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GENERALIZED BLOCH MAPPINGS IN COMPLEX 
HILBERT SPACE 

FLETCHER D. WICKER 

1. I n t r o d u c t i o n . Anderson, Clunie and Pommerenke defined and studied 
the family of Bloch functions on the unit disc (see [1]). This family strictly 
contains the space ^ ° ° of bounded analytic functions. However, all Bloch 
functions are normal and therefore enjoy the "nice" properties of normal 
functions. The importance of the Bloch function concept is the combination 
of their richness as a family and their "n ice" behavior. 

This paper gives a generalization of the Bloch function concept and some 
basic properties of the generalized Bloch mappings. These generalized Bloch 
mappings are Fréchet holomorphic, defined on the unit ball in a complex 
Hilbert space and take values in another complex Hilbert space. The Cara-
theodory-Reiffen metric on the unit ball of a complex Hilbert space is utilized 
in the definition of Bloch mappings. Properties of the Caratheodory-Reiffen 
metric are discussed in Section 2. 

As in the one dimensional case, the set of Bloch mappings forms a complex 
Banach space with respect to the Bloch norm. This is proven in Section 3. In 
Section 4, the main result is t ha t closure of the subspace of homogeneous 
polynomials is characterized by the boundary behavior of the Fréchet deriva­
tive's norm. Together the results in Sections 3 and 4 extend Theorem 4 of 
[4 page 457]. 

2 . Pre l iminar ies . Let I f be a complex Hilbert space with inner product 
denoted by ( , ) and norm || | |^ . The unit ball in W is B = B(d, 1), where 6 is 
the zero vector in W. Let V be another complex Hilbert space with norm 

For each nonnegative integer m, J^ (mW; V) will denote the Banach space 
of all continuous m-linear mappings from W to V, where J^ (° W; V) = V. The 
norm of A G 3? (mW\ V) is 

/-IN in /i ni \\A{w, . . . ,w)\\v 

where the supremum is taken over all w ^ 6. 
A continuous m-homogeneous polynomial is a continuous mapping, 

P : W —•» V, for which there is some symmetric A 6 ^(mW\ V) such t h a t 
P(w) = A(w, . . . , w), for all w Ç W. A finite sum of m-homogeneous poly-
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nomials is a continuous polynomial. The spaces of m-homogeneous polynomials 
and continuous polynomials are denoted by &(mW', V) and &(W; V), 
respectively. 

A power series from W to V about w0 G W is a series in x G W of the form 
]Cm=o Pm{x — wQ), where Pm G ^(mW; V) for each nonnegative integer m. 
The radius of convergence of the power series is the largest r, 0 ^ r ^ oo , 
such t ha t the power series is uniformly convergent on every B(w0, p), for 
0 ^ p < r. 

A standard proof (see [5, page 111, Theorem 3.16.2]) shows t ha t a power 
series represents a continuous mapping within its ball of convergence. T h u s a 
power series about 6 with radius of convergence r ^ 1 is a continuous mapping 
of B into F . Any continuous mapping of B into V, which has a power series 
representation a t the origin with radius of convergence r ^ 1, is called a 
holomorphic mapping. The set of all holomorphic mappings is J4?(B; V). 

If / G J T ( 5 ; V), then for each w G 5 , / ( w ) = E L o P r a W . Of course 
P* g ^(mIf; V) and the sequence {.Pm}^=o depends o n / . I t is clear t ha t for 
each w0 (z B there is a radius of convergence r ^ 1 — | |^O| |TT such t h a t 
f(w) = Y,m=oPJ(w - wo) for \\w - w0\\w < r. Here (P f f l ' )Lo is a new 
sequence of m-homogeneous polynomials. The m-derivative of / a t wQ G B is 
defined to be Df

m(wQ) = m\Pm'. For each nonnegative integer m, Df
m(w) G 

&(mW\ V). An impor tan t proper ty of m-derivatives is the following (see 
[5, page 111, Theorem 3.16.3]). 

L E M M A 1. (Cauchy Inequal i ty) Let f G <#f{B\ V), r > 0 and w G B be such 
that B(w, r) is contained in B. Then for each positive integer n, 

\\\D;(w)\\\^^sup\\f(x)\\v, 

where the supremum is taken over all x such that \\x — w\\w = r. 

Let G be a bounded domain in W. D will denote the uni t disc in the complex 
plane C. Let ^f{G\ D) be the set of holomorphic mappings from G to D. The 
Caratheodory-Reiffen metric on G is defined by 

aQ{w,S) = s u p { | Z M « / ) f l ; / e ^(G;D)}, 

where w G G, f G IF and || denotes the usual norm in C. The distance between 
points w and w' in G is defined by 

pG(w,w')^ini J aG(y(t),Dy(t))dt, 

where the infimum runs over all piecewise continuously d i f fe rent ia te curves, 
y : [a, b] —» G, with y (a) = w and y(b) = w'. 

G' is a bounded domain of another complex Hilbert space V. The following 
extensions of results by Earle and Hamil ton ([2, page 62, Theorem 2]) are due 
to Hahn [3]. 

https://doi.org/10.4153/CJM-1977-033-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1977-033-9


BLOCH MAPPINGS 301 

LEMMA 2. (Schwarz-Pick Lemma) Letf : G —> G' be a holomorphic mapping. 
Then 

aG,{f{w),Df(w)Ç) S CLG(W,{) 

and 
pG'(f(w)J(wf)) < pG(w,wr) 

for all w, w' G G and f £ W. 

LEMMA 3. Let B be the open unit ball in the complex Hilbert space W. Then 
for allw £ B, f G W, 

(1) aB(w, f) = ^ ,,_,, 2N 
i d - i k i k 2 ) i i r i k 2 + i K f ) i 2 } 1 / 2 

( i - IMk 2) 
and 

pB(w,w') = tanh - 1 <5B(w, w'), 

where 

11 — (w,w )\ 

This metric on B satisfies the following inequality: 

(i - \H\.Y2 - as(w'û - a - \W\W
2) • 

3. The space ^ ( B ; V). For each w Ç B a n d / d ^f{B; V), let 

where j* G ^ and 

iV, = sup Q/(w). 

Definition 1. A mapping/ £ ^f{B ; F) is called a Bloch mapping if TV/ < oo . 

Because || | |y is a norm, Q/(w) has the following properties: 

(3) <2/1+/» ^ / i W + ^ W 

and 

(4) Qx/(w) = M<2» 

for a given X G C and holomorphic mappings / i , f2 a n d / in J4?(B; V). Taking 
the supremum over all vectors w ^ B m (3) and (4) yields 

(5) Nfl+ft g Nn + Nn 

and 

(6) 2VX/ = \\\N, 
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respectively. It follows from (5) and (6) that the set of Bloch mappings is a 
linear subspace of ^f{B\ V). This subspace is denoted by 38 (B\ V) and the 
linear structure of 38 (B\ V) will be investigated. 

Definition 2. L e t / G 38 (B\ V). Define the Bloch norm of/ to be 

\\f\\» = \W)\\v + Nf 

LEMMA 4. 38 (B; V) is a normed linear space with respect to the Bloch norm. 

Proof. It is enough to prove that \\j\\@ = 0 implies f{w) = 6 for all w G B. 
Clearly, | | / | |^ = 0 implies/(0) = 6 and Df(w) = 0 for all w G B. Therefore, 
f(w) is a constant map and/(w) = /(0) = 6. 

LEMMA 5. / / / G J?œ, then f G 38 (B; V). Moreover, 

(7) ||/IU^2||/|U. 

Proof. If / G ^ œ , t h e n / : B->B(d, AI) = G, where M = \\f\\œ. It follows 
from Lemma 2 that for w G B and f G W7 

(8) a ^ / ^ ) , ! ) ; ^ ) ! - ) ^ «*(«,,$•). 

The left hand side of (8) has the form 

aG(f(w),Df(w)ï) 

= i ( ^ 2 - H/Wlk2)l|D»rll/ + |(g»ft/(«;))a|}1/a 

(M2- | l/MI | / ) 
Hence one has 

aG(f(w),Df(w)ï) ^ l|g/(w)f||y 
(M2- ||/(«0||/)1/2 

which together with (8) yields 

mp>Ek<M 

for all f G W, f ^ 6 and w G 5 . By Definition 1, (7) follows. 

Under Bloch mappings, the size of the image of a set is restricted by the 
Bloch norm of the map. 

THEOREM 1. Let f G 38 (B; V) and 0 S r < 1; then 

(9) sup\\f(w)\\v^ | | / | | a ( l + t anh- 1 r ) , 

where the supremum is over all \\w\\w ^ r. 

Proof. Let y : I —> B be any curve from 6 to w, where ||w||w = r- Then 
f o y : I —» F is a curve from /(0) to f(w). This implies 

(10) | | / ( w ) | | v - | | / W | | v â l l / M - / ( t f ) l k ^ | | r f ( / o 7 ) M | | ^ . f1 IWC/< 
*/ 0 
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But d(f o y)/dt = Df(y(t))y*t, where y4 is the tangent vector to Y( / ) . Using 
the definition of Qf(w) and Nf yields \\Df(y(t))y*t\\ ^ NfaB{y(t), y*t). 
Putting this into (10) yields 

(il) \\m\\v-\\f(fi)\\v£NMy), 
where L(y) is the length of y relative to the metric aB. Taking the infimum of 
(11) over all piecewrise continuously differentiate curves from 6 to w, and 
applying Lemma 3 one has 

\\f(?»)\\v-\\f{0)\\v£N,tanh-ir, 

from which (9) is easily derived. 

COROLLARY 1. If the sequence of Block mappings, {fn}n=i converges to the Bloch 
mapping f in the Bloch norm, then 

a) {fn}n=i converges to f uniformly on any closed ball B(6, r), 0 ^ r < 1, and 
b) for each positive integer m and 0 ^ r < 1, limw_>00|||Z)/_/n

m(^)||| = 0, 
uniformly for \\w\\w ^ r. 

Proof, a) It suffices to show that {fn}^=i converges uniformly t o / on B(d, r), 
for fixed 0 ^ r < 1. By Theorem 1, for all w in the ball B(6, r), 

\\f(w) -fn(w)\\v£ | | / - / n l U ( l + tanh-^r) . 

b) For 0 S r < 1, let r < r' < 1 and p = (r' - r)/2, then B(w, p) C B 
for all II 2̂11 w = Y- By Cauchy's Inequality (Lemma 1), 

| | |ZW(«0| | | ^ ^!sup ||/(*) -f,(x)\\v, 
p 

where the supremum is over the ball \\x\\w :g (r + r')/2. The result follows 
from Part a). 

THEOREM 2. S8(fB\ V) is a Banach space with respect to the Bloch norm. 

Proof. Let {fn}^Li be a Cauchy sequence of Bloch mappings. There is a con­
stant J such that H/nll^ ^ / for all positive integers n. Hence by Theorem 1, 
for each wQ £ B, if ||w0 | |^ ^ r < 1, 

| | A ( ^ o ) | | ^ / ( l + t a n n e r ) 

for all positive integers. Thus {/n}^=i is locally uniformly bounded (see [5, page 
113]). For fixed Wo £ B with ||w0 | |^ ^ r < 1, Theorem 1 again implies 

||/»(wo) -fm(w0)\\v£ \\fn-Sm\Uil + t a n n e r ) . 

Hence {fn(^o)}n=i is a Cauchy sequence in V. Because V is complete the point-
wise limit, limn_>œfn(wo) = f(w0), exists for all w0 Ç B and / G Jtf(B\ V) by 
Theorem 3.18.1 of [5, page 113]. Furthermore with (9) of Theorem 1 it is easy 
to show that/„(w) converges to f(w) uniformly on any closed ball B(6\ r), 
0 g r < 1. 
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Let e > 0. There exists a positive integer N(e) such that n, m à N(e) 
implies Nfn_fm < \t. This means for each n, m ^ iV(e), \\w\\w < 1 and 
f G W, f ^ 0 one has 

||2?/n-/m(w)r||v < | ea B (w, r ) . 

Also, by the uniform convergence on closed balls and the Cauchy inequality 
given in the proof of Theorem 3.17.1 of [5 page 112], for arbitrary r < 1 there 
exists a positive integer K(e, r) such that when k ^ K(e, r), \\w\\w ^ r and 
f G IT, f ^ 0, one has 

\\D,-fk(w)t\\v < h\\t\\w. 

Using equation (2), the above inequality becomes 

P / - A » f l k < h(l - \\w\\w2)1/2<*B(w, Ç) < WB(W,C). 

Hence for n ^ iV(e), | |w||^ < 1 and f G IT, f ^ 6, there exists a positive 
integer k > max (iV(e), i£(e, | | w | D ) such that 

l l ^ / - / , ( ^ ) r | k û \\Df-fk(w)Ç\\y + | |Z? /Wn(w)f||F < eafl(w, f). 

Therefore for « ^ iV(e), A^_/n < e. 
The proof is completed by showing t h a t / G £ê (B\ V). Because the sequence 

{ | | / - /*IW«=i converges to zero, the sequence {||/||<» - ||/n||<»}«=i converges 
to zero. Therefore, \\f\\@ ^ ||/«|U + 1 for a suitable large positive integer n. 

4. The space 31 o(B ; V). All homogeneous polynomials are Bloch mappings 
and have an interesting property. 

LEMMA 6. 0>(B; V) C 28 (B\ V) and if P e ^(mB; V), then for all w G B 

(12) Q P ( w ) ^ ^ a - \\w\\w
2)1/2\\\P\\\. 

Proof. There exists an A G f£ (flW\ V) such that P(w) = A(w, . . . , w) and 
D p(w) = m A (w, . . . , w, .). So for f ^ 6, 

ÏÏDpWtïïv = m\\A(w,...,w,t)\\y Hr lk 
aB(w, f) | |f H^ a s(w, f) ' 

Taking the supremum over all f ^ 0 yields 

^ / x ^ I M O , . • • , w, f ) | | F I If IL 
QP(w) < m sup -n-— .. M

J—?-^LL^ • sup ", " rr . 

Because \\w\\w < 1 and using (2), 

r\ / \ ^ /i M M 2xi/2 I M O , . . . , W, £)\\v 

QP(w) S (1 - | \w\ \w ) m sup M ^ r ~ ^ l 7 T l ' 
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The result is obtained by expanding the supremum as follows: 

QP(W) S (1 — \\w\\w ) m sup 
2 N l / 2^ 1 \A (Wh . . . , Wm) 1 1 

wi*9 \\WA\W • • • i F m l k 

g (l - | H k 2 ) 1 / 2 ^ r HI-PHI-

The last inequality is obtained from [6, page 7]. 

Proper ty (12) of the homogeneous polynomials leads to an interesting idea. 

Definition 3. The set of Bloch m a p p i n g s / such tha t lim \\w\\w->iQf(w)) = 0 
uniformly as \\w\\w —> 1, w £ B, is denoted by 3§Q(B) V). 

Lemma 6 implies t ha t all homogeneous polynomials belong to 3è\(B\ V). 

LEMMA 7. The set 38^{B ; V) is a closed subspace of 38 {B ; V). 

Proof. T h a t 38${B\ V) is a subspace is immediate from Definition 3. Let 
{fn}n=i be a sequence in 38§(B\ V) which converges to / G 38 (B\ V). For all 
e > 0, there exists a positive integer N(e) such tha t n ^ iV"(e) implies 
# ,_ , „ < | e . Thus for each \\w\\w < 1, (?,(«;) < (? / B (W) + Je. Fix w0 ^ iV(e), 
since /„0 G &o(B; V), there exists an r < 1 such tha t QfnQ(w) < ^e for 
r < I M U < 1- Hence Ç/ (^ ) < *. 

LEMMA 8. Let {fn}™=i be a sequence in 38\(B\ V) andf £ 38(B ; F ) . The sequence 
converges to f in the Bloch norm if and only if 

a) {fn}n=i converges to f uniformly on any closed ball in B, and 
b) for each e > 0, there exists a positive integer N(e) and an 0 ^ r < 1 such 

that for n ^ N(e) and r ^ \\^\\w < 1, Qfn(
w) < e-

Proof. Suppose {fn}™=i converges to / in the Bloch norm, then Corollary 1 
implies a ) . Also for e > 0, there exists an N(e) such tha t n, m ^ N(e) implies 
Nfn-fn < h- Thus for all \\w\\w < 1, (? /n(w) < Qfm(w) + \t. Fix m' è iV(e), 
then since fm> Ç 38§{B\ V), there exists an r < 1 such tha t for r ^ | |H |w < 1> 
Q/m'(w) < !*• The conclusion is Qfn(w) < e îor n ^ N(e) and r ^ I M I T F < 1-

Conversely, suppose a) and b) hold. An argument similar to the one in 
Lemma 7 s h o w s / Ç 38§(B\ V). Let e > 0, there exists N(e) and r < 1 such 
tha t Qfn(w) < Je and Qf(w) < \e for r ^ | H k < 1 and n ^ iV(e). By a) 
there exists K(e, r) such tha t for k ^ i^(e, r) and | |w | | ^ < r, Qf_fk(w) < e. 
Thus , for n ^ max (N(e), K(e, r)) and | | ^ | | T T < L Qf-fn(

w) < *. Hence, 
Nf-fn < e and {/n}^Li converges t o / in the Bloch norm. 

T H E O R E M 3. 38 §{B\ V) is a closed subspace of 38(B; V) which is the closure of 

&(B\ V). 

Proof. 38Q(B; V) is closed by Lemma 7. Fur thermore, since 3P{B\ V) C 
38Q(B\ V), it suffices to show e a c h / £ 38§{B\ V) is the limit of a sequence of 
polynomials. To this end let [rn = 1 — l/n}™=i and define rw : i? —» B to be 
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Tn(w) = rnw for each positive integer n and w £ B. The sequence 
{fn = f ° Tn}n=i has elements which are holomorphic on B. Thus, there is a 
polynomial Pn £ SP(B\ V) such that 

sup \\fnW - Pn(w)\\v < 1/n 
WÇ.B 

for each positive integer n. Now {Pn}^=i converges to / in the Bloch norm. 
Indeed, let e > 0, then there exists a positive integer N(e) such that n ^ N(e) 
implies 

sup \\fn(w) - Pn(w)\\v < \e 
w£B 

By Lemma 5, (7), applied to the mapping fn — Pn, \\fn — Pn\\® < |e , for all 
n è N(e). On the other hand clearly {fn}n=i and/satisfy a) and b) of Lemma 
8, so there exists a K(e) such that k ^ K(e) implies \\f — fk\\@ < \e. Taking 
k ^ max (iV(e), K(e)), one has 

| | / - P * | | * ^ 11/-All*+ 11/*-All* < e, 
which completes the proof. 
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