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ON LOCALLY SOLUBLE PERIODIC GROUPS WITH
CHERNIKOV CENTRALIZER OF A FOUR-SUBGROUP

by PAVEL SHUMYATSKY
(Received 19th August 1992)

Let G be a locally soluble periodic group having a four-subgroup V. We show that if C4(V) is Chernikov then
G is hyperabelian-by-Chernikov, if C5(V) is finite then G is hyperabelian.
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1. Introduction

Centralizers play a very important role in locally finite group theory. In some cases
we can deduce information about a locally finite group G given only information about
C(V) for some finite subgroup V of G (see [10]). It is known now that if G contains an
element v of prime power order with Chernikov centralizer then G is almost locally
soluble. The proof of this result in [11] depends on the classification of finite simple
groups. In [2] Asar has proved that if v above has order two then G is almost soluble.
This result does not depend on the classification but uses some essential parts of it.

In this article we turn our attention to groups G containing a four-subgroup V such
that C4(V) is Chernikov. These groups can be simple. Indeed, the example of an infinite
simple locally finite group having a four-subgroup with Chernikov centralizer is
provided by PSL(Z,F) where F is an infinite locally finite field of odd characteristic. A
locally soluble periodic group with Chernikov centralizer of the four-subgroup also can
be non-soluble. To show this we use an example from [12].

Let p be an odd prime and let ¢t denote the largest odd divisor of p—1. Let G, be the
group formed by the matrices

<u+pa pb )
A=
pc  v+pd

of determinant 1, where a,b,c,d,u,v lic in the ring of residue classes (modp**!) and
uw=u'=1 (mod p). Then G, is of derived length m or m+ 1 where m is the least integer
such that 2”>k+1. Let a, and B, be the elements of AutG, such that 4*=(A4"!) and
a o= ( 9 T2 It is not difficult to verify that {«,,f,) is a four-group acting
fixed-point-freely on G,. Let G be the direct product of groups G,; k=1,2,.... Then G

133

https://doi.org/10.1017/50013091500018757 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018757

134 P. SHUMYATSKY

admits a fixed-point-free four-group of automorphisms V. Clearly, the split extension of
G by V is the required group.
In this paper we prove:

Theorem. Let G be a periodic locally soluble group and V a four-subgroup of G.
(i) If C;(V) is Chernikov then G is hyperabelian-by-Chernikov.
(ii) If Cg(V) is finite then G is hyperabelian.

We recall that a group is said to be hyperabelian if it has an ascending invariant
series with abelian quotients. In [14] the author proved that a locally finite group
admitting a fixed-point-free four-group of automorphisms is hyperabelian. In the present
paper we use some important technic and ideas of [14].

2. Lemmas

Lemma 1. Let G be a locally soluble group containing a hyperabelian subgroup of
finite index. Then G is hyperabelian.

Proof. Clearly, G contains a normal hyperabelian subgroup H of finite index.
Suppose G is not hyperabelian. Then there exists a quotient G/R which does not possess
an abelian normal subgroup. Let the images of G and H in G/R be denoted again by G
and H respectively. Let A be a nontrivial normal abelian subgroup of H. Then (A%} is
the product of finitely many abelian normal subgroups of H and so is nilpotent. Thus
Z{A%) is a nontrivial normal abelian subgroup of G.

Lemma 2. Let n be a set of primes, G a locally finite n'-group acted on by a finite
n-group V.

(i) If N is a normal V-invariant subgroup of G then Cg5(V)=Cg(V)N/N.

(i) [G,V]=[G,V, V]

(iii) G=[G, V]Cq(V).

Proof. Each of these facts follows immediately from the corresponding finite case [7].
Lemma 3. Let G be a locally finite group acted on by an involutory automorphism v in
such a manner that Cg(v) is Chernikov. Let 0(G) be the largest normal 2'-subgroup of G,

and let F be a divisible abelian 2-subgroup of G such that x°=x"" for every xeF. Then
[0(G), F]=1.

Proof. Since F = [G,v], we have [0(G), F]<[G,v] so by [2] and [9, Theorem B]
[0(G),F,F] is Chernikov whence, by [4], [0(G),F,F,F]=1 and, by the preceding
lemma, [0(G), F]=1, as required.

Throughout the remaider of this section let G stand for a locally finite 2’-group, V an
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elementary group of automorphisms of order 2". Let V,, V,,...,V,n_, be the set of
maximal subgroups of V, G;=Cg(V)), Ji={xe€G;x’=x""forveV-V;}; 1 Si<2"—1.

Lemma 4. Let n=2 and v; be the involution from V; 1<i<3. Suppose that x,yeG
and v, sends x into x~'. Then

(i) there exists a unique pair of elements ae J,, beJ, such that x=bab,

(ii) there exist elements y, € G,, y, €G,, y3€ G, such that y=y,y,y;.

Proof. See [15, Lemmas 1.4 and 1.6].

Remark. Suppose that the x above is conjugate in G to some element of G,. Then
beG'.

Indeed, let z denote the image of z in G=G/G'. Then xeCg(v,), whence x=a. So
b=1 as required.

Lemma 5. If G=[G, V] then

() 6= 15is2"-1);

(i1) C4(V) is generated by its subgroups Cg(V)N{JD, 1Ki<2"—1.

Proof. It is not hard to see that any element of G is contained in some finite
V-invariant subgroup which satisfies the conditions of the lemma. Thus it is sufficient to
consider the case in which G is finite. Let us prove (i). By [6, Lemma 2.1] we can
assume that G is a p-group for some prime p. By [15, Lemma 1.6] G=G,G,...G3n_,

and by [7, Lemma 104.1] G,=J,C4(V). It follows from G=[G,V] that C4(V)= G <
D(G). So G={J;15iL2"—-1).

Now consider (ii). By the Feit-Thompson Theorem [5] G is soluble. We shall prove
the lemma by induction on the derived length of G. Suppose that for [G',V] the
assertion is true. Put A=|),J;, B=4—(G'n 4), B;=BnJ, Let S denote the set of
finite formal sequences of elements of A4, i.c.

S={(a;,a,,...,a,);a;€ A}.
For each seS define numbers a(s) and B(s) as follows. Let s=(a,,a,,...,a,). Then
a(s)=|{i; a;e B}|. We put B(s)=0 if and only if for any me{1,2,...,2"—1} s contains at
most one element of B,,. Otherwise, B(s)=min,,{|i—j|;i#}j;a;a;e B,}. We denote by §
the element a,a,...a, of G. By (i) G is generated by A therefore the mapping S— G
defined by s—§ is surjective. Let h be an arbitrary element of H=Cg(V). Then

a(h)=min {a(s); 5=h}
B(h)=min {B(s); §=h,a(s)=a(h)}.

We note that if a(h)=0 then he[G',V] and consequently h belongs to Hy=
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HNUID;15iL£2"—1). Let us show that B(h)=0 is possible only when a(h)=0.
Suppose that B(h)=0. Then there exists se€S such that s§=h, f(s)=0. Let s=
(ay,a,,...,a,). Note that he G’ as G=[G,V]. So in the factor group G/G’' we have
byb,,...,bsn_,=1 where b,=4a,G’ for a,eB,,. This immediately gives us b, =b,=--=
b,n_, =1 which implies a(h)=0.

Suppose that « is the least number such that a(h)=x does not imply he H, and B is
the least number such that a(h)=a and B(h)=p does not imply he H,. As we have
shown above both a and B are positive. Choose an element he H such that a(h)=«a,
B(h)=p and h¢ H,. There exists a sequence s=(a,,a,,...,a,)€S such that §=h, a(s)=a,
B(s)=pB. We have a;a;e B, where j—i=f. Denote by s, the initial segment of s
consisting of j—2 elements, by s, denote the final one consisting of r —j elements. First
suppose that a;_,€J,. By [7, Lemma 10.4.1] a;_,a;=bh, where beB,, hy e Hn {J,,).
Then hh{'=3§bh,s,h;*. Clearly, H< Ng(J,) for k=1,2,...,2"—1 so if i=j—1 then
a(hh;)<a—1. If i#j—1 then B(hh;)<B—1. In any case under our assumptions
hh;'eH,, whence he H,,.

Let now a;_,¢J, By Lemma 4(i) there exist m;,m,e{l,2,...,2"—1} such that
aj 'a;_,a;=cdc for suitable elements ceJ,, NG’ and deJ,, Therefore h=5§,a;cdcs,,
whence we get that f(h)<p—1. Lemma 5 is now established.

Lemma 6. Suppose the hypotheses of Lemma 4 hold. Then for any element x of [G, V]
there exist elements x,,x,,x3 such that x;e {J,> and x =x,x,x5.

Proof. By (8, Lemma 4] there exist elements y,,y,, y3,h such that x=y,y,y;h;
yi€eJ; heCg(V). By the preceding lemma h=h h,h; for h,eCo(VYNn {J). Put x; =
ylhl’ X2 =h1_ly2h1h2, X3=h;1hi.IY3h1h2h3. Then X; € <J|'> and X=X1X3X3.

Lemma 7. With the hypotheses of Lemma 4 assume that G=[G,V] and R is a normal
V-invariant subgroup of G such that Rn Cg4(V)=1. Then R possesses a GV-invariant
series all of whose quotients are abelian.

Proof. Suppose that R has no non-trivial abelian subgroup which is normal in GV.
By [14, Lemma 2.2] there exists an element ae R N G; such that {a®) N C4(a)#<a®> n
G; for some ie{1,2,3}. We assume that aeG,. Put R,=Rn G, T=<{a®), T;=TNG,
D=Ca), D,=Dn G, 1ZiL3.

Evidently,

ID>=C6(Ry). (*)

So D;=T,. By the choice of a we can assume that D,#1. Put K=C; (D,),
L=C,(K).

Let x be an arbitrary element of G. By Lemma 6 x=x,x,x, where x;€<J;). We have
a*=ag****, By Lemma 4(i) x;'ax,=ca,c where ceJ,, a;eJ,. By (*) a**eCy(D,),
whence a, e K, ce C4(D,). Again by (*) x; € Cg(c), therefore (ca,c)**=caj*c. By Lemma
4(i) af* =ba,b where be J,, a,eJ,. We note that ai* € C4(L), whence b,aye Cr(L). This
argument shows that Lc Z(T). Suppose that L=1. Then v, acts fixed-point-freely on
C;(K) which gives us that T, < C4(D,), that is K=T,.
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Consequently, D, = Cs({Ty, T,>). By [14, Lemma 1.5, Corollary 1] Ty, T,>=[T,v;].
So

D, € Co([T,v3)). **)
Evidently,
G; = Ng([T,v5)). (***)

Now let y be an arbitrary element of G. Again by Lemma 6 y=y,y;y, where
y:<{J;>. We have a’*=a. Using (**) and (***), we get D, € C45(a*). By (*) [D,,y,1=1,
whence D,=D% < C;(a’*?)=C¢(a’). Therefore 1#D, = Z(T). This contradicts the
assumption that R has no non-trivial abelian subgroup which is normal in GV. The
lemma is established.

3. Proof of theorem

Let C=Cg4(V) be Chernikov, and let S be some maximal 2-subgroup of G containing
V. By [13, Lemma 3.1] S is Chernikov. Let F be the minimal subgroup of finite index in
S. We denote by Q the maximal normal 2’-subgroup of G. First, let us prove that [Q, V]
is hyperabelian. By Lemma 2(i) it suffices to show that [Q, V] has a nontrivial normal
V-invariant abelian subgroup. Suppose that any such subgroup of [Q, V] is trivial. Then
by Lemma 7 each normal V-invariant subgroup of [Q, V] has non-trivial intersection
with C. In this case [Q, V] contains a minimal non-trivial normal V-invariant subgroup
M. By a theorem of McLain [13, p. 11] M is abelian and we obtain a contradiction.
Thus [Q, V] is hyperabelian. Therefore in order to prove (i) it suffices to show that
[Q, V] contains a subgroup R such that R is normal in G and G/R is Chernikov.

Let vy,v,,0; be the involutions of V, G,=C4(vy), F.=FnG,, Q:=0nG,, Jy=
{xeG;; x""=x"" for i#k}; 1<k<3. Then F=F F,F; [3, Lemma 6] and F,=Cg(V)
(F nJ,). We note that (FnJ;) (FnJ)n(FnJ,)=1 implies that F~J, is divisible. By
Lemma 5(i) {Q,V]=<(J,nQ; 1=5k<3). Let x be an element of FnJ, for some
ke{1,2,3} and y an element of J;n Q for some je{1,2,3}. If j#k, then v, inverts y*
whence y*e[Q,v,] <[Q,V] Suppose j=k. Then by Lemma 3, y*=y. Thus FnJ,
normalizes [Q, V]. Evidently so does QCg(V) and we have QF = N = Ng4([Q, V]). This
gives us [13, Theorem 3.17] that N is of finite index in G. Since by Lemma 2(iii)
Q/[Q,V] is Chernikov we have that N/[Q, V] is Chernikov. So R= ﬂxx"[Q, V]x is
normal in G and G/R is Chernikov.

Let us now assume that C;(V) is finite. Then by Lemma 2(iii) [Q, V'] has finite index
in Q. Since [Q, V] is hyperabelian, by Lemma 1 QV is hyperabelian. Let r=rank(F). We
prove by induction on r that QFV is hyperabelian. If r=0 then F=1 and QFV =0V is
hyperabelian. Let r=1. Since F=F,F,F, [3, Lemma 6] without loss of generality we
can assume that rank(F,F,;)<r—1 and consequently by induction QF,F;V is hyper-
abelian. If QFV is not hyperabelian then there exists a quotient T of QFV such that T
does not possess a non-trivial normal abelian subgroup. For the sake of simplicity we
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assume that T=QFYV. Let B be a non-trivial abelian subgroup of Q, which is normal in
QF,F,V. Put By=BnG,. If B,=1 then B< Z([Q,v,]). By Asar’s result [1] Q/[Q,v,]
is soluble so B centralizes some term of the derived series of Q. This shows that Q
possesses a non-trivial characteristic abelian subgroup and we obtain a contradiction.
Let B, #1. By Lemma 3 F, = Cs(B,). whence (),.r, x™ ' Bx is a non-trivial abelian
subgroup which is normal in QFV. This contradicts our assumptions and proves that
QOF is hyperabelian. As QF is of finite index in G [13, Theorem 3.17], by Lemma 1 G is
hyperabelian. The proof is now completed.
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