THE SOLUTION OF PROBLEMS INVOLVING THE
MELTING AND FREEZING OF FINITE SLABS BY A
METHOD DUE TO PORTNOV

by F. JACKSON
(Received 10th February 1964)

IN a recent paper (1) Portnov used a form of Poisson integral to find the exact
solution for the temperature distribution in a freezing semi-infinite slab occupy-
ing the region x>0, and having an arbitrary time dependent temperature
applied at the face x = 0. Previously, Boley (2) had used a method based on
Duhamel's theorem to find solutions for problems involving melting, in both
finite and semi-finite regions, caused by time dependent heat fluxes. Steady-
state solutions have been investigated by Landau (3), Masters (4) and others (5).

It is now shown that the integral derived by Portnov will also provide exact
solutions for other important problems involving a change of phase in finite
slabs. In Section 1 the form of solution and its physical significance is discussed
briefly; in Section 2 the conditions required for its application to finite regions
are derived. In Section 3 some examples of initial temperatures meeting the
necessary conditions are given.

In Section 4 the solution of an ablation problem for a slab is presented, and
in Sections 5, 6, 7 and 8 it is shown that the method may be applied to finite
and semi-finite slabs, to solid and hollow spherical regions, and to the freezing
of liquid regions. In Section 9 some examples are given. It is shown that the
method gives results which agree with an example treated in (2).

1. The Form of solution

Let X(7) be the position of the moving boundary separating the two phases
of a melting slab 0<x<a=<o. Then it can be shown that if V,(x, 1) is a
solution of the heat equation

Vi P

e = R o e 1.1

ot ax? (1)
the change of variable x = y X leads to the equation
~ 2rr

2P _xxy M OV 1.2)
ot dy dy

where the prime indicates differentiation of a function with respect to its argu-
ment. Use of the two-sided Laplace transform with respect to y results in an
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equation which can be solved readily, after which the inverse transform yields,
as a formal solution of (1.1), the integral

@ V2, uN2
Vi(x, t)=n‘%j exp[_)((;%)*]

(B XIVCY)+ XWX} 5 A e (1.3)

Here 0 = 2(kt)*, X = X(0), 6,(Xy) and ¢,(Xy) are arbitrary functions, and
U(x) is the unit step function. It can be seen that, in terms of the original
variables,

™ 4kt

where f(x) = ¢, (x)U(x)+¢,(x)U{—x). Thus (1.3) represents the temperature
distribution in an infinite slab having an initial temperature equal to f(x).
Portnov derives (1.3) without using any boundary conditions and, since the
integral can be shown to be a solution of (1.1) tending to f(x) as ¢—0, this
integral form of solution will be assumed to apply in each of the examples
worked out below. As will be shown the method of determining the unknown
functions X, ¢,, and ¢, is to assume that they can be expanded as power series;
then (1.3) is used in each of the boundary conditions, the resulting equations
being repeatedly differentiated with respect to 0 and the results evaluated at
0 = 0. Each set of the resulting simultaneous algebraic equations may be solved
for the successive coefficients of the unknown series. Once those have been
found (1.3) may be put into the form

Vilx, )= n“*f

Vi(x, 1) = J(nkt)~* f * exp [:(x—-__x_)z] FONAX v, (1.4)

=5} o0

exp (—o?) Zo ¢ 1n(00— X y)'dor

—-Xy/0

~Xy/8 o
P f exp (—a?) Y hou(@B+ Xy do oo (L.5)
-0 n=0
=1 S n10 (" erfc (= Xy/0)+(— 1Y oni® exfe (X[O)] ........ (1.6)
n=20

where

in Cl‘fC (x) = 27[_% J\ e":lz (l_:_xl du

x n!
is the nth iterated integral of erfc x and is a tabulated function.

In order to attach a meaning to the functions ¢, and ¢, consider first an
ablation problem where the region of interest is X(f) <x <a and the temperature
distribution within this region is assumed to be of the form (1.3). Then, as
t—0and X(#)—0, the initial temperature in the region 0 <x <ais ¢, (Xy) = ¢,(x).
Hence the function ¢, is known since the coefficients of its series development
must correspond to those of the power series development of the initial tempera-
ture. The function ¢,(x)U(— x) represents a fictitious initial temperature in
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the half-plane x<0. Exactly the same remarks apply if (1.3) represents the
temperature in the solid part, X(f)<x<a, of a melting slab in the region
O<x<a. If, however, (1.3) represents the temperature in the liquid portion,
0<x< X(t) of the melting slab 0<x<a, both ¢,(x) and ¢,(x) represent
fictitious initial temperatures since the liquid region did not exist at 1 = 0.

2. Finite regions
For simplicity consider the ablation of a slab, X(f) < x <a, melting under the
application of a known time dependent flux Q(?).
The temperature V(x, t) within the slab is assumed to be given by (1.3).
The conditions to be applied are
(i) an initial condition,
@ii) V=T, at x = X(f), where T,, is the temperature at which melting
takes place,
(iii) a heat balance between Q(¢), the conduction of heat into the slab, and
rate of melting at x = X(?),
(iv) a condition of the'general type

K‘lV F+HV =0 i 2.1)
Ox

at x =a.
There are four conditions but only three unknown functions, ¢;, ¢, and X.
As remarked in Section 1 the function ¢, is determined by (i). The problem
appears to be overdetermined but it will now be shown that (iv) can be satisfied
if the initial temperature is not arbitrary but is chosen in a particular manner.
Let the initial temperature ¥V, be expanded in powers of a— x, that is

Vo =Vo(a—x) = io Vol@—=x)", weriiiiiiniiinnn 2.2)
and define the function ¥,(x) by "
W, (x) == io‘l’l,,x" =Vo(@—X). e (2.3)
Assume T
0,(x) = Zo DanX e .9
XO=XO) = 3 X0 oo @.5)
n=1

where 6 = 2(kt)*. Then

@ — Y2y
Vinn = *J CXP[—X*(Gyz—y)Z]{%(X YIUXy) + bo(XyHU(— Xy')}%( dy’

1
3
n?.

i

f Y exp (= ad)WVo(a—ob— Xy)da

—Xyl6

1 [-%re o .
+ n_"f exp (—a?)@,(af+ Xy)da ...... (2.6)
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and boundary condition (iv) at x = a is

H [~ —az n nan 2K —a2 < ” n n
0= Zo( 1)V, 6doz+6—n—% e ZO(—I) Vo™t 10%da
—af6 n= —a/0 n=
—ald —al8
+ B e™* py(a+ab)da+ 2K e ¢,(a+af)dx
nt J_, on* J_

or, since this is true for all 0,

= E Z ( 1)"V 0"t ’da+ 2K —a? Z ("D”Vo"“” 1971y
71% _a/g n= TE —a/f n=20
~a/@ ~a/d
+ ‘i’;_’ ™% b (a+of)da+ El_f j e~ (a+a0)dok. oo @.7)
n* J_ nt ),

Equation (2.7) is trivially true for § = 0. The nth derivative of the right hand
side with respect to 0 evaluated at § = 0 will consist of the two integrals.

(=17 Vo, H

n*

an s ! XD
" e~ dy 4 (- 1) ’1—2@1—(‘[ "o du (2.8)
nt o

- @

and terms containing

;36' [(a/0)(al0) exp —(al6)* g0 T,5<P .oevrrrrrnnnn. (2.9
Since all such terms typified by (3.4) are zero, the mth derivative of (2.7)
evaluated at 8 = 0is (2.8) set equal to zero. The resulting equation is true if n
is even for then both integrals are odd functions of a. If n is odd the equation,
after evaluating the integrals, is

HVon1=nKVoy =0 oo, (2.10)
and the boundary condition is constant with respect to 8, i.e. true for all 1>0 if
HV, 5,—2n+ DKV 3001 =0, n=1,2,3, ... ..ol (2.11)
If H =0 then V,,,,; = 0 and Vy(a—x) must be a series in even powers of
a-—x.
If K= 0 then V,,, = 0 and Vy(a—x) must be a series in odd powers of
a—x.
If neither H nor K is zero then the relationship
hVO’zn“(2n+1)V0’2"+1 = 0, ............... (2.12)
where & = H/K, must hold between the coefficients of the series expression for
Vola—x).

3. Examples of initial temperatures

In most cases of practical importance the material begins to melt only after
its temperature has been raised from some previous level. Hence it will be
assumed that melting begins after the material has been heated from zero, and
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when the face x = 0 has reached the melting temperature 7,,. Similarly a
freezing body will be assumed to be in the process of cooling from some previous
higher temperature. The following important examples have been adapted
from (5) (see pages 112, 113, 122, 242, 238 and 125).

A. The slab 0<x<a, zero temperature at 7 = —1,, constant flux Q; into
the region at x = 0. No flow of heat at x = a.

Qotm | Qoa 3(0“")2“‘12 2 2 1)" 2
Vola—x) = + - = kn*n’t,
ola—x) en K 62 -2 "Z exp (—kn*nt,/a*)

x cos nn(a—x)/a
_2Q4(kt, )t & . 2na+x\ (2n+2a—x
=T n;o {l erfc (Z(kt,,,)*) +ierfc <w2(ktm)* )} .30

B. The slab 0<x<a, zero temperature at 1t = —1,, constant flux Q, into
the region at x = 0. x = a kept at zero temperature.

exp {—k(2n+1)*n?t,/4a*}

Vola—x) = Qo(a_x) 8Qoa i

K n=0(2n +1)2
o sin 2n+n(a—x)
2a
’) + » —
Qo(kt,,,) E (=1 i erfc 2na+x _ierfe 2n+2a—x .
= 2kt 2Akt,)*
......... 3.2
C. The slab 0<x<a. Constant temperature T,>7,, at t = —1,. Radia-
tion at x = 0 into a medium at zero. No flow of heat at x = a.
o . _n2 2
Vola~x) =2Toah ¥ =2 {0(a —x)/a} e"5< wktnla®) (3.3)
=1 {ah(ah+1)+al} cos a,
where the 2, are the positive roots of
otano = ah.
D. The sphere 0<r<a. Zero temperature at t = —~¢,. Constant flux Q,

atr = a.

Vo) = 30 ot + Qo(5r*—3a%) 20,a* i sin (a,r/a) exp (—ko?t fa) (3.4)

pea 10Ka Kr »51 a?sina,
where the a, are the roots of
tan o = a.
E. The sphere 0<r<a. Constant temperature T,>T, at t = —¢,.
Radiation into a medium at zero at r = a.
20T, & 5 a’a?+(ah—-1)?* . .
= exp (—kagt, z sin aa, sin ra,, ...... (3.5)
,.;1 P (=ka, )af[azaf+ah(ah—1)] " "
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where the «, are the roots of
ac cost ax+ah—1 = 0.
F. The region 0<x<a with zero temperature at t = —¢,. Constant flux
Q, into the solid at x = 0; at x = a radiation into a medium at zero.
® 2 2 212
ah(:z,, +a*h*)cos (a;x/a) exp(—kelt, fa?)
=1 af[ah(1+ah)+a;]

Vo(a—x)=%|:l+h(a—x)—

where the «, are the roots of
o tan a = qgh.

In each case ¢, has to be found by setting V(a) = T, and letting x = 0 or
r = a. Tables of the first six values of the various o, are given in (5) and it
can be seen that the series converge rapidly. Hence the value of ¢, can be
found by trial and error.

It can be seen immediately that (3.1) and (3.3) are even functions of a—x
and that (3.2) is an odd function of a— x thus satisfying equation (2.11) for the
cases H=0and K = 0.

The use of (3.4) and (3.5) in problems involving spheres will be shown in
Section 6 below.

(3.6) is now used to show that it satisfies (2.12), for

2 a2 +a’h®) exp (—ko?lt

Z’1 aZ[ah(l+ah)+aZ] (sin a,){«, cos (x,(a—x)/a)

+ah sin (o, (a —x)/ a)}J

9o, Qo (a—x)— 2Q, ‘i (o2 +a*h?) exp (—ko?t,,/a®) sin «,

Kh K " Kh 251 aZ[ah(l+ah)+a?]
N i (_ )r d,2,’+l(a—X)2' ha3r+l(a_x)2r+1
r<o a*(2r)! a®> (2r+1)!
_ 9,5 i (a2 + a*h?) exp (—ko?t,/a*) sin a,,
h = aJah(l+ah)+a?]
® (024 2252 a2 i a2) o
+ Qo 1-2 ¥ (ay+a*h*)exp ( koz,,t,,,/za ) sin a,, (a—x)
K n=1 a,fah(1+ah)+a7]

—@*0 ) —(_;Qr—s'— —x)2" 2r+t
R a2 rg i B a=9THha=0)T T ()

S = i a2 (a2 +a’h?) exp (—kalt,/a’) sin a,
T a®[ah(1+ah)+a?]

where
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From (3.7) it can be seen that (2.12) is satisfied. The rearrangement of (3.6) is

permissible since
2

V0,2r+1 —_ ~—~and V0,2r — an .
Vo, 2r 2r+1 Vo,r-11 2a%°

thus, for fixed n, both ratios tend to 0 as r— o0, hence the series (3.7) is absolutely
convergent and its terms may be grouped in any manner without altering the
value of their sum. The radius of the circle of convergence is infinite. Hence
(3.5), (3.7) and the corresponding series for W¥,(x) defined in (2.3) will all
represent the same function.

The absolute convergence of the power series for each Vy(a— x) given above
may easily be proved in similar fashion and hence each rearrangement into the
form ¥, (x) is justified.

4. The ablation of a slab, comprising the region 0 < X(#) <x <a, subject to a
time-dependent flux at the moving boundary

Let
1 * _X2 -y r I ’ ’ X '
Ve = J exp[ﬂ%l’—}{wlory JUKY)+x(XyIU(~Xy )} dy
......... “.1)
be a solution of the heat equation in the solid region X(8) < x <a subject to the
conditions
V(x, 0) = Vy(a—x) O<x<@. i, 4.2)
VIX(), 1} =Ty ceeeriiieeeeieiiieie et 4.3)
Q(0)+K2—V =Lpi)g aAXx=X{) rrrriiieinn, 44
X
é:i/ =0 AAX=a i 4.5)
0x

where L represents the latent heat of fusion. It is assumed that ¥, ¢, and X
have series representations as defined in (2.3)-(2.5) and that Q(8) can also be
expressed by

@

Q) = ZO Q.9".

Vola~x) must be an even function of a— x if (4.2) and (4.5) arzs to be satisfied.
Condition (4.3) is

0 -X/0
T = _1; exp (—a®)¥,(af + X)da + —%J exp (—a®)¢,(af+ X)da. (4.6)
T -

n*J—xe
As 0-0 this becomes
2T, = ¥, (0)(1 + erf X))+ ¢,(0)(1 — erf X,).
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Therefore

G20 = T voeeeeereeeereeeeer e, 4.7)
since ¥,(0) = T,.

Condition (4.4) is

00(0)—2kpL 4% = 2K " exp (—a2Wy(@0+ X)da

-x/0
+ j exp (—a2)¢2(a0+X)da]. ...... 4.8)

=

As 0-0 this becomes
K
2kpLX; = —n-* {¥,(0)— 4’2(0)}

and therefore

The first derivatives of (4.6) and (4.8) with respect to 0 are

a0 =7
0= ‘IT}J (@+X") exp (—a®)¥da+ %J‘ (a+X") exp (—a?)gsda
nt]_, ntJ_,

+ Ly exp (=¥, 0= 6,00},
YA

0+0Q'~2kpLX" = %( [ j x(a+X') exp (—a)¥;de
n 7

+ j—r a(a+X") exp (—a®)Prdoe—y'y exp (—vz){‘l’l(O)—tﬁz(O)}]

-~
where y = X/6.
Evaluated at # = 0 the derivatives are
0= \Pu "¢21
Qo—4kpLX, = —3K(W 11+ ¢2y).

Hence

¢21 = lIlll ....................................... (410)

x,= K¥utQ 4.11)

4kpL

In the examples given later Q, = —K¥,, and X, is zero.

The second derivatives of (4.6) and (4.8) are
0= ~1; f {(X"¥ 4+ @+ X)¥)} exp (—a?)du
n -7
=7
+ %f (X" $3+(a+X')295) exp (—ad)da
n -0

+ éy'(—y+X') exp (1) {¥1(0)— $30)),
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" re 2K rIgsr N2\t 2
0Q"+2Q'—2kpLX"" = —— {aX Vi +a(a+ X)) P} exp (—a®)da
n =Y

+ j— {aX""¢5+a(a+X")*¢5} exp (—o?)da

—7'¥(—y+X") exp (—y?){¥1(0)- ¢’z(0)}]-

At 6 = 0 these are
0= X,(¥11+¢0+3(¥12+922),

2Q,—12kpLX 5 = :7;5 [Xo(¥11— 20 +(F12—¢22)]

Therefore
b22 = —(AX W, +%15) oo, (4.12)
£y g2
X, = FQ+2K¥,, KW, +KQ, (4.13)
6ntkpL 6nt(kpL)?

The second term is zero if X, = 0.
Further equations and coefficients are derived in the same manner. In

Appendix A the first six equations are given.
To obtain the general equations for the unknown coefficients (4.6) and (4.8)

are written as
2 n'()"[ ‘Pl,,r exp (—a*)(a+y)'de
= -y
+(=D" ¢2"J exp(—az)@—T?—)daJ
y n

=3 3 O erfe (~ 1)+ (= Dol eTfC ()] e (4.19)

and

0,071 —2kpL 20 b :,i.i( [%{‘1’1(0)—4’2(0)}

+ ‘Z{r e~ W (@ + X)da + '[_7 e'“2¢’2(a0+X)da}]

-

- —Ké i né" l:\I’I,,f exp (—a*)(a+7y)" " 'da
=1

-7

+(=1)"2, J’w exp (—“2)(“—?)"“1dfx]

?

= :"—215 3 n"[W,,i" L erfc (—y) +(—1)""1¢,,i" Lerfc (p)]. ...(4.15)

n=1
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The nth derivatives of these general equations evaluated at 8 = 0 are

0= 3 (1 (”) "0 [ exfe (=) (=1 foui et oo .....(4.16)
r=0
10y 1 ~2kpL(nN)Xyyy = —X i (r1)? (”) W, erfe (=)
2 = ognr
+(—1)710,,i" ! erfc (y)] R 4.17)
6 =0

The general equations for ¢,, and X, are

bam= —(=1)" [‘PI, 2T (*"“){ Z (r1)? (") O (W, erfe (—7)

( |)2 oon"
+(—=1)¢,,i" erfc ()] - 0}] ...... (4.18)

2kpLX 1y = Qo1+ —— K Z r)? (") o [¥,,i" ! erf (—7)

2(nY) = a0mr
+(=1) " terfc (N]o=0r  veeeee (4.19)
where i" erfc (0) = ; has been used in (4.18).

IT(n+1)

5. Finite and semi-finite slabs

It may be seen from the previous section that the method used is applicable,
without change, for both finite and semi-infinite slabs. Finite regions are
treated merely by the choice of an appropriate initial temperature selected
according to the principles outlined in Section 3. The type of problem solved
in Section 3 will be referred to as the * Standard Form ™.

6. Reduction of problems involving solid spheres to standard form

Consider a solid sphere, initially of radius a, which has, at ¢ = 0, a tempera-
ture distribution Vy(r) such that V(@) = T,,. A flux Q(6) is applied so that
melting begins. The melt is continuously removed and the radius of the
sphere at any time is given by r = a— R(0) where 0<R(f)<a. In the most
general case Q(f) may also be dependent on the instantaneous radius of the
sphere but here Q(8) will be considered to be a known function of 6.

WVA(r, 1) the temperature within the sphere, satisfies the equations

v [V 2V

V k(2 £ 2 0<r<a—R@), t>0 oo 6.1

ot <6r2 r 6r> =r<a—R(@) 1> 61)

V(r,0) =Vy(r) 0r<a . 6.2)

Via=R,}=T, (6.3)

00)-Lp R - K¥  str—a—R®. (6.4)
dt or
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Putting U = rV the equations for U(r, t) are

W _ o 0<r<a—R(0), t>0 ..(6.5)

ot or?
U(r, 0) = rVo(r) 0sr<a  .cvviivennnnl. (6.6)
U{a=R, 1} = (@=R)To  rrreeeromrereerererone ©6.7)
Q(O)—Lp%:K{%+aiR%g} atr=a—r() ... 6.8)
UO, ) =0 oo (6.9)

Although reduced to a problem of linear flow this is not the standard form
since the moving boundary moves towards the origin, not away from it. The
further substitution ' = a—r achieves the *“ standard form ” since the equations

become

W iy = ZHC D 0<r'<a, t>0 ......(6.10)

ot or
w(r',0)=(a—rWola—r") 0<r'<a ... (6.11)
WR, 1) =(@—R)Ty  ceeeeeeeereeeernnn (6.12)

dR . T, 1 oW .

0O)~Lp— = Ix{a = a—REF} atr’' = R(O) ......... (6.13)
W@, ) =0 oo, (6.14)

where W(a—r, 1) = U(r, 1).
The form of solution of (6.10) satisfying (6.11) is

W, = r exp [l’fz—%yzﬂ]«a —RyWola—Ry)U(RY")
n* ©

+6:(RYIV(=RY)} Ry .. (6.15)

@ __p2
=3 exp[—R—(y—L]{%(Ry')U(Ry)+¢2(Ry JU(-Ry)} © dy’

Y. (Ry) = ‘20 Y. Ry = (a—RyWo(a—Ry). ............ (6.16)

Equation (6.14) is satisfied if (a—r)Vy{a—r") is an odd function of (a—r"),
that is if V,(r) is an even function of r.
Equation (6.12) is

(a—R)T, = 1 exp (—a2)¥,(af + R)do
+
A -R/8 _Rrpo

+ L1 exp (- ohy@b+ R ... (6.17)
T

- w
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which, evaluated at 6 = 0, yields
2aT,, = aT,(1+ erf Ry)+¢,o(1— erf R))

and therefore

Equation (6.13) is

(a—R) {ag(e) 2Lpk d—g} +KT,0 = ’iK [ f ’ aexp (—a)*¥,(af + R)da

n ~R/0

+ J_m a exp (—a2)¢z(a0+R)da] """" (6.19)

—

which, at 6 = 0, yields
—-K
—2aLpkR, = = (10—~ 920) =0.

Therefore
Ry=0. ., (6.20)
Two more differentiations result in
¢21 = \Pll ................................. (6.21)
R, = K¥utKTy+aQy (6.22)
4apkL
(which is zero if ¥{; # 0)
¢22 = _\PIZ —4R2(lP11 + Tm) ..................... (623)
+
R, = KW+ T)+ntaQ, (6.24)
6apkL

To obtain the general equations (6.17) is written

al,,—T,

N8

RO =1 20 [, 1" erfc (— R/8) +(— 1), i" erfec (R/O)];

1

the nth derivative with respect to 0, evaluated at 8 = 0, being

—n!T,R, =% Z (rh? (”)a‘:" ,r [¥,.i" erfc (- R/0)

+(—1)¢,,i"erfc (R/D]p = 6. -.....(6.25)
Therefore

bon = — (=1, — (= 12" T(En+1) {2(;1 NT,R,

+ Z rH? (n) 6(;" r' [¥,,i" etfc (= R/0)+(—1)"¢,,i" erfc (R[O)], - o}

nzl. .....(6.26)
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Equation (6.19) is written

KT, 0+a Y Q,,B"“—(Z RO Y Y Q,,o"“)—zapkL Y nR6"*
n=0 n=1

n=1 n=0

n10"[¥,,i"" ! erfc (—R/6)

DR

P18
-

+2pkL( Y ROY Y nR,ﬁ""):

n=1 n=1

F=DP UL (RIO]) oo e 6.27)

the nth derivative of which, evaluated at 8 = 0, is

n n—1
nlaQ,_,—(n!) Z,l R,_,Q,— 1 —2(n+1)!R,, ; +2(nY)akpL Zl (r+1R,_ R,

]

(SRR

1=

(r1)? (”) a‘: [, erfe (—RIO)+ (=11 exfo (R/6)], - o-
1

Therefore

n—1
2(n+1)![akpLR ~1]R, ., =n! 3 R,_,0,_y—nlaQ,_,—2(nYakpL

r=1
n—2

X Z (r+1)Rn~rRr+1
r=1

+2 3 ( '>2<”> s L7 erfo (= RIO)+(— 1) enfe (RIO) -
nzl. ... (6.29)

Equations (6.26) and (6.29) are the general equations for the coefficients ¢,,
and R,;;. Once these have been found the expression for the temperature
distribution within the sphere is

@ —R%(v— w2
u(r, 1) = #j exp [R—(BJ;L)] {¥i(a—Ry")U(a—Ry")

+by(a—Ry)U(—a—Ry)) ’g dy’

= —LJ’Q0 exp (—a?)¥ {—ab+(a—Ry)}da
(

(a~Ry)7r*} a— Ry)/0
-1 a—Ry)/0 2
mf exp (—a*)¢,{—ab+(a—Ry)}da
-1 2 . —-R . a—R
= 2_(a__RT})";On!G"[(—l)”‘I’l,,z erfc(a y> + ¢,,i" erfc (-— A y)]

An application of this solution would be to find the time taken for a meteor
to be consumed as it passes through the earth’s atmosphere or to calculate the
mass of material lost by a meteorite before striking the earth’s surface.

E.M.S.~—1
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7. Reduction of problems involving spherical shells to standard form

Consider a hollow spherical shell, initially comprising the region b<r<a,
which has at ¢ = 0 a temperature distribution Vy(r) such that Vy(a) = T,. A
flux Q(0) is applied at r = a so that melting begins. The melt is continuously
removed and the outer surface of the shell at any time is given by a— R(0) as
long as a— R(0)>b. As in the previous section Q(6) is a known function of 8
and does not depend on R(6).

If V(r, t) is the temperature distribution within the shell then the equations

for V are

, 2

(?K =k 6_%_}_%(2/_ b<r<a—R,t>0 ............... (7.1)
ot or r or

V(r,0)=Vyr) b<r<a ..., 1.2)
V@a—R, 1}=T, .ccoovvieiriiiireeriiiinnnn. (7.3)
0(0)~Lp ‘z—R _K‘;_V atr=a—=RO) oo (7.4)
HV +K6§ =0 ALr=0D0. ccririeiiiiiiiniiieien, (7.5)

r

Substituting U = rV these equations become

2
U _2U b<r<a—R,t>0 ..(T.6)
ot or?
U(r, 0) = rVy(r) b<r<a ..ol (7.7)
U@=R, 1) = @=R)Ty  eroreereroreereerreren. (71.8)
dR T, 1 oU
0—Lp R ~ k + 2 %Yl atr=a-R e, 7.9
QO -Le, {aR a—Rar}ar “ (79
HU - 16U
HU _glzly 0 £F=be oerrerenn, 7.10
b {bz T3 6r} ar (7.10)

The further substitution r’ = a— r transforms the equations into the standard
form since the problem then becomes one of ablationinaslab0< R(8)<r<a—b.
If W(a—r, ) = Ulr, 1) equations (7.6)— (7.10) become

' 2 ’
W', 1) _p W, 1) O<r'<a—b, t>0 ..(T.11)
ot or?
W(r’, 0) = (a—r'Wyla—r") O<r'<a—-b ......... (7.12)
W(R, 1) = (G=R)Ty  ororerrereererrrree (7.13)
dR T, 1 ow

o-Lp R _x - EF =R oo, 7.14
o6)~ pd {aR a—Rar’}ar (719
By _xl]=lw_L1Wl_, atr' = a—b. .o (7.15)

b b b or'
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The problem can be solved if a suitable initial temperature can be found.
Thus if H = 0, W(r’, 0) must be expressible as an odd function of r'—(a—b).
This means that rV,(r) must be an odd function of r—b.

The rest of the solution is identical with the work of Section 6. The only
difference arises from the necessity of condition (6.14) for a solid sphere whereas
(7.15) allows a variety of situations at the inner surface of a hollow shell.

8. Cooling of molten regions by radiation

By using Portnov’s method it is possible to find the temperature distribution
in both phases of a slab, initially liquid, cooling by radiation into a medium at
zero temperature so that a solid phase advances into the region x > 0 from the face
x = 0. It is sufficient to say here that two temperature distributions are
postulated and that the differentiations, etc., are carried out as above. The
algebra is, however, rather more cumbersome since sets of four simultaneous
equations have to be solved for four unknown coefficients. The first few
coefficients have been worked out and agree with those given in (2).

An important application would be to the cooling of spheres; for example
the cooling of the earth could be investigated. Preliminary work shows that
it is quite feasible to find short-time solutions for the case of a sphere, cooling
at the outer surface by radiation, with heat generation at a rate 4, exp [b(a—r)]
where a is the radius of the sphere and 4, and b are positive constants. This
would be a realistic model to use in investigating the cooling of a molten earth
if heating by radiocactive decay within the mantle is to be taken into account.

9. Some worked examples

The first example is one for which the first few terms have already been
worked out by Boley (2) using a method based on Duhamel’s theorem.

A semi-infinite solid x>0, at zero temperature when ¢ = —{,, constant
flux Q, into the slab at x = 0 for t>—1,,.

At t = 0 the temperature is '

Vo(x) = %Q(ﬂ (kt, ) exfc (62KENE)  vvoeerrrrerreeronn, ©9.1)

where #,, has to found from
T, = 20, O (kt,)* erfc (0)

K
20,
=20kt [ e, 9.2
X (kt,/m) 92
Therefore ty =K T2/AKQ3. oo, 9.3)

In this case ‘Pl(x) = V4(x), that is
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whence

2 .
lylo N —I%-g (ktm/n)é = Tm’ lPll = —QO/K

TIZ = Q(z)/nKsz, \P13 U siecateeeerencesnaes

W, = —Q3/6n*K*T}? ¥,s=0
1t is found that
$20=T, @21 = —Qo/K
¢22 = Q5/nK>T, é,3 = —203/3nkpLT,K>

$24 = — Qo[ {6r(kpL)*T,K?} ' — 16{97°kpL T K*} ™! — {6n* ToK*} ']

25 = Q{157 (kpL)TJK*} ™' — 16{45n*(kpL)* T K}~

(9.6)

—{30n(kpL)*T,,K?*} ' — {8r2(kpL)* T.2K3} "' + {6n*(kpL)*T2K*} ]

X, =0,X,=0, X5 =0%(3n**kpLT,K)
X, = —Q5/{16n(kpL)’T,K}

16 1 1

4577 X(kpL)*T2K?>  30n3'*(kpL)*T,K  15n°/*(kpL)T2K

X = Q5[ {96n*(kpL)*T,)K°} ™'~ (192r(kpL)*T, K} "

—35{768n%(kpL)?

2] 9.7)

T.K*}1].

As a second example the case of a semi-infinite region exposed to a pulse

of heat is discussed.

In this example the semi-infinite region x>0 is considered to be at zero
temperature at = —1,,, at which time a flux of heat Q(?) = rn~* exp (—r?t?),
in suitable units, is applied to the face x = 0. For large values of r this expres-
sion will be a good approximation to an instantaneous unit, pulse at r = 0 since

t,, will be very small.

By direct application of Duhamel’s theorem the temperature for —7, <t<0

is found to be

r 1 t¥tm 2 2 2 dr
— k? exp [—ri(t+1,—1)*]exp [ —x*/4k(t+t,)] —
nK T

tm

When ¢ = 0 this expression becomes

Vo(x) = — k’ exp [ —x?/4kt,] J‘ exp [—ri(t, —1)2 de

= LI\ k* exp [ ~x2/akt, [265+0(1,% )],
T
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If r is large 1,, will be small and O(t2/%) may be ignored so that a good approxima-
tion will be

Vo(x) = %r-f]t(i} exp [ —x%/dkt,]. i, (9.8)

Provided that Q(1) is large enough to cause melting to begin when ¢ = 0 the
value of 7,, may be found from

T, = 2r(kt,,)*
K
i.e.
71:2}(2 TZ
t, = e 9.9
4r2 ©-9)
Using this value of #,, in (9.8)
Vo(x) = T, exp [ —r2x3m?K>T2]. oo, (9.10)
From this result the coefficients of ¢,(x) are found to be
(_ l)nr2n _
G120 = Wl n=0,1,2,3, ... ... (9.11)
¢1, m+1 =0

Equation (9.10) also shows that Fy(x) is very small when r is large, except at
x = 0 where its value is 7,
The series expansion for Q(#) in powers of 8 is found from

0(0) = rn~* exp [ —r?0*/16k*]

=r7t‘% i (—1)"(1‘2—01')"
n=20

n! 16k2
therefore
(_])nr2n+1 _
0, = a6k m= 0,4, 8, A, (9.12)
0 n=12,3,56,7,9, ..

Using (9.11), (9.12) and the results of Section 4 it is found that

$r0=T, ¢, =0, ¢,, = SagEs e (9.13)
X, =0 X, = — " Xy— T (9.14)
1 =0 X = ST SR kKT, T .
Thus a good approximation to X{(¢) is
2.2
X(t) = — Bk 2 (9.15)

t_
nipl  3n°’pLKT,,
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Ap-22
Nowdi(=0whent=nK T =
dt 16r3k*

Hence the melting ceases after a layer with thickness

n’PK2T?  n'PKT?
X(t) = ral a
16rpLk 18rpLk
_ n?RT?
144rpLk*

has been removed.

As a last example the ablation of a finite slab, 0 <x <a, perfectly insulated
at x = 0 has been chosen.

Let the slab 0 <x < a be at zero temperature when t = —¢,. Fort>—1t,a
constant flux Q, flows into the region and at ¢t = 0 the face x = Qs at tempera-
ture 7, so that melting begins. The face x = a is perfectly insulated so that
no heat can pass through it.

The initial temperature is given by Example A of Section 3. Rearranged in
powers of x the trigonometric series becomes the absolutely convergent series

¢o(x)=Qo( ey & 21‘1") ~ oy @(sl— i)xl—
pca

3K Kn? K K 2a
2Qon2n—2s 2
—(=1) X 9.18
D i, ©.18)
where
S,= Y r’ Zexp[—r¥n’t,/a*]. ... (9.19)
r=1

From ¢,(0) = 7, it is found that

ty=pea| m _ @ [ 2850y (9.20)
0, 3K Kn=n?

If ¢, is small the series representation for S, given by (9.19) will be slowly
convergent and it will then be useful to use the alternative expression for
Vo(a— x) given in Example A.

Using the coefficients ¢, given in (9.18) it is found that

—Q (2aS,—-1)
— ms = ~_——, = - —
$20 = Ty &2, X ¢2, Qo 2Ka

—03(2aS,—1)
¢23 =
6akpLK
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by = 7°Q,S,  205(2aS;—1)* _ 03(2aS,—1)
12Ka? 9nKa*(kpL) 24Ka(kpL)*

_ m08S, 05(2aS;—1)  Qp3(2aS;—1) _ Q3(2aS,—1)?
30Ka3(kpL) 45nKa*(kpL)* 120Ka(kpL)® 192Ka?(kpL)?

25

X1=0,X2=0,X3=g)_(gg_s_l;1_)

12n*akpL
—~Q0(2aS,—1)
x, = ~%(2aS,—1)
64a(kpL)*
X, = Q3CaS, =D . 208aS,~1) _ Qun’’S,
5 - —

120n*a(kpL)®  45n*'%a*(kpL)>  30akpL
.= L 1903(2aS; —1)>  Q5(2aS,—1)*  3Q3(2aS,—1)  Q5(2aS;—1)
°7192| 32na’(kpL)® 24na’(kpL)*  4na*(kpL)® 4a(kpL)*
+ 7tthz)Sz )
a*(kpL)?

10. Conclusion

It has been shown that Portnov’s method provides a powerful means of
investigating many important problems of heat conduction where phase
changes occur, It is easily seen that the method is applicable to any situation
where the appropriate heat equation may be transformed into the case of linear
flow, for example the thin rod with radiation from its surface. By combining
step functions with additional “ fictitious ” temperature distributions cases
involving more than one moving boundary may be investigated and also slabs
with time dependent fluxes or temperatures at the fixed boundary.

Appendix

The first six sets of equations found from equations (4.6) and (4.8) when
Xl = X2 = 0.

1. (@) 2T, = ¥ o(1+ erf X )+ (1 — erf X )
(b) n*2kpLX, = K(¥10— $20)
2. (a) 0=V, — ¢y,
(b) 20 —8kpLX, = —K(¥ 11+ ¢21)
3.() 0=Y;+¢,,
(b) n*(Q, —6kpLX;) = —K(¥1,— 652)
4. (@) 0= X3(¥ 1+ ¢20) +(¥13—b23)
(b) 4Q,—8kpLX ) = —3K(¥13+ ¢23)
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5.(a) 0=4n X, (¥1;+921)+8X5(¥12—622)
+3n3 (¥ 14+ $24)
(b) 4n4(Q3—10kpLX 5) = —K[4n*X3(¥ 15+ ¢22) + 12X (W1, + ¢22)
+8(¥ 14— $24)]
6. (a) 0 =21 X (W11 +d21)+4X (¥12—932)
+318X5(¥ 13+ 023) + MW 15— 925)

(b) n¥(Q,—12kpLX¢) = —K [n*X4(‘I’12+¢zz)

15
+3X3(Wi3—i3)+ N 7“("}’154‘9525):'
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