Canad. Math. Bull. Vol. 41 (2), 1998 pp. 225-230

MAZUR INTERSECTION PROPERTIES
FOR COMPACT AND WEAKLY COMPACT CONVEX SETS

JON VANDERWERFF

ABSTRACT.  Various authors have studied when a Banach space can be renormed so
that every weakly compact convex, or less restrictively every compact convex set isan
intersection of balls. We first observe that each Banach space can be renormed so that
every weakly compact convex set isan intersection of balls, and then we introduce and
study propertiesthat areslightly stronger than the preceding two propertiesrespectively.

1. Introduction and main result. We will say a Banach space has the Mazur in-
tersection property if every closed bounded convex set is an intersection of balls. This
property wasintroduced and studied by Mazur in [6]. In [7], Phelps showed among other
things, that afinite dimensional Banach space hasthe Mazur intersection property if and
only if the set of extreme points of the dual unit ball is dense in its sphere. In a paper
of fundamental significance to this subject, Giles, Gregory and Sims [4] characterized
normed linear spaceswith the Mazur intersection property as those spacesfor which the
w*-denting points of the dual unit ball are norm densein its sphere. For several recent
important advances in this topic, we refer the reader to the striking paper by Jiménez
Sevillaand Moreno [5].

This note will focus on weaker forms of the Mazur intersection property. Before pro-
ceeding, let us mention that we work in real Banach spaces X whose dual spaces are
denoted by X*. The closed unit ball and unit sphere of X are denoted by By and S¢. A
norm is called locally uniformly rotund (LUR) if ||x, — X|| — O whenever 2||x,/|? +
2||X||2 — ||x + Xq||? — 0. We will let K denote the collection of compact convex subsets
of aBanach spaceand W the weakly compact convex subsets. Wewill say that X hasthe
W -Mazur intersection property (resp. K -Mazur intersection property) if every weakly
compact convex (resp. every compact convex) subset of X is an intersection of balls.
The W -Mazur intersection property wasintroduced by Zizler in [14] where he showed
that every weakly compactly generated Banach space can be renormed to possessit. The
K -Mazur intersection property was introduced by Whitfield and Zizler in [13] where
they show that a wide class of Banach spaces can be renormed to have this property. A
nice characterization of this property as well as some further renorming results in this
direction were discovered by Sersouri in [10]. Nevertheless, in a subsequent paper [11],
Sersouri asks if every Banach space can be renormed so that every compact convex set
of affine dimension 1 is an intersection of balls.
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We begin by observing that Jiménez Sevilla's and Moreno’s recent renorming result
[5, Lemma2.3] in conjunctionwith results of Plicko[9] and Zizler [14] providesastrong
positive answer to Sersouri’s question, and in fact gives a complete answer asto when a
Banach space can be renormed to havethe K - or W -Mazur intersection property.

THEOREM 1.1. Every Banach space X can be renormed to have the W -Mazur in-
tersection property.

ProOOF. By aresult of Plicko (see [12, Theorem 20.2, p. 683] or [9, Theorem 1J),
there is a biorthogonal system {x;, fi }ie; C X x X* such that span({f;}) is weak* dense
in X*. By building on Zizler's modification [14] of Troyanski's renorming technique,
Jiménez-Sevillaand Moreno [5, Lemma2.3] showed that given any biorthogonal system
{Ya Vi baen C X x X*, thereis an equivalent norm on X whose dual norm on X* isLUR
at each point of span({y’, }wca). Applying this result, welet ||| - ||| be an equivalent norm
on X whose dual norm ||| - [|I* is LUR at each point of H = span({fi }i</) where the fi's
are the dual functionals from Plicko’s biorthogonal system.

We now outline the proof of [14, Theorem 1, p. 64—65], which showsthat X endowed
with the norm || - ||| has the property that every weakly compact convex set in X is an
intersection of balls. Indeed, consider the topology T on X induced by pointwise con-
vergence on H; because H is total, T is Hausdorff, and hence weakly compact sets are
closed with respect T . Thus given a weakly compact convex subset C with 0 ¢ C, the
separation theorem ensuresthat thereisanh € H with |||h||* = 1 suchthat inf h(C) > 0.
Because|| - |||* isLUR at h, it follows that h isaweak™ denting point of Bx- (seee.g. [14,
Lemma2]). Now by [14, Lemma 3] thereisaball Bin X suchthat B > Cand 0 ¢ B. It
thus follows that C is an intersection of balls. ]

2. Further variants of the Mazur intersection property. We will say a Banach
space has the W -intersection property (resp. K -intersection property) if every set of
the form C+ B, is an intersection of balls, where C is a weakly compact convex set
(resp. compact convex set) and By isaclosed ball of radiusr > 0 centered at 0; we will
denote these properties by W -IP and K -IP respectively. It is clear that these properties
are variants of the usual Mazur intersection property, and that they are formally stronger
than the W - and K -Mazur intersection properties respectively; moreover, they have
a nice dual relationship with geometric properties of the dual ball. The remainder of
this note will outline some relationships among these properties and the structure of the
underlying Banach space. In the next result, for aset S € X* and C C X, the C-diameter
of Sisdefined as sup{|(f1 — f2)(c)| : f1,f2 € Sc e C}.

THEOREM 2.1. (@) A Banach space X has the W -IP (resp. K -IP) if and only if
for every C € W (resp. C € K) and e > 0 the points in Sy that lie in a w*-slice
of Bx- having C-diameter < ¢ is densein Sx- with respect to the topology of uniform
convergenceon weakly compact sets (resp. compact sets).

(b) A Banach space X hasthe K -IP if and only if the extreme points of By: are w*-
densein Sx..
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We will omit the proof of Theorem 2.1 becauseit follows from straightforward mod-
ifications of Sersouri’s proof of [10, Theorem 1]. Those techniques also apply to other
appropriate bornologies, for example the analog of Theorem 2.1(a) for bounded closed
convex setsrecapturesthe main characterization of the Mazur intersection property given
in[4]. Also, it is well-known that the Mazur intersection property isimplied by Fréchet
differentiability of the norm. Analogously, from Theorem 2.1 one can deducethat the K -
IPand W -IP are respectively implied by Gateaux and weak Hadamard differentiability
of thenorm (seee.g. [2] and [3] for information on thesenotions of differentiability). This
and the following two results show that wide classes of Banach spaces can be renormed
to possess these intersection properties.

For the next result, recall that a subspace (not necessarily closed) Y C X* is called
norming if thereisa > O such that A||x|| < sup{s(X) : ¢ € YN Bx:} for eachx € X.
Throughout, we refer to the topology on X* induced by uniform convergence on weakly
compact subsets of X as the Mackey topology.

PROPOSITION 2.2. SupposeY C X* is a norming subspace. If there is a dual norm
on X* that is LUR (resp. strictly convex) at each point of Y, then X can be renormed to
have the W -IP (resp. K -IP).

ProoF. We prove the W -IP case only, the other caseis similar. Let U; denote the
unit ball of the dual norm on X* that is LUR at each point of Y. Now let U, be the w*-
closureof (U1 NY); thisisasymmetric, bounded, convex and w*-closed set. Because Y is
norming, it followsthat U, hasnonempty interior and thusisthe unit ball of an equivalent
dual norm on X*. Moreover, every point on the sphere of U, that liesin Y isaw*-denting
point of Uy, since such points are on the sphere of U; and are w*-denting points of (the
larger set) U; becauseitsnormisLUR at those points. Now YNU3 isaconvex set, thusits
closure with respect to the Mackey topology is U, because the Mackey and w*-closures
are the same for convex sets. Hence the set of w*-denting points of U, is Mackey dense
in the sphere of U,. Therefore Theorem 2.1(a) applies. ]

CoROLLARY 2.3. If Xisa Banach spacesuchthat X x X* has a biorthogonal system
{xi, fi } for which span({fi }) is norming, then X can be renormed to have the W -IP.

Proor. LetY = span({fi}). According to [5, Lemma 2.3] there is a dual norm on
X* that is LUR at each point of Y. Thus Proposition 2.2 applies. ]

We will say a norm on a dual space is w*-Kadec-Klee (resp. T-Kadec-Kleg) if the
weak™ and norm (resp. Mackey and norm) topologies agree on its sphere.

REMARK 2.4. If X hasthe W -IP (resp. K -IP) and the dual norm on X* is 7-Kadec-
Klee (resp. w*-Kadec-Klee), then X hasthe Mazur intersection property.

ProoF. Thisfollowsfrom Theorem 2.1 and the characterization of the Mazur inter-
section property givenin [4, Theorem 2.1]. ]

However, the following example shows that Remark 2.4 fails to be true if the norm
and Mackey topologies only coincide sequentially on the dual sphere.

https://doi.org/10.4153/CMB-1998-032-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1998-032-8

228 JON VANDERWERFF

ExAMPLE 2.5. If X* isadua Asplund and nonreflexive Banach space, then there
isanorm || - ||* on X* such that the norm and Mackey topologies coincide sequentially
on Sy~ and so that (X*, || - ||*) has the W -IP but does not have the Mazur intersection
property.

PrOOF. Because X* isAsplund, it followsthat Mackey and norm convergenceagree
sequentially in X** (see e.g. [1, Theorem 5]), and hence on the sphere of any unit ball
with respect to an equivalent norm. Because X* is Asplund, we can renorm X** with a
LUR norm (see[3, Corollary V11.1.12]). Denotetherestriction of thisnormto X by || - ||,

andlet || - ||* bethe dua normof || - ||. It follows from [4, Theorem 4.1] that (X*, || - ||*)
has the W -IP. However, (X*,|| - ||*) fails the Mazur intersection property because [4,
Corollary 2.7] saysthat such a Banach space must be reflexive. ]

Our final theorem shows in a fairly strong fashion that Remark 2.4 fails with the
W -Mazur intersection property, and that the W -Mazur intersection property does not
generaly imply the K -IP.

THEOREM 2.6. Suppose X is not reflexive and admits a norm whose dual is LUR.
Then X admitsanorml||| - ||| suchthat (X, || - |||) has the W -Mazur intersection property
and || - |II* is w*-Kadec-Klee, but X does not havethe K -IP.

PROOF. Let By denote the unit ball of adua LUR norm || - ||* on X*. Let X* €

S\ X, and choose¢ € Sx- suchthat x*(¢) > 3. LetU; = {A € Bx- : [x**(A\)| < %}W ,
andlet || -||; bethe dual normwhoseunit ball isU;. Noticethat ¢ ¢ U; sinceif A, € Bx-
and X (Ao)| < 3, then ||¢ — Ao||* > 1. Thus A, /- ¢ because|| - ||* is LUR. Now
wehave| - ||* < -5 and||¢|; > 1+2r for somer > 0. Because the dual LUR norms
are dense among al dual norms, we chooseadual LUR norm || - ||5 such that

AT =r <INz < [IAfT - foral A € By

In particular, for U the unit ball of || - |2, onehas Uy C Uz and ¢ ¢ U, because
6z = ll¢ll1—r=1+r.

Now let U3 = Bx- N Uy. Then Us is the unit ball of the dual LUR norm || - ||5 =
max{]|-||*, ||-]|5}- Wenow definethe unit ball of our desired norm: U = conv(UsU{%¢}).

First, U is w*-closed because being the convex hull of two w*-compact sets, it is w*-
compact. Because U isw*-closed, bounded, convex and contains %Bx*, it followsthat U
isthe unit ball of an equivalent norm || - ||| on X* that is dual to somenorm ||| - ||| on X.
We now make the following observations concerning this construction.

CLAaM. (1) LetY = {A € X* : X*(A\) = 0}. Then Y isw*-densein X*.

(2) If A eYand||All* = 1, then A isaw*-denting point of U.

3 I - I is w*-Kadec-Klee.

4 fA=ax"+bpwitha+b=1,0<b <1 x* € Us,then A isnot an extreme
point of U.

The proofsof Claims 1, 2, and 4 are very straightforward, so we only verify Claim 3.
Indeed, suppose ||[Ax[I* = [IAIF = Land Ay —w- A Writing Ay = XX + (1 — Ag)du

https://doi.org/10.4153/CMB-1998-032-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1998-032-8

MAZUR INTERSECTION PROPERTIES 229

where X, € Bx- and ¢, € {%¢}. By passing to a subnet, we may suppose ¢, = ¢ for
al o, \yg — A\, X, = X" If XA =0, thenx, — ;b and we are done. Otherwise, A > 0,
and ||x*||5 = 1 (becauseif ||x*|5 < 1, then Ax* + (1 — A)¢ would bein theinterior of U).
Because|| - || isLUR, we havethat x:, — x*. Thiswith (1 — A\,)éo — (1 — A)$ shows
that A, — A and so Claim 3 isvalid.

Now to complete the proof of the theorem, by Claims 1 and 2, the cone of w*-denting
points of U contains a w*-dense subspace of X*. Therefore, as in the proof of Theo-

rem 1.1, (X, ||| - |I) has the W -Mazur intersection property. However, Claims 3 and 4
together imply that the extreme points of U arenot w*-densein its sphereand so (X, ||| -|||)
fails to have the K -IP according to Theorem 2.1(b). ]

It is probably amatter of perspective, whether onewould consider the K -IP or theK -
Mazur intersection property the appropriate weakening of the Mazur intersection prop-
erty for compact convex sets. The definition for the K -IP may not seem as natural, but
it leadsto the dual characterizationinvolving the dual sphererather than a cone (cf. The-
orem 2.1 and [10, Theorem 1]) which corresponds to the characterization of the usual
Mazur intersection property and moreover has advantages when combined with Kadec-
Klee properties (Remark 2.4). Irrespective of this, the following question is apparently
open.

QUESTION 2.7. Can every Banach space be renormed to have the W -IP, or less
restrictively the K -1P?

One should note that the proof of Theorem 1.1 does not appear to apply for this ques-
tion, because Plicko [8] has shown that there are Banach spaces that do not possess any
biorthogonal system {x;, fi } such that span({f; }) is norming.
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