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Non-splitting in Kirchberg’s Ideal-related
KK-Theory

Seren Eilers, Gunnar Restorff, and Efren Ruiz

Abstract. A. Bonkat obtained a universal coefficient theorem in the setting of Kirchberg’s ideal-related
KK-theory in the fundamental case of a C*-algebra with one specified ideal. The universal coefficient
sequence was shown to split, unnaturally, under certain conditions. Employing certain K-theoretical
information derivable from the given operator algebras using a method introduced here, we shall
demonstrate that Bonkat’s UCT does not split in general. Related methods lead to information on
the complexity of the K-theory which must be used to classify *-isomorphisms for purely infinite
C*-algebras with one non-trivial ideal.

1 Introduction

The KK -theory introduced by Kasparov [8] is one of the most important tools in
the theory of classification of C*-algebras, of use especially for simple C*-algebras.
Recently, Kirchberg has developed the so-called ideal-related KK -theory—a gener-
alisation of Kasparov’s KK -theory that takes into account the ideal structure of the
algebras considered—and obtained strong isomorphism theorems for stable, nuclear,
separable, strongly purely infinite C*-algebras [9]. The results obtained by Kirchberg
establish ideal-related KK -theory as an essential tool in the classification theory of
non-simple C*-algebras.

KK -theory is a bivariant functor; to obtain a real classification result one needs
a univariant classification functor instead. For ordinary KK -theory this is ob-
tained (within the bootstrap category) by invoking the Universal Coefficient The-
orem (UCT) of Rosenberg and Schochet.

Theorem 1.1 (Rosenberg-Schochet’s UCT, [16]) Let A and B be separable C*-alge-
bras in the bootstrap category N. Then there is a short exact sequence

Ext}(K,(A), K.(SB)) — KK (A, B) - Homy (K. (A), K.(B)),

where K,.(—) denotes the graded group Ko(—) ® K1(—). The sequence is natural in both
A and B, and splits (unnaturally, in general). Moreover, an element x in KK (A, B) is
invertible if and only if v(x) is an isomorphism.

This UCT allows us to turn isomorphism results (such as Kirchberg—Phillips’ the-
orem [10]) into strong classification theorems. Moreover, using the splitting, it allows
us to determine completely the additive structure of the KK -groups.
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To transform Kirchberg’s general result into a strong classification theorem, one
would need a UCT for ideal-related KK -theory. This was achieved by A. Bonkat [1]
in the special case where the specified ideal structure is just a single ideal. Progress
into more general cases with finitely many ideals has recently been announced by
Meyer—Nest [11] and by the second author [13], but in this paper we will only con-
sider the case with one specified ideal.

Theorem 1.2 (Bonkat’s UCT, [1, Satz 7.5.3, Satz 7.7.1, and Proposition 7.7.2])  Let
e1 and e, be extensions of separable nuclear C*-algebras in the bootstrap category N.
Then there is a short exact sequence

T
Exty (Ksix(e1), Kix(Se2)) < KK ¢ (er, e2) - Homg, (Kqix(e1), Kix(e2)),

where Kgix(—) is the standard cyclic six term exact sequence, Z¢ is the category of cyclic
six term chain complexes, and Se denotes the extension obtained by tensoring all the
C*-algebras in the extension e with Cy(0, 1). The sequence is natural in both e; and e,.
Moreover, an element x € KK ¢(ey,e,) is invertible if and only if I'(x) is an isomor-
phism.

Bonkat leaves open the question of whether this UCT splits in general. We prove
here that this is not always the case, even in the fundamental case considered by
Bonkat (see Proposition 3.1(i)).

This observation tells us—in contrast to the ordinary KK -theory—that we can-
not, in general, completely determine the additive structure of KK ¢ just by using
the UCT. It is comforting to note, as may be inferred from the results in [6, 14, 15],
that this has only marginal impact on the usefulness of Bonkat’s result in the context
of classification of the C*-algebras considered by Kirchberg. But as we shall see, it
has several repercussions concerning the classification of homomorphisms and auto-
morphisms of such C*-algebras, and opens an intriguing discussion—which it is our
ambition to close elsewhere in the important special case of Cuntz—Krieger algebras
satisfying condition (II) — on the nature of an invariant classifying such morphisms.

Indeed, examples abound in classification theory in which the invariant needed
to classify automorphims up to approximate unitary equivalence on a certain class of
C*-algebras is more complicated than the classifying invariant for the algebras them-
selves. For instance, even though K, (—) is a classifying invariant for stable Kirchberg
algebras (i.e., nuclear, separable, simple, purely infinite C*-algebras,) one needs to
turn to total K-theory — the collection of K, (—) and all torsion coefficient groups
K. (—;7Z,)—in order to obtain exactness of

(1.1) {1} — Inn(A) — Aut(A) — Auty(K(A)) — {1},

where Inn(A) is the group of automorphisms of A that are approximately unitarily
equivalent to id4 and the subscript A indicates that the group isomorphism on K(A)
must commute with all the natural Bockstein operations.

The appearance of total K-theory in (1.1) is explained by the Universal Multicoef-
ficient Theorem (UMCT) obtained by Dadarlat and Loring in [4].
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Theorem 1.3 (Dadarlat-Loring’s UMCT, [4]) Let A and B be separable C*-algebras
in the bootstrap category N. Then there is a short exact sequence

Pext; (K. (A),K.(SB)) — KK (A, B) — Hom, (K (A), K(B)),

where Pext}, denotes the subgroup of Ext}, consisting of pure extensions, and Hom, de-
notes the group of homomorphisms respecting the Bockstein operations. The sequence is
natural in both A and B, and an element x in KK (A, B) is invertible if and only if the
induced element is an isomorphism. Moreover, Pext, (K, (A), K.(SB)) is zero whenever
the K-theory of A is finitely generated.

Dadarlat has pointed out to us that although [4] states that the UMCT splits in
general, this is not true. The problem can be traced to [17-19].

In the stably finite case, as exemplified by stable real rank zero AD algebras, the
UMCT leads to exactness of

{1} — Inn(A) — Aut(A) — Auty +(K(A)) — {1},

in which the subscript “+” indicates the presence of positivity conditions (see [4]
for details). Noting the way the usage of a six term exact sequence in [15] parallels
the usage of positivity in the stably finite case (cf. [3]) it is natural to speculate (as
indeed the first author did at The First Abel Symposium, cf. [6]) that by combining
all coefficient six term exact sequences into an invariant K ; (—) one obtains an exact
sequence of the form

(1.2) {1} — Inn(e) — Aut(e) — Auty (K (e)) — {1},

and to search for a corresponding UMCT along the lines of Theorem 1.3.

This sequence is clearly a chain complex, but as we will see, the natural map
from KK ¢(er,e;) to Homp (K (e1), K (e2)) is not injective nor is it surjective
in general for extensions e; and e, with finitely generated K-theory (see Proposi-
tion 3.1(ii),(iii)), and we will give an example of an extension of stable Kirchberg
algebras in the bootstrap category N with finitely generated K-theory, such that (1.2)
is only exact at Inn(e), telling us in unmistakable terms that this is the wrong invari-
ant to use.

Our methods are based on computations related to a class of extensions that, we
believe, should be thought of as a substitute for the total K-theory of relevance in
the classification of, e.g., non-simple, stably finite C*-algebras with real rank zero.
We shall undertake a more systematic study of these objects elsewhere and show how
they may be employed to the task of computing Kirchberg’s groups KK ¢ (—, —).

2 Preliminaries

We first set up some notation that will be used throughout.
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Definition 2.1 Letn > 2 be an integer and denote the non-unital dimension drop
algebra by IS = {f € Co((0,1],M,,) : f(1) € Clp,}. Then I fits into the short
exact sequence

0t SM, — I = C.

It is well known that Ko(12) = 0 and K; (I2) = 7Z,, where Z,, denotes the cyclic abelian
group with # elements.

Let ¢, 1: SC < I, — I be the extension obtained from the mapping cone of the
map I2 — C. The diagram

0 — SC == SC
SM, € I cC
SM, € 10 C

is commutative and the columns and rows are short exact sequences. Note that the
*-homomorphism from SM,, to I} induces a KK -equivalence.

Let ¢,5: SIS < I2 — Il be the extension obtained from the mapping cone of the
canonical map Il — 19, Then the diagram

0 —— SIY SI
SC S 12 cr
SC S I 19

is commutative and the columns and rows are short exact sequences. Note that the
*-homomorphism from SC to I? induces a KK -equivalence. This implies, with a
little more work, that we get no new K-theoretical information from considering
objects I¥ or ¢, for k > 2. Note also that the C*-algebras I%, 1, and I? are NCCW
complexes of dimension 1, 1, and 2, respectively, in the sense of [5]. See Figure 2.1.
Lete: Ay — A; — A, be an extension of C*-algebras. We have an “ideal-related
K-theory with 7Z,-coefficients” denoted by Ky (e;7Z,). More precisely, Kgx(e;7Z,)
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I I2
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[Fibre legends: []=0, C0=M,,, Ill=C]
Figure 2.1: NCCW structure of I,

denotes the six term exact sequence

Ko(Ao;Z,) —— Ko(A1;2,) —— Ko(Ax7Z,)

T |

Ki(AyZ,) =— Ki(A;2,) <— Ki(Ap;Z,)

obtained by applying the covariant functor KK * (I, —) to the extension e.

Let us denote the standard six term exact sequence in K-theory by Kj;,(e). The col-
lection consisting of Kix(e) and Ksix(e;Z,) for all n > 2 will be denoted by K, (e).
A homomorphism from K (e;) to K (e;) consists of a morphism from K, (e;) to
Kiix(e;) along with an infinite family of morphisms from Kix(e157Z,) to Ksix(e2;7Z,)
respecting the Bockstein operations in A. We will denote the group of homomor-
phisms from K ; (e;) to K (e;) by Homp (K, (e1), K4 (e2)). We turn K into a
functor in the obvious way.

Lemma 2.2 There is a natural homomorphism

Lo e, KKe(er,e5) — Homp (K (e1), K (e2)).

Proof A computation shows that Kix(—;Z,) is a stable, homotopy invariant, split
exact functor, since KK satisfies these properties. Therefore, K (—) is a stable,
homotopy invariant, split exact functor. Hence, for every fixed extension e; of C*-al-
gebras, Homy (K g, (e1), K, (—)) is a stable, homotopy invariant, split exact func-
tor. By [1, Satz 3.5.9], we have a natural transformation I';, _ from KK ¢(e;, —) to
Homy (K g, (e1), K (—)) such that I, _ sends [id,, ] to K (id,, ). Arguing as in the

proof of [7, Lemma 3.2], we have that

six

L e, : KKg(er,e;) — Homy (K (e1), K (e2))

is a group homomorphism. [ ]
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Another collection of groups that we will use in this paper is the following: for
eachn > 2, set

2
Ke(eZ,) = @D (KKg (e e) ® KK (I, A)) & KK*(C,A))).

1=0

3 Examples

Accompanying the groups KK ¢ (¢, ;, e) are naturally defined diagrams, which will be
systematically described in the second author’s doctoral thesis [13]. For now, we will
use these groups to show the following.

Proposition 3.1 (i) The UCT of Bonkat (Theorem 1.2) does not split in general.
(ii) There exist e; and e, extensions of separable nuclear C*-algebras in the bootstrap
category N of Rosenberg and Schochet [16] such that the six term exact sequence
of K-groups associated with e, is finitely generated and
Lo e,: KK g(er, 2) — Homy (K, (e1), K, (e2))
is not injective.
(iii) There exist e; and e, extensions of separable nuclear C*-algebras in the bootstrap
category N of Rosenberg and Schochet [16] such that the six term exact sequence
of K-groups associated to e, is finitely generated and

Fel € . KKE(ela 62) — HomA(Ksix(el)7Ksix(62))

is not surjective.

The proposition will be proved through a series of examples. The following ex-
ample shows that the UCT of Bonkat does not split in general. Also it shows that
there exist extensions e; and e, of separable nuclear C*-algebras in N with finitely
generated K-theory, such that I, ., is not injective.

Example 3.2 Let n be a prime number. By [1, Korollar 7.1.6], we have that
1 —= ] — KKlg(en,07 en,l) — 0

is an exact sequence. Therefore, KK ¢ (¢e,0,¢,1) is a cyclic group. By [1, Korol-
lar 7.1.6], KK fg (€40, ¢,1) fits into the following exact sequence

0 ——> Zy ——> KKh(enotnt) —> 7y —> 0.

So, KK}: (€0, €4,1) is isomorphic to Z,..

An easy computation shows that Hom(Kjix(¢,,0), Kiix(Se,,.1)) is isomorphic to Z,.
Using this fact and the fact that KK ¢ (¢, 9, Se,, 1) = KKlg (€40, €n,1) is Z,2, we imme-
diately see that the UCT of Bonkat does not split in this case.
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We would also like to point out another consequence of this example. Since
n is prime and Extlz6 (Ksix(€40), Ksix(e4,1)) injects into a proper subgroup of
KK% (€40, €4,1), we have that EX‘(IZ6 (Kiix(€4,0), Kiix(€4,1)) is isomorphic to Z,. There-
fore, n annihilates all torsional K-theory information, but # does not annihilate the
torsion group KK}E (€10, €n1).

We will now show that the natural map I'¢ s, from KKeg(e,g,Se,;) to
Homy (K g, (¢,0), K (Sen 1)) is not injective. Let Ay — A; — A, and By — B, —
B, denote the extensions ¢, o and Se, ;, respectively. Note that the corresponding six
term exact sequences are (isomorphic to)

00— 0 ——= 171 7 — 7 — 1,
T l and T l,
0<~—7Z, <— 7 0 <—0<—-0

respectively. Using the UCT of Rosenberg and Schochet, a short computation shows
that n Hf:() KK (A;, B;) = 0. Since all the K-theory is finitely generated, we have by
Dadarlat and Loring’s UMCT that Homy (K g, (¢,0), K, (Se, 1)) is isomorphic to a
subgroup of H?:o KK (A, B;). Since the latter group has no element of order n* and
KK ¢(en0,S¢,,) is isomorphic to Z,2, we have that I, | s, is not injective.

The above example also provides a counterexample to [1, Satz 7.7.6]. The argu-
ments in the proof of Satz 7.7.6 are correct, but it appears that Bonkat overlooked the
case where the six term exact sequences are of the form

0 ——=0 —— x 00— 0 ——>20
T J/ and T l
0 <=— % <— % k <— k <— X%

Our next example shows that there exist extensions e; and e, of separable nuclear
C*-algebras in N with finitely generated K-groups, such that I',, ., is not surjective.

Example 3.3 Let n be a prime number. Consider the following short exact se-
quences of extensions:

SC == SC —= 0
(3.1) SC S 1! 10
0 ——= 10 =——=1
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M, =—— M, —= 0
(3.2) SM,, € 10 C

|

C

00— C

By applying the bivariant functor KK (—, —) to the above exact sequences of
extensions with (3.1) in the first variable and (3.2) in the second variable and by
Lemma 7.1.5 of [1], we get that the diagram

0 0 0
0 0 Ly Ly 0

0 —— 7 — KKeg(enr,000) —> Zy —> 0

n
0 M 2, 0 0
0 0 0

is commutative. By [1, Korollar 3.4.6], the columns and rows of the above diagram
are exact sequences. Therefore, we have that KK ¢ (¢,,1, ¢,,) is isomorphic to Z @ Z,.
A straightforward computation gives that Kgix(e, o) and Ksix(e,,05 Z,) are given by

0 —— 0 —— 7 0 —— Z(mﬂ) > Zn
T l and T l )
0 <~— 72, <=— 7 0 <~— Zn/(m,n) ~ Ly
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and similarly, for ¢, ;, by

0 —> 0 —> 0 0 0 Linmy
T l and T i
Zn ~— 7 <= 7 Zn/(n,m) Zn Zn

A map Ksix(en,l) S Ksix(en,l;zn) - Ksix(en,o) ©® Ksix(en,O; Zn) iS giVen bY a 12'tuple
((07 07 07 x? a? 0)7 (0’ 07 b? C7 d? 0))

where x € Z and a,b,c,d € 7Z,. To commute with the maps in the diagrams as
well as the Bockstein maps of type p and 3, we must have d = a and ¢ = X, and
straightforward computations show that this tuple extends uniquely to an element of
Homy (K g, (¢41), K ;i (e40)). Hence this group is isomorphic to Z® Z, & Z,,. Finally,

note that no surjection Z & 7, — 7.® 7, ® 7, exists.

Remark 3.4 The matrices

A= and B=

—_—_——_—O OO

0
0
0
1
1
1

—OO O —
OO ——
—_—_——_—O OO

0
1
1
0
0
0

satisfy condition (II) of Cuntz [2]. Hence, the Cuntz—Krieger algebras O4 and Op are
purely infinite C*-algebras and have exactly one non-trivial ideal. Using the Smith
normal form and [12, Proposition 3.4], we see that the six term exact sequence cor-
responding to O, and Op are (isomorphic to) the sequences

L= b T —> 7 —> 17
2

0 ~—Z~<~—1
o 7 <— L <=— 0

respectively. Using KK ¢ -equivalent extensions, the fact that KK ¢ is split exact, and
arguments similar to Example 3.2, one easily shows that the natural map I',, ., is not
injective for the extensions e; and e, corresponding to the Cuntz—Krieger algebras O4
and Ogp, respectively. Similar considerations on

10000 110000

11000 011000
C= 00111 and D= |040710
00111 000111
00111 100011

OO O —

yield a version of Example 3.3 in the realm of Cuntz-Krieger algebras.
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One may ask if I';, ., is ever surjective, and the answer is yes. If ¢ is an
extension of a separable nuclear C*-algebra in N such that the K-groups of
Kiix(e1) are torsion free, then Homy (K g, (e1), K, (e2)) is naturally isomorphic to
Homg, (Kiix(e1), Kiix(e2)) such that the composition of I',, ., with this natural iso-
morphism is the natural map from KK ¢ (e;, e;) to Homg, (Ksix(e1), Kix(e2)). Hence,

by the UCT of Bonkat, we have that I',, ., is surjective.

4 Automorphisms of Extensions of Kirchberg Algebras

The class R of C*-algebras considered by Rordam in [15] consists of all C*-algebras
A, fitting in an essential extension e: Ay — A; — A, where Ay and A; are Kirchberg
algebras in N (with Ay necessarily being stable). For convenience we shall often iden-
tify e and A, in this setting, as indeed we can without risk of confusion. As explained
in [15], one needs to consider three distinct cases: (1) A; is stable; (2) A; is unital;
and (3) A, is neither stable nor unital.

A functor F is called a classification functor, if A = B < F(A) = F(B) (for all alge-
bras A and B in the class considered). Such a functor F is called a strong classification
functor if every isomorphism from F(A) to F(B) is induced by an isomorphism from
A to B (for all algebras A and B in the class considered).

In [15], Rerdam showed Ky to be a classification functor for stable algebras in
R. More recently, the authors in [6, 14] showed that K (respectively Ky together
with the class of the unit) is a strong classification functor for stable (respectively
unital) algebras in R. Moreover, they also showed that K is a classification functor
for non-stable non-unital algebras in R.

In this section we will address some questions regarding the automorphism group
of e, where e is in R. If e: Ay — A; — A, is an essential extension of separable
C*-algebas, then an automorphism of e is a triple (¢, ¢1, ¢2) such that ¢, is an au-
tomorphism of A; and the diagram

AOC—> A ——= A

- )

A0(—> A —— A

is commutative. We denote the group of automorphisms of e by Aut(e). If Ag and
A, are simple C*-algebras, then Aut(e) and Aut(A,;) are canonically isomorphic. Two
automorphisms (¢g, ¢1, @) and (g, 11,1,) of e are said to be approximately uni-
tarily equivalent if ¢; and 1), are approximately unitarily equivalent. A consequence
of Kirchberg’s results in [9] is that KK ¢ (e, ) classifies automorphisms of stable al-
gebras in R.

In [6] the first and second authors asked whether the canonical map from Aut(e)
to Auty (K, (e)) was surjective, cf. (1.2). We answer this in the negative as follows.
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Proposition 4.1 There is a C*-algebra e € R with finitely generated K-theory such
that (1.2) is exact only at

{1} —— Inn(e) — Aut(e)

Before proving the above proposition, we first need to set up some notation. For
¢ in Aut(e), the element in KK ¢ (e, e) induced by ¢ will be denoted by KK ¢ (¢) and
the element in Homy (K, (e), K, (e)) induced by ¢ will be denoted by K ;. (¢). We
will also need the following result.

Proposition 4.2 Let e be any extension of separable C*-algebras. Define
Ae,,7;‘e: KKS(en,ia e) — HomZ(KKS(en,ia en,i)a KKE(en,ia 6))

by A.,,(x)(y) = y X x, where y X x is the generalized Kasparov product (see [1]).
Then A, . is an isomorphism for i = 0, 1, 2.

Proof We will only prove the case when i = 0; the other cases are similar. By the
UCT of Bonkat one shows that KK ¢ (e, 0, ¢,,) is isomorphic to Z and is generated
by KK ¢(id,,,). Therefore, if A, .(x) = 0, then

x = KK¢(id,,) x x = A¢, () (KK ¢(id,,)) = 0.

Hence, A.,, . is injective. Suppose « is a homomorphism from KK ¢ (¢, ,¢,0) to
KKg(enp,e). Setx = a(KKe(id,,,)). Then

€n,0

Ao e(X)(KKg(ide,,)) = x = a( KK g (id,, ).

€n,0
Therefore, A, . is surjective. ]

Proof of Proposition 4.1 Sete; = Se p1 D ep1 D e, where pis a prime number. Let
t1 be the embedding of Se,; to e; and 7; be the projection from e; to ¢, . Note that

KKe(11) X (=): KKg(epo,Sep1) — KKe(epo,e1)

and
(=) x KKg(m): KKS(ep,anl) — KK¢(er,e1)

are injective homomorphisms. Hence
m = ((=) x KK¢(m)) o (KK ¢ (1) x (<))

is injective. Since I'_ _ is natural,

m

KKE(ep,Oasep,l) KK¢(e,er)

1_“'p.o-scp.l i Ffl.ul \L

Homy (K, (€p0), Ky (Sep 1)) —— Homy (K (er), K (er))

1
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is commutative. By Example 3.2, T’

¢p0.5¢,, 18 not injective. Therefore, I, ., is not
Injective.
Let 7, be the projection of ¢; to ¢,y and let ¢, be the embedding of ¢, ; to ¢;. Note
that
KKeg(m) x (=): KKg(er,e1) — KKele, ep,o)
and

(=) X KK¢e(12): KKg(er,epp) — KKe(ep,epo)

are surjective homomorphisms. Therefore,
= ((—) x KK¢(13)) o (KK g (m;) X (—))

is surjective. Similarly, 6, = (12) o K, () is surjective. Since I'_ _ is natural,

SlX =2 six

2

KK¢(er,er) KKe(ep1,¢p0)

Lep ey i Leprepo l

HOInA(K (61) iglx(el)) I Homl\(‘slx(ep,lhKsix(eP,O))

‘Slx
0,

is commutative. By Example 3.3, I"
tive.

We have just shown that I, ., is neither surjective nor injective. By [15, Propo-
sition 5.4] there is a stable extension e: Ay — A; — A, in R such that K (e) =
Kiix(e1). By the UCT of Bonkat, Theorem 1.2, we are able to lift this isomorphism to
a KK ¢-equivalence. Therefore,

¢p1,ep 18 DOT sUT)ECTIVE. Hence, I',, ., is not surjec-

R

KKe¢(e,e) KKe(er,er)

i Tee l T

Homy (K, (e), K, (e)) —— Homy (K, (e1), K, (er))

is commutative. Hence, I', . is neither injective nor surjective.
Denote the kernel of the surjective map from

HOl’IlA(K (e)a ‘Slx(e)) to HOI’HZ( (Ksix(e) Ksix(e))

22 5ix

by Extgix (Ksix(e), Keix(Se)). Note that if « is an element of Homy (K, (e), KSIX(e))
such that ak, (¢ is an isomorphism, then « is an isomorphism. Since T, is not
surjective and

(4.1)
Ethﬁ (Ksix(e),IQix(SE)) C—> KKg (e, e) —_— Homzé (Ksix(e),Ksix(e))

i Cee i Cee

Ethlx(Kelx(e) Kslx(se)) (H HOmA(K (6) K (6)) —>> Homzﬁ(Ksix(e)aKsix(e))

six ==six
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is commutative, there exists 3; in Extgy(Kix(e), Ksix(Se)) that is not in the image of

T,.. Since (K (ide) + B1) |kt = Kix(1de)|k,, () We have that K (id.) + 5y is an
automorphism of K ; (e). Since 3, is not in the image of I, ., K, (id,) + 5 is not in
the image of I', .. Hence, K ;; (id.) + (3, is an automorphism of K ; (e) that does not

lift to an automorphism of e. Consequently,

=2 six

Aut(e) —— AutA(Kslx(e)) {1}

is not exact.
Since the diagram in (4.1) is commutative and I',, is not injective, there exists
a nonzero element (3, of Exty, (Ksix(e), Ksix(Se)) such that I'; .(3,) = 0. Therefore,
B2 + KK ¢(id,) is an invertible element in KK ¢ (e, e) such that I', .(3,) + K 4, (id,) =
K, (id.). By [9, Folgerung 4.3], 3, + KK ¢(id,) lifts to an automorphlsm ¢ of e. So

731)(((773) —slx(ld ) n AutA (Kslx(e))
Set

G= Hom(KKg(Sepyl, e1), KK¢(Se,, el))
2
® (@ Hom(KK e (¢pi, e, KK e(¢p5,e1)))
i=0
H = Hom( KK¢(Sep1,e), KKg(Sep,e))

2
o (@ Hom( KK e (eps, ), KK e(epie)) )

i=0

Since e; is equal to Se,, ; ¢, 1 D¢y g, by Proposition 4.2 the map from KK ¢ (e, 1)
to G given by x — (—) x x is an isomorphism. Hence, the map from KK ¢ (e, e) to H
given by x — (—) X x is an isomorphism. A computation shows that if ¢ is in Inn(e),
then ¢ induces the identity element in H. Therefore, ¢ is not approximately inner.
We have just shown that

Inn(e) —— Aut(e) — Auty (K (e))

=six

is not exact. [ ]
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