associated
to UG- M by the characters

A % x
a—>21""* and a— A "deta fora=(0 o *)eﬁ
0 0 g

of U respectively. It follows from (4.1) and (II) that i * = 2-*det @, and
hence 1*-'detaw = 2" *deta = 1 for each ¢e U. This means

(4.2) Uc SL(,n,r;d).
Now we shall define a map D: M — A (C™*)*),, such that

1 if@G,--,i)=@m+1---,m)

(4.3) (Dle), e N\ -+ Newy = {0 otherwise

for each (e, e, ---,e,)€ G and for each 0< i, < -+ <i,<m. Let ze M.
Choose (e, e, ---,e,) € G with e, = z and define D(2) e “(Cc™*H®), by
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1 If (il,""ir):(n+19"')m)
0 otherwise .

(D@, e+ Aeyy = {

Another (e, e, - - -, e,) € G with €, = z can be written as

1 % =
(el/» e{; ) e;n) = (eo, €y vty em)(o (44 *)
00 B

with det« = det 8 = 1 by (4.2). Thus we have

(D), e, \ -+ Nepy =D, e, N\ - Ne,»
1 if(i17""ir)=(n+19""m)
0 otherwise .

This shows that D is well defined and satisfies (4.3). The map D is holo-
morphic. In fact, choose a local holomorphic section s(z) = (z, e(2), - - -,
e,(2)) of the bundle U,— G —2> M. Then we have

1 if(il,-.-,ir):(n+1’...,m)
0 otherwise,

(D@, e A - Aen(2)) = {

and hence D(2) is holomorphic in z. We shall next show that D is homo-
geneous of degree d. Let ze M and 2¢ C, be arbitrary. Choose (e, e,

-, en) € G with e, = z and an element ac U of the form (2.1), and set
(e, el, -+ en) = (eyey, -+, e,)a. Then we have

(Dee, €, A - Neiy = det p<Dley), e A\ - -+ New)
= det g (D(ep), ei, \ - Ne»

for each 01, < -+ < i, <m, and hence
D(ey) = det g~*D(e,) = 2°D(e,)
by (4.2). Thus we get the required property:
D(a2) = 2°D(2) for each 2¢ C,, z¢ M.
Therefore, if we define
Di,....(2) = (D@), u, N --- Au,y for ze M

for 0<5i, < ---<i,<m, then D,,..., may be identified with an element
of H'(M, j*E-%). Since D,,...;,, + 0 for some (i, ---,,), we have d =0 by
(VD) (ii). It follows from Corollary of (VI) that each D,,.., is extended

https://doi.org/10.1017/50027763000018857 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018857

EINSTEIN HYPERSURFACES 171

to a homogeneous polynomial on C™*! of degree d, and hence D is extended
to a homogeneous polynomial map D: C™** — A(C™*")* of degree d. It is
clear from (4.3) that D induces the dual map 9 for M C P,(C). g.e.d.

CororLrARY. We have £t < n + 1. The equality holds if and only if
M = P,(C).

Proof. Consider the first full Einstein Kéihler imbedding j,: M —
P,(C). It follows from the above theorem that the dual map 9 for j, is
a rational map of degree d = n 4+ 1 — ¢, where d = 0. This implies the
required inequality. The equality holds if and only if d =0& D: M—
(A7 (C™")*), is a constant map & r = 0 (since j, is full) & M = P,(C).

g.e.d.

§5. Einstein hypersurfaces of kihlerian C-spaces

We assume in this section that M is a kahlerian C-space with b,(M)
= 1. Then by (38.1) I — II, consists of only one root, say «,, Thus we have
¢c=RA,, Z,=ZAp, 6 =Ry, k0 =1, Ay = A, Z} = Z*A,, and Aut (I, H)\Z;
is identified with Z*4,. We write N, for N,,. Now (IV) and (V) imply
the following theorem.

THEOREM 5.1. For a kdhlerian C-space M with by (M) = 1, the maps:

r B

zt e s #

are all bijections.

The full equivariant holomorphic imbedding of M corresponding to
1e Z* under the above bijection, will be called the canonical projective
imbedding of M.

Let j: M — P,(C) be the first full Einstein Kdhler imbedding of M.
The induced K#ihler form on M is denoted by ». Recall that we have

isomorphisms:
G.1) 24, L5 M, 0%) 25 H(M, Z) .
We set

H=F;, h=c#H.

Then, by (3.4) we have H = j¥*E-'. It follows ¢,(H) = —j¥c,(E), and hence
c(H)r = —[w] by (1.4). Thus A is the positive generator of H*M, Z) = Z.
Note that (3.3) implies
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c(M) = kh .
Note also that N, is given by
N, = dim H'(M, H°) .

For a divisor D on M, {D} denotes the holomorphic line bundle on
M associated to D. Then for a positive divisor D on M, there exists a
positive integer a(D) such that

¢({D}) = a(D)h .

The integer a(D) is called the degree of D. For a hypersurface X of M,
the degree of the positive divisor defined by X is called the degree of X
and denoted by a(X).

LemwMmaA 5.1. Let X be a compact hypersurface of M with degree a and
regard it as a complex submanifold of P,(C) through j,: M — P,(C). Then

dim (S(C™*")/I(X)) = N, — N,_, for {>a.

Proof. In general, for a complex manifold M, a non-singular divisor
S on M and a holomorphic vector bundle W on M, we have an exact
sequence:

0—> O(W) —> O(WRQ{S}) —> O(W® {SP|S)—> 0,

where ¢ means the sheaf of germs of holomorphic sections (cf. Hirzebruch
[4]). We apply this to the divisor S defined by X and W = j¥E-‘*2. Since
c¢({S} = ah = ac,(J¥E-") = ¢,(jFE ), we have {S} = jfE“ by (5.1). There-
fore we have an exact sequence:

0—> O(FE %) —> O(FE Y —> OG*E%) —> 0,

where i: X — P,(C) denotes the inclusion. In the cohomology exact
sequence:

0 —> H(M, j*E-**%) ——> H (M, j*E~*) —> HY(X, i*E-*)
—> H\(M, jFE*)

the last term vanishes for £ > a by (VI) (i), and hence
dim H'(X, i*E-%) = N,— N,_, .

On the other hand, H(P,(C), E-%) — H(M, j¥E-*) is surjective by Corollary
of (VI). Together with the surjectivity of H(M, j¥fE-%) — H'(X, i*E~*), we
get the surjectivity of H(P,(C), E-%)— H'(X, i*E~%). This implies
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H(X,i*E~%) = S(C™")/I(X) .

Thus we get our assertion. g.e.d.

THEOREM 5.2 (Ise [5]). Let M be a kihlerian C-space with b,(M) = 1
and j: M — P,(C) the canonical projective imbedding of M. Then, for each
positive divisor D on M of degree a, there exists a homogeneous polynomial
F on C™*' of degree a such that D is the pull back by j of the divisor on
P,(C) defined by F.

Remark. In case where D is the divisor defined by a hypersurface
X of M, we have

X= {zeM; F(z) =0}, and (j*dF)(z) =0 for each ze X,
where : M — C™** denotes the inclusion.

For a kihlerian C-space M of dimension n with b,(M) = 1, we define

(M) = Max {ae Z 5N, e <N, . + (M)} .

n

Note that ¢(M) is finite since the N,s are monotone increasing with re-
spect to £ = 0 (Remark 1 in §3).

THEOREM 5.3. Let M be a kdhlerian C-space of dimension n > 2 with
b(M) = 1, and g an Einstein Kihler metric on M. Then, for any compact
hypersurface X of M which is Einstein with respect to the meiric induced
by g, we have an inequality:

a(X) < «(M) .

Proof. Since an Einstein K&ahler metric on M is essentially unique
by (I), we may assume that g is induced from the Fubini-Study metric by
the first full Einstein Kahler imbedding j,: M — P,(C). Here m +1 = N,
by (VI). Let r be the codimension of M in P,(C). We regard X as a
complex submanifold of P,(C) through j, and denote the inclusion by
i: X — P,(C). Then the metric on X induced by the Fubini-Study metric on
P,(C) is Einstein from the assumption.

By Theorem 4.1, the dual map ¢ for j, is a rational map of degree
n+1—k Let 9 be induced by a polynomial map D’: C™*'— A(C™*")*.
Take a homogeneous polynomial F on C™*! of degree a(X) which has the
property in Theorem 5.2 for the divisor on M defined by X. We define a
map D: Cm+]__)Ar+l(Cm+1)* by
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D =D NdF.
It is clearly a homogeneous polynomial map of degree
d=n+1—¢+aX)—1=n—«r+ aX).

Recalling Remark following Theorem 5.2, we see that D(}z) C (AT (C™N*),
and D induces the dual map 9: X — P(A"*(C™*)*) for i: X — P,(C). Then,
by Theorem 2.2 we have an inequality:

i (S, 2o (€™ W eracn@0) < (71 1) = (P 1) = ().
r+1 n n
Assume first M + P,(C). Then n — ¢ + a(X) = a(X) by Corollary of
Theorem 4.1, and hence by Lemma 5.1

dlm (Sn—s+a(X)(Cm+l)/In—:+a(X)(X)) = N'n—x-v-a(X) - Nn-: .
Thus we get

Nn—x+a(X) é Nn—: + (M) .
n

This implies the required inequality in this case.

Assume next M = P,(C). Then t =n+ 1, m =n and X is a hyper-
surface of P,(C) of degree a(X). Therefore n — r + a(X) < a(X) and
n— £<0, and hence I,_,,qx(X) = {0} and N,_, =0. Thus we have also

dlm (Sn-:+a(X)(Cm+1)/In-:+a(X)(X)) = dlm Sn—-x+a(X)(Cn+l)

n-s+a(X) Nn—» .

This implies the required inequality for M = P,(C). g.e.d.
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