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Relations between the Integrals of the Hypergeometric
Equation.

By Dr T. M. MacRoBERT.
(Read 9th May 1919. Received 22nd May 1919.)

The following discussion of the analytical continuation of the
hypergeometric function is believed by the writer to possess the
advantages of brevity and simplicity.

Denote the integrals of Gauss’s Equation
z(1-2)w' +{y—(e+B+1)2}w -aBw=0
which are regular near 0, 1, «, respectively by
WO, W0, WO, W0, Wi, Wi

Parr I.—The Four Forms of the Integrals.

Consider the integral

= [T gl e ag

where the initial point lies on the real axis between 0 and 1, and
amp ({) and amp (1-{) are initially zero; that value of
(1 -2{) "% is considered which has the value +1 when 2=0,

Expand (1-2{)”“ in powers of 2, and integrate term by term ;
then

I=(1 =B {1~ ® 0P B (5, 7~ f) F (2, B, 1,2).
In the integral put {=1-1¢; then

O, 14,0-,1-)
I=_I AN (T Lt Y P bl )
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Now this path is the previous path described in the opposite
direction ; hence

(1+,04,1-,0-) -
1=(1_z)‘“j z‘f‘ﬂ“(l—t)ﬁ‘1<1-zzlz> * at

=(1-2)"%{1 -2y (1 - 2B)

B(B, ‘)"‘B)F<°"’7—B’ Vs ;‘i‘—l) .

Accordingly,
Flo By 2)=(1-9) " F(0y-Bv 77 -
In this equation interchange o. and §; then
Flos By 9=(1-2) P F (B y a0y, =27) .
It follows that
F(a, r-Br ;—f—l)= (1-2)°"F F(B' Y- Yg—i—l) :

In this equation replace o, B, v,2 by a,y-8, v, 2/(z-1);
thus

F("‘: :37 s z)=(1 _z)'y—a-ﬁ F(V_a” 7":3’ v z)'
Hence W, "=F(o, B,v,2)
=(1-2)""* B F(y-oy-B 772

=(1-2)"%F(e, y-5, Y’zfl)

~1-9 P F(B y-m )

From the four forms for W, the four forms for the other five
integrals can be deduced.

Part I1.—Relations between the Integrals.

Consider the integrals
14, o4, 1=, 1) s 04,1, 0—)
4= s tyds B=| Fls ¢) d¢,

(04, 2+, 0—, 2=}
c=| S 0 ds
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where f(z, {)={""7 (1 6?71 (2-¢)%; the initial point is
taken on the real axis between 0 and 1, and that value of
(1 - (’/z)_“is taken which tends to +1 when z —> .

Indput{=1-1¢; then 2—{= - (1-2-1¢).
This equation can be written

2(1=(fz)= -(1-2){1 -¢/(1-%)}.
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Fig. 1.

Now it is clear from Fig. 1. that, as z >, amp {(z/1 - 2)}
tends to +7 according as J(2)= 0. Also amp(l-{/z) and
amp {1 -¢/(1-2)} tend to zero. Hence

z-{=et" (1=2-1),
according as I(2) = 0.
It follows that
J(o+, i-t4,0-,1-3-) 4-8

- -1 - - -
A= —gFrin ¢ -9 T T=z-9 "d,

Again, in this integral put ¢=(1 —2) Z; thus
A= —cFre( gy e p

O+,14+,0-,1-)  y-g-1 - —_ a-
f 27 - 0T ez

=¥ 1 2T B (1 _ e M) By~ B, 1 -a)x WP

In B expand (z — () ~* in descending powers of z; then
B={1 2@} (1 2O Ba -yt 1,y -B)x W ),

In C put {=2Z, and expand in powers of z; thus

C=—{1-"" M Q"2 Bla—y+1, 1-o)x WO
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Again, let
o ah &0
LEJ' /(2 g)dg,M=f Sz O dé, N=f S ) dl s
then

A=M(1 _6—2‘[&'0.) —N{l —82". (y -8 },

B-M {1 _6216(4—7)} -L{1 __821"'(7—5)}’

C=L(l _c—g‘ria)_N{l —62".('1_7)}-
Hence

A{1 _eg,,.,'(a_-y)} _B(1 _8—21n'a) -C {1 —62“-(7—3)} =0.

In this equation replace 4, B, C, by the values found above;
thus

(i) ¥ B(y-B 1-a)x W -B(a-y+1,y-B)x W=
+B(e-y+1, 1 -a)x W =0.

In this equation interchange o and 8 ; then
i) T PBy-o 1-B)x WO -B(B-y+1,y-a)x W,
+B(B-y+1,1-B)x W20,
In (i) and (ii) replace o, B, v, by e —y+1, B-y+1, 2~ v, and
multiply by 2177 thus
@iii)) eFTE-TtDB(y_o 1-B)x WM - B(o, 1-B)x W=
+B(y-e,a)x W®=0,
(iv) eFFiB-7+t) B(y-B, 1-a)x W -B(B, 1 -a)x W=
+B(y-8, B)x W©=0.
In (i) and (ii) replace «, B8,y, by 1-a,1-8,2~y, and
maultiply by #1 =7 (1 -2)7"% 8 then
() ¥ 0 Bla, By +1) x W -T2 AB(y — o, B ye1) x W)
+B (o, y-a)x WP=0.
(i) ¥ BB (B oy + 1) x WP - eF OB By B —yil)x W)
+B(B, y-PB)x WO =0,
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Note —Amp {(z—1)/(1 -2) } = 7, according as I(2)=0.
(Fig. 2).

Fig. 2.

In (i) and (ii) replace «, B, y, by y -, v — 8, 7, respectively,
and multiply by (1 -2)Y~*~#; then

(vii) ¥ "DV B(B a—y+1)x WP ¥ 0--B B _a B)x WL
+B(l-a,a—y+1)x W=0.

(viii) e¥T P B(a, B-y+1)x WP -eFT(r-2-B B(1 B, a)x W,
+B(1-B,B-y+1)x WP=0.

By means of these eight equations any of the integrals can be
expressed in terms of the two integrals at one of the other
singularities.

For example, to express W in terms of W¥ and W,", multiply
(iv) by 1/B (B, 1 ~a) and (v) by =T "¢"F/B(y ~0, f—y+1)
and subtract ; then

_etrily-psin(y - - AT T @ TA-a+AT(y-F g

™ Ty
- _aiﬂ'(‘)“‘ﬁ) sin(y-—a-B)x I' (&) I'(1 -a+f) P(Y‘“‘IB)X wo
T T(y-o) '
+ctﬂ'('y-—ﬁ) sin(a+B-y)w P(y—,B)P(l—a.+,3)P(a.+ﬁ—'y)x wo,
x r'g)
Therefore

y T-0-ATH) wu T +Ay)
ot G-p T T@T

x W,
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