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GENERALIZED BLOCH MAPPINGS IN COMPLEX
HILBERT SPACE

FLETCHER D. WICKER

1. Introduction. Anderson, Clunie and Pommerenke defined and studied
the family of Bloch functions on the unit disc (see [1]). This family strictly
contains the space #°° of bounded analytic functions. However, all Bloch
functions are normal and therefore enjoy the ‘‘nice’”’ properties of normal
functions. The importance of the Bloch function concept is the combination
of their richness as a family and their ‘“nice’”” behavior.

This paper gives a generalization of the Bloch function concept and some
basic properties of the generalized Bloch mappings. These generalized Bloch
mappings are Fréchet holomorphic, defined on the unit ball in a complex
Hilbert space and take values in another complex Hilbert space. The Cara-
theodory-Reiffen metric on the unit ball of a complex Hilbert space is utilized
in the definition of Bloch mappings. Properties of the Caratheodory-Reiffen
metric are discussed in Section 2.

As in the one dimensional case, the set of Bloch mappings forms a complex
Banach space with respect to the Bloch norm. This is proven in Section 3. In
Section 4, the main result is that closure of the subspace of homogeneous
polynomials is characterized by the boundary behavior of the Fréchet deriva-
tive’s norm. Together the results in Sections 3 and 4 extend Theorem 4 of
[4 page 457].

2. Preliminaries. Let I be a complex Hilbert space with inner product
denoted by (, ) and norm || |[w. The unit ball in Wis B = B(6, 1), where 6 is
the zero vector in W. Let IV be another complex Hilbert space with norm
[l 1l

For each nonnegative integer m, . ("W; V) will denote the Banach space
of all continuous m-linear mappings from W to V, where & ("W; V) = V. The
normof 4 € £ ("W; V) is

A4 (w, ..., w)l||y
lw||w

1) 4[]l = sup

’

where the supremum is taken over all w > 6.

A continuous m-homogeneous polynomial is a continuous mapping,
P : W — V, for which there is some symmetric 4 ¢ & ("W; V) such that
Pw) = 4(w,...,w), for all w € W. A finite sum of m-homogeneous poly-
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nomials is a continuous polynomial. The spaces of m-homogeneous polynomials
and continuous polynomials are denoted by £ ("W; V) and Z(W; V),
respectively.

A power series from W to V about wy € W is a series in x € W of the form
S o Pnlx — wy), where P, € Z2("W: V) for each nonnegative integer m.
The radius of convergence of the power series is the largest », 0 < » £ 0,
such that the power series is uniformly convergent on every B(w,, p), for
0=sp<r.

A standard proof (see [5, page 111, Theorem 3.16.2]) shows that a power
series represents a continuous mapping within its ball of convergence. Thus a
power series about § with radius of convergence » = 1 is a continuous mapping
of B into V. Any continuous mapping of B into V, which has a power series
representation at the origin with radius of convergence r = 1, is called a
holomorphic mapping. The set of all holomorphic mappings is ¢ (B; V).

If f€ A#(B; V), then for each w € B, f(w) = Ym0 Pn(w). Of course
P, € P("W; V) and the sequence {P,,}m_o depends on f. It is clear that for
each wy € B there is a radius of convergence r = 1 — ||wy||w such that
f@) = Xmeo P/ (w — wo) for |lw — wy|ly <r. Here {P,'}n_o is anew
sequence of m-homogeneous polynomials. The m-derivative of f at w, € B is
defined to be D (w,) = m!P,’. For each nonnegative integer m, D/™(w) C
P ("W; V). An important property of m-derivatives is the following (see
(5, page 111, Theorem 3.16.3]).

LemMA 1. (Cauchy Inequality) Let f € S (B; V), r > 0 and w € B be such
that B(w, r) is contained in B. Then for each positive integer n,

n!
~a

11D/ @) <2

sup [[f() ]+,

where the supremum s taken over all x such that ||x — w||y = 7.

Let G be a bounded domain in W. D will denote the unit disc in the complex
plane C. Let 2 (G; D) be the set of holomorphic mappings from G to D. The
Caratheodory-Reiffen metric on G is defined by

ag(w, ) = sup {|D,(w)¢|; f € H(G; D)},

where w € G, { € W and || denotes the usual norm in C. The distance between
points w and @’ in G is defined by

pe(w, w") = inf fbae(v(t),Dv(t))dl,

a

where the infimum runs over all piecewise continuously differentiable curves,
v : le, 0] — G, with v(¢) = wand v(b) = w'.

G’ is a bounded domain of another complex Hilbert space V. The following
extensions of results by Earle and Hamilton ([2, page 62, Theorem 2]) are due
to Hahn [3].
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LeEmMmA 2. (Schwarz-Pick Lemma) Let f : G — G’ be a holomorphic mapping.
Then
ag (f(w), D;(w)¢) = ag(w, §)
and

po (f(w), f(@')) = po(w, w')
forallw,w' € Gand i € W.

LemMmA 3. Let B be the open unit ball in the complex Hilbert space W. Then
forallw € B, ¢ € W,

{a-— ||wHW2)”§||W2+ | (w, f)lz}lﬂ
A — flw|lw)

1) as(w, ) =

and
pp(w, w') = tanh—1dz(w, w'),

where
n - U@ w) [ — w0y’ + v — w3
Puln ) = 1= @ )] |
This metric on B satisfies the following inequality:
e lw ¢ lw
2 7 < , ST
@ T Tl = @D 2 T ]l
3. The space Z(B; V). For each w € B and f € S#(B; V), let
— oo D @)E ]y
Qf(W) N Srlilﬂ) ap(w, )

where ¢ € W and
Ny = sup Q,(w).
weB

Definition 1. A mapping f € H(B; V) is called a Bloch mapping if N, < co.

Because || ||y is a norm, Q,(w) has the following properties:
3) Qntrn@) = Qpn(w) + Qp(w)
and
(4)  On(w) = [NQs(w)

for a given N\ € C and holomorphic mappings f1, f: and fin S (B; V). Taking
the supremum over all vectors w € B in (3) and (4) yields

(5) Nf1+f2 é Nfl + Nf2
and

(6) Ny, = I)‘[Nf
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respectively. It follows from (5) and (6) that the set of Bloch mappings is a
linear subspace of S#(B; V). This subspace is denoted by & (B; V) and the
linear structure of &Z (B; V) will be investigated.

Definition 2. Let f € & (B; V). Define the Bloch norm of f to be
flla = [IfO)lv + N,

LEMMA 4. Z (B; V) is a normed linear space with respect to the Bloch norm.

Proof. 1t is enough to prove that |[f]| = 0 implies f(w) = 6 for all w € B.
Clearly, ||f]ls = 0 implies f() = 6 and D (w) = 0 for all w € B. Therefore,
f(w) is a constant map and f(w) = f(8) = 6.

LEMMA 5. If f € A, then f € B (B; V). Moreover,
@ iflla = 20/l
Proof. If f € A, then f: B— B, M) = G, where M = ||f]|... It follows
from Lemma 2 that for w € Band ¢ € W
) ac(f(w), Dy(w)i) = ap(w, ).
The left hand side of (8) has the form
aq(f(w), Dy (w)})

LOL® = [ 7@MD, + (D ), fa@)’ 1}
OF = [1f@)1) '

Hence one has

D, w)¢ ||y
aG(f(w)!Df(w)g.) g (_A/[z _ Ilf(w)||V2)l/2

which together with (8) yields

(2523 (’LU, g‘) -
forall { € W, ¢ 6 and w € B. By Definition 1, (7) follows.

Under Bloch mappings, the size of the image of a set is restricted by the
Bloch norm of the map.

THEOREM 1. Let f € B(B; V) and 0 < r < 1; then
) sup|lf@)lly = [lflla(1 + tanh='7),
where the supremum is over all |[w||y = 7.
Proof. Let v : I — B be any curve from 6 to w, where ||w||y = 7. Then

foy:I— Visa curve from f(8) to f(w). This implies

10) (1l — (Ol = 1) — )11y 5 [ 12070 e,
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But d(fovy)/dt = D,(v(t))yst, where v+t is the tangent vector to y(¢). Using
the definition of Q,;(w) and N, yields ||D,(v())y«|| £ Ns,ap(y (), vst).
Putting this into (10) yields

1y [f@lly = [IfO)lly = N,L(v),

where L (v) is the length of v relative to the metric a. Taking the infimum of
(11) over all piecewise continuously differentiable curves from 6 to w, and
applying Lemma 3 one has

[[f@)llv — [[fO)[ly = N,tanh=17,
from which (9) is easily derived.

COROLLARY 1. If the sequence of Bloch mappings, { f,}me1 converges to the Bloch
mapping f in the Bloch norm, then

a) {fulw=1 converges to f uniformly on any closed ball B(6,r),0 = r < 1, and

b) for each positive integer m and 0 = r < 1, lim,,|/|D,—p"(w)||| = 0,
uniformly for ||w|ly =< 7.

Proof. a) It suffices to show that {f,}s=1 converges uniformly to f on B4, r),

for fixed 0 £ r < 1. By Theorem 1, for all w in the ball B (6, ),

If @) = fa@)lly = [If = fulla(l + tanh="7).

b) For 0 =7 <1, letr <7 <1and p= (' —r)/2 then B(w, p) CB
for all ||w||w = r. By Cauchy’s Inequality (Lemma 1),

D @I = % sup [176) = 5,61

where the supremum is over the ball [|x||w < (r + 7")/2. The result follows
from Part a).

THEOREM 2. Z (B; V) is a Banach space with respect to the Bloch norm.

Proof. Let {f,}5=1 be a Cauchy sequence of Bloch mappings. There is a con-
stant J such that [|f,||g < J for all positive integers n. Hence by Theorem 1,

for each wy € B, if ||wollw =7 < 1,

[[fu(wo)|ly < J(1 + tanh—17)

for all positive integers. Thus {f,};=1 is locally uniformly bounded (see [5, page
113]). For fixed wy € B with ||w|[lw < 7 < 1, Theorem 1 again implies

[| fo(@o) — fu(wo)|ly = [[fa — falla(l + tanh=17).

Hence {f, (wq)}5=1 is a Cauchy sequence in V. Because V is complete the point-
wise limit, lim,_,, f,(wo) = f(w,), exists for all wy € B and f € #(B; V) by
Theorem 3.18.1 of [5, page 113]. Furthermore with (9) of Theorem 1 it is easy
to show that f,(w) converges to f(w) uniformly on any closed ball B(8; r),
0=r<1.
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Let € > 0. There exists a positive integer N(e) such that #, m = N(e)
implies N,,_;. < %e. This means for each n, m = N(e), ||w||lw <1 and
¢ € W, ¢ # 6one has

1D e @)¢ || < }ean(w, ).

Also, by the uniform convergence on closed balls and the Cauchy inequality
given in the proof of Theorem 3.17.1 of [5 page 112], for arbitrary r < 1 there
exists a positive integer K (¢, 7) such that when k& = K(e, 7), ||w||w < r and
¢ € W, ¢ # 6, one has

1D (@)l v < el

Using equation (2), the above inequality becomes
1D rmn @)y < Fe(l — |[w|[p?)Pap(w, §) < jean(w, §).

Hence for n = N(e), ||w|lw < 1 and ¢ € W, { # 6, there exists a positive
integer £ > max (N (e), K (¢, ||w||w)) such that

1D @)illy S D g W)ty + 1D e (@)l v < ean(w, §).

Therefore for # = N(e), N, ,, < e

The proof is completed by showing that f € & (B; V). Because the sequence
{If — fullalim=1 converges to zero, the sequence {|[fllg — || fulla}r=1 converges
to zero. Therefore, ||flla = || fulla + 1 for a suitable large positive integer #.

4. The space % (B; V7). All homogeneous polynomials are Bloch mappings
and have an interesting property.
LEMMA 6. PP (B; V) C @ (B; V) and if P € PP ("B; V), then for all w € B
m+1

(12)  Qr(w) < 7 (1= [fel[w")|IIPI]]-

Proof. There existsan 4 € & ("W, V) such that P(w) = A(w, ..., w) and
Dp(w) = mA(w,...,w,.). So for { # 0,

1Dp@)¢lly _mllA(w, .. w Ollv [l

ap(w, ) HEHw ag(w, §)

Taking the supremum over all { # 6 yields

A @, .. w, Ollv S w
ap(w, §)

Op(w) = msup

Because [|w||y < 1 and using (2),

< _ 2\1/2 HA(wvarg-)HV
Qrle) = (1= el o sutp Sy e,
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The result is obtained by expanding the supremum as follows:

A(ﬂh '-'ywm)HV
w S 1_ w 2\1/2 S H L]
Qrw) = (1= [lllw)m sup S0 = e
m+1
= (1 — [l 2 1P -

The last inequality is obtained from [6, page 7].
Property (12) of the homogeneous polynomials leads to an interesting idea.

Definition 3. The set of Bloch mappings f such that lim |}, 1Q,(w) = 0
uniformly as ||[w||lyw — 1, w € B, is denoted by #,(B; V).

Lemma 6 implies that all homogeneous polynomials belong to Z,(B; V).
LEMMA 7. The set B4(B; V) is a closed subspace of B(B; V).

Proof. That Z((B; V) is a subspace is immediate from Definition 3. Let
{fuliei be a sequence in Zy(B; V) which converges to f ¢ #(B; V). For all
e > 0, there exists a positive integer N(e) such that n = N(e) implies
N, ;. < %e. Thus for each ||w|ly < 1, QO (w) < Qs (w) + %e. Fix no = N(e),
since f, € Zo(B; V), there exists an » <1 such that Q,(w) < %e for
r < ||w|lw < 1. Hence Q,(w) < e.

LeMMA 8. Let {f,}o-1 be a sequence in B o(B;V) and f € B (B; V). The sequence
converges to f in the Bloch norm if and only if
a) {fo)m=1 converges to f uniformly on any closed ball in B, and
b) for each ¢ > 0, there exists a positive integer N(e) and an 0 =< r < 1 such
that for n = N(e) and r < ||w||lw < 1, Q. (w) < e

Proof. Suppose {f,}m1 converges to f in the Bloch norm, then Corollary 1
implies a). Also for ¢ > 0, there exists an N (e) such that #, m = N (e¢) implies
Nys < 3e. Thus for all ||w||w < 1, Q. (w) < Q. (w) + %e. Fix m’ = N(e),
then since f,,» € Z4(B; V), there exists an r < 1 such that for r < ||w||w < 1,
Qs (w) < %e. The conclusion is Qy, (w) < eforn = N(e) and r < |Jw||w < 1.

Conversely, suppose a) and b) hold. An argument similar to the one in
Lemma 7 shows f € Z(B; V). Let ¢ > 0, there exists N(¢) and » < 1 such
that Q,(w) < e and Q,(w) < %e for » < |[w||w < 1 and # = N(e). By a)
there exists K (¢, 7) such that for £ = K (¢, 7) and ||[w||w <7, Q,;(w) < e
Thus, for n 2 max (N(e), K(e, 7)) and [|w||lw < 1, Q. (w) < e. Hence,
N,_s < eand {f,}y=1 converges to f in the Bloch norm.

THEOREM 3. Z(B; V) is a closed subspace of B (B; V) which is the closure of
P(B; V).

Proof. B4(B; V) is closed by Lemma 7. Furthermore, since & (B; V) C
Zo(B; V), it suffices to show each f € H(B; V) is the limit of a sequence of
polynomials. To this end let {r, = 1 — 1/n}5-1 and define 7, : B — B to be
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T,(w) = r,w for each positive integer n and w € B. The sequence
{fu.. = f o T,}w=1 has elements which are holomorphic on 5. Thus, there is a
polynomial P, € & (B; V) such that

sup | fuw) = Pu(w)[ly < 1/n

for each positive integer #n. Now {P,}n-: converges to f in the Bloch norm.
Indeed, let € > 0, then there exists a positive integer N (¢) such that # = N (e)
implies

Slé% ”fn(w) - Pn('w)HV < %6

By Lemma 5, (7), applied to the mapping f, — P,, ||f. — P.lla < ¢, for all
n = N(e). On the other hand clearly {f,}5=1 and f satisfy a) and b) of Lemma
8, so there exists a K (e) such that & = K (e) implies |[f — fi|l3 < 3e. Taking
k = max (N (e), K(¢)), one has

1f = Pilg S If = filla + ||fr — Pilla < e

which completes the proof.
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