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Abstract

The purpose of this paper is twofold. The first part is to introduce relative- X?,, Jensen- )(%, and (p, w)-Jensen- X?,
divergence measures and then examine their properties. In addition, we also explore possible connections between
these divergence measures and Jensen—Shannon entropy measure. In the second part, we introduce (p, r7)-mixture
model and then show it to be an optimal solution to three different optimization problems based on )((2, divergence
measure. We further study the relative- )(%l divergence measure for escort and arithmetic mixture densities. We
also provide some results associated with relative- )(3 divergence measure of mixed reliability systems. Finally, to
demonstrate the usefulness of the Jensen- X(zl divergence measure, we apply it to a real example in image processing
and present some numerical results. Our findings in this regard show that the Jensen- )(% is an effective criteria for
quantifying the similarity between two images.

1. Introduction

Information theory is one of the most important branches of science and engineering and has attracted
significant attention of numerous researchers over the past seven decades. In information theory, sev-
eral information-theoretic divergence measures between two probabilistic models have been introduced
and then used in many fields including information theory, statistics, engineering and physics. Among
the most important information, divergence measures are the Kullback—Leibler and chi-square diver-
gence measures. These two information quantities have found many key applications in information
theory, economics, statistics, physics and electrical engineering. In the literature, some extensions of
Kullback-Leibler and chi-square divergence measures have appeared during the last three decades. For
pertinent details, one may refer to [5, 7, 11, 18].

The chi-square divergence has several extensions, such as the symmetric chi-square, triangular
divergence, generalized chi-square and Balakrishnan and Sanghvi divergence measures. Each of these
measures has its own properties and applications in different fields.

In this work, we first consider chi-square (y?) and generalized chi-square (y2) divergence measures
and then propose relative- X%, and two Jensen versions of )((21 (Jensen- )(fl and (p, w)-Jensen- )((2,) diver-
gence measure. We further examine a possible connection between the proposed information measures
and also discuss some potential applications of them.

The proposed relative-x?2, Dg( f : g) divergence, provides a measure of the difference between two
probability distributions, f and g, that is weighted by the density function ¢ (x). The weight density
function y (x) allows the divergence to be tailored to specific features and characteristics of the data, for
the two models that are being compared.
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The parameter @ controls the sensitivity of the divergence to differences between f and g. For exam-
ple, when a =1, the divergence reduces to the L, distance, which measures the difference between f
and g in terms of their squared deviations. When a =0, the divergence measure reduces to half of the
chi-square divergence measure. The weight density function ¢ (x) can be chosen to emphasize or de-
emphasize certain regions of the data. For example, a weight function that down-weighs the tails of
the distributions could be used to make the divergence more robust to outliers. Alternatively, a weight
function that emphasizes a particular region of the data could be used to highlight differences in that
region of the data.

Overall, the choice of @ and the weight density function ¥ (x) can be tailored to suit the specific
characteristics and features of the data for the two models that are being compared, allowing for greater
sensitivity and flexibility in the comparison process, and the D‘f,( f : g) measure has potential uses in
various fields, as listed below:

o Statistics: It can be used in goodness-of-fit tests and model selection criteria, for example, chi-square
divergence (o =0) is commonly used in contingency table analysis.

e Machine learning: The proposed divergence measure can be used as a divergence measure in machine
learning algorithms, such as clustering, classification and anomaly detection.

e Information theory: The proposed divergence can be used to measure the difference between proba-
bility distributions and to quantify the amount of information gained or lost in a data compression or
transmission process.

e Signal processing: DZ( f : g) divergence measure can be used to compare the strength signals in
signal processing applications.

e Image processing: The proposed Dﬁ (f : g) divergence measure can be used to compare image
histograms and textures in image processing applications.

One of the main motivations behind the development of Dﬁ (f : g) divergence is that it encompasses
several popular divergence measures as special cases, including the symmetric chi-square, triangular
divergence, generalized chi-square, and Balakrishnan and Sanghvi divergence measures. This property
makes the Dﬁ( f : g) divergence measure a versatile tool for comparing probability distributions in a
variety of fields and facilitates the integration of different divergence measures into a unified framework.

Furthermore, it should also be noted that the proposed Jensen- )((21 and (p, w)-Jensen- /\sz divergence
measures are extensions of Dﬁ (f : g) measure based on a convex combination. These extensions allow
for the incorporation of additional divergence measures into the framework, further increasing the flex-
ibility and applicability of the method. By combining different divergence measures in a convex form,
these Jensen-type divergence measures can provide a more comprehensive and nuanced comparison of
probability distributions.

In addition, in this paper, we also establish a new generalized mixture density and specifically show
that the proposed model provides optimal information under three different optimization problems asso-
ciated with X%, divergence measure. Moreover, some results on these information measures and their
connections to other well-known information measures are also provided.

First, a diversity measure between two density functions f and g on common support X', known as
chi-square divergence, is defined as

(f0) -

2 . _
x(f:8= 70

(1.1)

Similarly, we can define y*(g : f).
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A generalized version of y? divergence measure, denoted by y2, between two densities f and g, for
a > 0, considered by [5], is defined as

2
xa(f:g)= azlfx (f(jfl)_wfg)) dx. (1.2)

Balakrishnan and Sanghvi [4] introduced another version of the chi-square divergence in Eq. (1.1) as

2 h f(x)—g(x))2 _ [f(X)—g(X) ?
dstro0= [ (FGmaey) o= | S| (2

where E denotes expectation taken with respect to density f on support &', assuming it exists. This
information measure is known as Balakrishnan—Sanghvi divergence measure.
Moreover, a symmetric version of chi-square divergence measure of the form

2py e [0 -g@) f<x>—g<x>r
@00 = | e e (4

has been introduced by [12]. Here, E denotes expectation under mixture density A(x) = f(x)%(x). The
divergence measure in Eq. (1.4) is known as triangular divergence measure. Throughout this paper, we
will suppress X in the integration with respect to X, unless a distinction becomes necessary.

The rest of this paper is organized as follows. In Section 2, we first examine the connection between
Xﬁ divergence measure and g-Fisher information measure. Here, based on the )(%Y divergence measure,
we introduce a relative- y2, divergence measure, which includes other well-known versions of chi-square
divergence as special cases. We propose Jensen-y2 divergence measure in Section 3. We then show
that Jensen-y2, divergence is a mixture of the proposed relative-y2, divergence measures. Further, we
show that a lower bound for Jensen-y2 divergence can be given by Jensen—Shannon entropy mea-
sure. In Section 4, we first introduce (p, w)-Jensen- )((2, divergence measure and then discuss some of
its properties. Next, the relative-y2 divergence measure of escort and arithmetic densities are studied
in Section 5. We then introduce (p, )-mixture density in Section 6 and show that this mixture distri-
bution involves optimal information under three different optimization problems associated with y2
divergence measure. In Section 7, we study the relative- y2, divergence measure of order statistics and
mixed reliability systems. Next, in Section 8, we use a real example in image processing and present
some numerical results in this regard in terms of Jensen-y? divergence measure. We specifically show
that this divergence could serve as an useful measure of similarity between two images. Finally, we
make some concluding remarks in Section 9.

2. Relative- y2 divergence measure and connection between y2 divergence measure and
g-Fisher information

In this section, we first show that the Xé divergence measure in Eq. (1.2) has a close connection to
q—Fisher information of mixing parameter of a given arithmetic mixture distribution. Next, we introduce
a relative- )((21 divergence measure and show that it includes some of the well-known chi-square-type
divergence measures as special cases.
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2.1. Connection between x>, divergence measure and q-Fisher information

The g-Fisher information of a density function fy about parameter 6, defined by [14], is given by

d log, fo(x)\?
7,(60) = / (a"—;) folx)dr, @.1)

where log, (x) is the g-logarithmic function defined as
x? -1
log, (x) = Y (xeR, g#0) (2.2)

for more details, see [9, 15, 23]. Then, we have the following result.

Theorem 2.1. Let f; and f> be two density functions. Then, the g-information measure of mixing
parameter p in the two-component mixture model

() =pfi(x) + (1 -p)a(x), pe(0,1), (2.3)
is given by

8

R

M (1, ) 2y )

2
1
where M% (.,.) is the power mean with exponent % defined as M% (x,y) = ("7 + 5 ) for positive x

l\)\'—‘

and y.

Proof. From the mixture model in Eq. (2.3), we readily see that

[ /&) _ ()~ ()

AW =ho === .

2.4)

Now, from the definition of g-Fisher information measure in Eq. (2.1), we find

2 2
_ 2 (1+29) (1- )2)(2 (fp :f)s f=h,
7, = [ B0 g T @3)

1-2¢q
7 ) Toar g 1), f=r

which readily yields
I,(p) = 1+2q( W 0+ )
- ( S 0+ 2\ fz))
- L0 103, 2 ).
as required. O
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2.2. Relative- >, divergence measure

In this subsection, we introduce a relative-y2 divergence measure and show that it includes some of
the well-known chi-square-type divergence measures as special cases. Further, we show that the special
case of the proposed measure, when a =0, is connected to the variance of density ratios.

Definition 2.2. Let f and g be two density functions on support X. Then, a relative version of x?%
divergence measure between f and g with respect to density function yr on support X, denoted by R-x2,
for a > 0, is defined as

4o [ () -gW)’
2 Jx oyl

DY(f:g) dx, (2.6)

provided the involved integral exists. In addition, the special case of R- )(%l divergence measure, when
a =0, is of the form

1 w-gw)

4 . —
Pao 3023 o0

Q2.7)

Moreover, it is useful to note that Dﬁ( f : g) reduces to x2(f : g) when ¢ = f. It is easily seen
from Eq. (2.6) that R- y'2, divergence measure can be expressed based on two expectations under densities
f and g to be

1+a (f(x)—g(x))2

PR T

It (f)-gX)) l+a . (g(X) —fX)
2 E( Y=o (X) )+ 2 Eg( Y=o (X) )

DY(f:g)

From the definition of Dﬁ (f : g), the weight density function, y(x), can be utilized to assign varying
degrees of importance to different regions of the dataset. For instance, a weight function that places less
emphasis on extreme values can be employed to make the divergence measure more robust to outliers.
On the other hand, a weight function that highlights a specific region of the data can be used to detect
dissimilarities within that region of the data.

In general, Dﬁ (f : g) divergence provides a flexible and powerful framework for assessing the
differences between probability distributions in a wide range of applications. The parameters @ and
¥ (x) can be adjusted to suit the specific characteristics and features of the data for the two models that
are being compared, offering greater sensitivity and flexibility in the comparison process.

Remark 2.3.

(i) If =1, then Dﬁzl(f 19)=Ly(f:9) = / (f(x) —g(x))zdx.
(i) 1y (x) = (), then DY_y(f : @) = x2(f.8) = =42,
(i) If g (x) = g(x), then DY_,(f : 8) = x3(g.f) = 4L
(iv) Ify(x) = pf (1) + (1 = p)g(x), then Dly_(f = 8) = 5rax (¥ :f) = 30X (¥ : 8)-
) Ify(x) = M’ then DZZO( f:9= /\{%( f 1 g), where )(%( f : g) is the triangular divergence
defined in Eq. (1.4).

Vi) If y(x) = L0289 ihen DY (f : g) = x3g(f 1 8) + xEg(g : f), where Dps(f : g) is the
Balakrishnan—Sanghvi divergence measure defined in Eq. (1.3).
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Theorem 2.4. Let  be a density function. Then, Dﬁzo( f 1 g) divergence measure in Eq. (2.7) can be
expressed as

Vary (568) + Varo (555) 1r00e0
DY (f:g) = 5 —Ew(Té;())+l. (2.8)
Proof. From the definition of DZZO( f 1 g), we have
v _ (L@ ?
2wiri0 = [ frwal
(E) ’ f)gk)
w(>dx_(/g(x)dx) 2 Tuw &P
f(X) g(X) f(X)g(X)
) Var‘”(w()o) v ‘”(w(X)) ZE‘”( 0 )+2’
as required. O

3. Jensen- 2 divergence measure

In this section, we first introduce Jensen- )(3 divergence measure and then establish some of its
properties.

In fact, the Jensen- y2, divergence measure is an expansion of Dﬁ (f : g) that is established based on
a convex combination. This extension allows for the incorporation of additional divergence measures
into the framework, further increasing the flexibility and applicability of the method.

Definition 3.1. Let X1, X, and Y be random variables with density functions fi,f>» and ¥, respectively,
Then, the Jensen-x2 (J-x2) divergence measure, for p € (0, 1), is defined as

Ta (f5P) = pxaW f)+(1=pxaW :f) - xaW :phi+ (1= p)f). 3.1
Lemma 3.2. The J-x? divergence measure in Eq. (3.1) is non-negative.

Proof. As ¢(x) = x? is a convex function, by using Jensen’s inequality, we readily find

l//(fl,fz;P) _ p/(fl(X) %l’() d+ (1— )/ fz(x) (x)

I+ yima () O
_/ (P () + (1= p)h(x) - ¢ (x))* dx
IO
B F2 () £2(x) (pfi@) + (1= p)h(x)°
= o[ e [ g es [T
> 0,

where the last expression follows from the fact that

(Ph ) + (1= () < pf2) + (1= p)2).

https://doi.org/10.1017/50269964823000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000189

Probability in the Engineering and Informational Sciences 409

Theorem 3.3. A representation for J:fzo (fl, f2;P), based on variance of the ratio of densities, is
given by

fix )) (1 - p)Var (@)_Vaw(lﬂfl(x)ﬁ“(l—P)fz(X))}'

v pol

Proof. From the definition of 7 v _olf1./2:P), we have

271 (fi-15: P) p/(fl(x) vy, +(1- )/ (AW ~ )"

v (x) v (x)
~ / (pfi(0) + (1 = p)(x) =y (1) @
v
_ [RE® o [E®  eh)+ (- ph)’
- o [ o e [N @

O VPN
‘{w() 1}“ ){/< }
| )’

e

) A(X) FX)
= Pl “’(w()o) +(1-p)Var (w(X)

(pfl X) + 1 -p)Hr(X)
¥ (X)

as required. O

Theorem 3.4. Let the random variables X; and X, have density functions f; and f>, respectively. Then,
Jaw (fi,f2; P) measure is a mixture of R- X2 divergence measures of the form

TS fisf2: P) = pDU(fi - fr) + (1 = p)Do(fo - fr),

where D’f;(f,- : fr) is the divergence measure in Eq. (2.6), with fr = pfi + (1 — p)f> being the
two-component mixture density.

Proof. With fr = pfi + (1 — p)f>, we first find

2, @@ AW - ew)
1+J(f1f2 P) —p/ ) ~— " dx+ (1 )/ e
_/(Pfl(x)+(1—P)f2(x)— v)
v ()
£2() B @ (-ph)’
/wl sty )/wl a ™ / TG

On the other hand, with k = pDﬁ(fl cfr) + (1 —p)Dﬁ(fz : fr), we also have

A N A e )k
Trak © ”/ Tytagy o+ )/ B
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£2x) A () £2(0)
—dx -2 ———~dx -
plma) P yaiy CTP ) yiey)

+(1_p)/ B g -y [ )/ fr®

TR e s
Ik R e e
=7 / wfl—i()> wa-n | w?ix()> - e
which establishes the required result. O
Theorem 3.5. A connection between T (fif5:P) with ¢ = £ and Balakrishnan-Sanghvi

divergence measure is given by

T (i1 P) = p {xas (i 2 fr) + xgs(fr 2/} + (=) {xgs(f2 2 fr) + xgs (fr 2 )}
where fr = pfi + (1 = p)f> is the two-component mixture density.
Proof. With fr = pfi + (1 — p)f> and from Part (vi) of Remark 2.3 and Theorem 3.4, we have

TV (ffsP) = pDY_ (fi i fr)+ (1 =p)DY_ (f: fr)
= plxs(fi i fr) + xps(Fr o)} + (1=p) {xis (o fr) + xas (fr 1 )}

as required. O

Theorem 3.6. We have

7 % ZJQ (fi./3P) = Doy (fi < o). 3.2)

Proof. From the definition ._7(‘,” (fl 25 P) in Eq. (3.1) and making use of the dominated convergence
theorem, we have

-1 8 _ 1+a 4 ([ (W -vw)? (A() -y w)*
7 gp i) = - a—(/wd“/w‘“
l+a § PhE)+(L=ph() —4()
5 [ i -sw) e ]
_dxa [ (W -pW)
-2 / T
= Di(fi:h),
as required. o

We now extend the definition of Jensen- /\((21 divergence measure in Eq. (3.1) to the case of n+1
random variables. Let X, ..., X, and Y be random variables with density functions fi, . ..,f, and ¢,
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respectively, and py, . .., p, be non-negative real numbers such that 3.7, p; = 1. Then, the Jensen- X2
measure is defined as

jalp(fl7°'-’fn; sz)(a(lﬁ ﬁ Xa

Zplf,) : (3.3)

The special case of Jensen-y? divergence measure, when a =0, has the representation

v Zn:piﬁ)
i=1

_ X)) 1 Zicy pifi(X)
= ZZpraw(w(X))—EVarw (—l/f(X) )

1 ¢ 1
TV (A SiP) = EZPi/\/Z('lfifi)—Exz

Corollary 3.7. The Jff (fi,- ... fus P) measure in Eq. (3.3) is a mixture ofDﬁ measures in Eq. (2.6) of
the form

j('f(fls"'sfn;P) = ZPth(fth)
i=1

Theorem 3.8. The j (fi, - ... Ju: P) measure in Eq. (3.3) is a mixture ofDﬁ measures in Eq. (2.6) of
the form

T fi.. . S P) = 2221»1;7, w(fi i -

i=1 j=1

Proof. From Corollary 3.7 and making use of the identity ([21], pp. 95-96)

n n n

2 -
D wil = %) —ZZZWZWJ —x)’ Ee= ) wa, Y wi=1,
i=1 i=1 i=1

i=1 j=1

we obtain
Jo (Ao S P) = i}piDﬁ(fi:fr)
_ HTQ le / (fi(x) WZ%ESM)Z N
_ (l+a);]Z ”/ ﬁ(;? HJZX)
= %;;pippﬁ(ﬁ:ﬁ),
as required. O
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Theorem 3.9. Letf; > #,i =1,...,n. Then, a lower bound for T (fis - S P) is given by

1
j(llp(fl”fn’P)Z +aJSP(f1""7ﬁl)v

where JSp(fi,...,fn) is the Jensen—Shannon entropy; see [13].

Proof. From the assumption, Theorem 3.8 and by making use of the identity

n

Z Wi (x,' Z Z W,W/ ) s

i=1 11]

and then setting w; = p;, w; = p;, x; = f;(x), x; = fj(x) and X,, = 37, pifi(x) , we find

n fix) = 20, pfi ()
L) = S [T,

(fix) = £(x)°
15 S [ U

i=1 j=1

(0 -f0) £
"ZZ”/ =T

i=1 j=1

(h) —f()?
= 'ZZ”/ R

i=1 j=1

fikx)
ZZZPzP//f(x)IOg(f( ))

i=1 j=1

2 Z Zplp]KL(ﬁ ]3

i=1 j=1

%JSP(fl’ cee ’fn),

\%

where the second inequality follows from the fact that log(x) < x — 1,x > 0, and the last inequality
follows from [3]. o

4. (p,w)-Jensen-y?2 divergence measure

In this section, we first review the definition of (p, w)-Jensen—Shannon divergence measure. Then, we
introduce (p, w)-Jensen-y2 divergence measure in a way similar to (p, w)-Jensen—Shannon divergence.
Furthermore, we establish some results for this extended divergence measure. Let f and g be two density
functions. Then, the Kullback-Leibler divergence between f and g is defined as

KL(f.g) = / F) log (f E ;)dx

where log denotes the natural logarithm. The (p, w)-Jensen—Shannon divergence between two density
functions f and f>, for @ and p € (0, 1), is defined as

IS (fi.f2) = H((1=-95)fi +5h) —wH((1 - p)fi + pfa) — (1 —=w)H (pfi + (1 = p)f>)
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= wKL((1-p)fi +pfa: (1 =35)fi +5f)
+(1=w)KL (pfi + (1 =p)fa : (1 =95)f1 +5f2) .

where 5 = wp + (1 — w)(1 — p). For more details, one may refer to [16, 17].

Definition 4.1. Let X1, X, and Y be random variables with density functions fi,f> and s, respectively,
Then, the (p, w)-Jensen- X%, divergence measure, for w and p € (0, 1), is defined as

T (s Pow) = wx (v (1=p)fi +pf) + (1 =wx2 (¥ : pfi + (1 = p)f)
XLy (1-9)f +3h),

wheres =wp + (1 —w)(1 —p).

Theorem 4.2. Let the random variables X; and X have density functions f; and >, respectively. Then,
jclf (fi,f2; P,w) is a mixture of relative measures in Eq. (2.6) of the form

TE (fofarPow) =wDl (1 =p)fi +pfa /) + (L=w)DY (pfi + L =pa i), (33)
with fI' = (1 = 5)fi +5f> is the two-component mixture density.

Proof. With fT = (1 —5)f; +5f>, we find

2

mjf(fl,fz;l’,w)

((1=p)fi(x) +ph(x) - () (pfi () + (1 = p)p(x) - ¥ (%))
W/ V() e+ (1 'W)/ )
_/ (1= )i () + 3h(x) -y )

yi=a(x)

(1= p)fi(x) + pfa(x))* (x) (ph ) + (1= p)hHx)’®)
w/ ST (n) dx + (1 —w)/ () dx
_/ (=90 +56)°

yl-a(x)

dx

dx

On the other hand, letting

1+«

k= wDl (L= p)fi +pfa  £7) + (1= w)DY (pfi + (1= p)fa < )

and using the fact that

£ (1=9)fi(x) +5H(x)
(1= (wp+ (1 =w)(1=p))fi(x) + (wp + (1 = w)(1 = p))f(x)

w((1=p)fi(x) +pH () + (1= w) (pfi(x) + (1 = p)fr(x)),

we find

o

B ((1 =p)fi(x) + pfa(x) —J%T(x))2 B (pfi(x) + (1 =p)fa(x) = f (x)
k = w/ () dx + (1 w)/ e
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/ ((1=pAi) +ph(x) (x)dx—Zw/ ((1 —p)f1(X)+Pf2(X))J§T(X)dx+/ (J%T(x))zdx

yl-a(x) Y= (x) Y= (x)
((pfix) + (1 = p)fa(x))* (x (pfi(x) + (1 = ()T ()
*“‘W)/ S () de-2(1 - )/ s () &
B (1= pfi) +pH(0))* (%) ((pfi () + (1 = p)fa () (x)
= W/ W) de+(d ‘W)/ J () &

,T 2
[ Uty
gl (x)
Now, from the above results, we have
1+a
T& (o Pow) = Sk = wDl (1= p)fi +pfa < £ )+ (1 =w)Dl (pfi + (1= p)fs 27 )
which establishes the required result.

From Definitions 3.1 and 4.1, we readily have the following Corollary.

Corollary 4.3. A connection between J. (fi.fos P,w) and Ty (fi./2; w) measures is given by

T (fi-fo: Pw) = Jf((l ~p)fi +pf s pfi + (1= p)fasw].

Theorem 4.4. We have

()
-1 9 v
= I —Ja (fi.fo:Pow) = Dy (1= p)fi +pf : pfi + (1= p)f) ;
(i)
2
5 35574 (fiPow) = DY (1= wfi i+ (1 =) = DA ).

Proof. From Theorem 3.6 and Corollary 4.3, we have

-1 2

= gz (L=p)fy +pfo,pfs + (1= p)fi, W)

DY (1 =p)fi +pf: pfi + (1 =p)f)

_16

3 5 P

which proves Part (i). From Corollary 4.3 and using the facts that
0 = w1 =p)fi(x) +ph&) + (1 =w)(pfi(x) + (1 = p)fa(x))
and
(1= wfi () +wh(x) = (whi () + (1 = w)Hx)) = w(H(x) = fi () + (1= w) (/i (%) = f2(x)),
we find
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-1 9? Pw - L 9?
3 o 2Ja (fi.fo:Pow) = 2 o 2ja' ((1 =p)fi +pfa.pfi + (1 = p)fa; w)
_ et 3 (PR +phe) —y )
- 4 9p? yl-o(x)
a+1 6? (pfi(x) + (1 = p)fax) - w(x))
~=W T g / Y- (x) &
a+1 8 [ (Fx)-vx)
+T(')_p2./ TR
_ aH/(W(fz(X) = fi(x)) + (1 =w)(fi1(x) fz(x)))2
2 Y= (x)
_a+1/ (f(x) —fl(x))
2 Y= (x)
~ a+1/ ((I_W)fl(x)+wf2(x)_(Wfl(x)"'(l_w)fz(x)))
2 Y=o (x)
a+l / (L) —fi(x)
2 Yl=(x)
= DYy (1 =w)fi +wh 1 wfi + (1 =w)f) = DY (fi : o).
which proves Part (ii). Hence, the theorem. O

5. D'g divergence measure of escort and arithmetic mixture densities

In this section, we examine Dlg divergence measure of escort and arithmetic mixture densities.

5.1. Dﬁ divergence measure of escort and generalized escort densities

The escort distribution is a key concept in nonextensive statistical mechanics and coding theory and
is closely associated with Tsallis and Rényi entropy measures. Bercher [6] studied some connections
between coding theory and the measure of complexity in nonextensive statistical mechanics in terms of
escort distributions.

Let f be a density function. Then, the escort density with order i > 0, associated with f, is defined as

S1(x)

fn(x) = W

(5.1)

Theorem 5.1. Let f and g be two density functions and f, be the escort density corresponding to f.
Then, for 0 < n < 1 and (x) = f;;(x), we have

DYy(f:g) = —BGI “Nxpf 9, (5.2)
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where B = 1 —n(1 — @) and G,,(f) is the information generating function of density f with order n
defined as

Gy (f) = / 70, 5.3)

Proof. From the definition of Dﬁ( S+ g) and the assumption that i (x) = f;,(x), we have

2
DY(F: ) 1+a/(f(X)—g(X)) &

2 fr ()

l+a e () - g ()
- (/f'?( )dx) /—fn(]a)(x) dx
(f(x) - g(X)
77(1 n)( )

1+a

— Gl (y(f)

1+a

= Gy (Nxp(f - o)

1+

where 8 =1-n(1 — @), as desired.
Next, let f and g be two density functions. Then, the generalized escort density, for 1 > n > 0, is
defined as

F1(0g1(x)
T Tmax o

hr](x) =

Let ¢ (x) = hy(x). We then have

2DY_(f:9)

(f)-g)’ [ (f)-gW)’
/ By (x) dx_/ £1(0)g = (x) dx
[ Fr(x)g!1 (x)dx

( / £ (x)dx) / R )
(f() - g())°
g1

where R,,(f : g) is the relative information-generating function between density functions f and g
defined as

= Ry(f:g) (5.5

Ry(f:g) = / F1(0g" " (x)dr. (5.6)

Theorem 5.2. A lower bound for D'gzo(f 1 g)in Eq. (5.5) is given by

r](f g)

St U i),

DY _\(f:8) =

where f,, = nf + (1 —1)g is the two-component mixture density, x2(. 1) is the chi-square divergence,
and Ry, (f : g) is as defined in Eq. (5.6).
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Proof. From the definition of Dﬁ (f : g) and the assumption that

(08" (x)
[f1(x)g" =1 (x)dx’

U (x) = hy(x) =

for 0 < n < 1, and using the geometric mean-arithmetic mean inequality between densities f and g
given by

F1(x)g" " (x) < mf (x) + (1 =g (x),

and the fact that g(x) — f(x) = 1= - L_( S (x) = f(x)), we obtain

y () —g)?
Y (fre) = /—h,,(x) dx

2
(/ f "(’“)gl_n(’“)dx)/ %(g)gf%)) &

. (f() - g()?
= Ralf ’/ FIg 1)

() - g())’
Rl )/ P+ (- 1)s)
Ry :9) [ () -F@)
T Fo )
Ry(f:8) ,

= G XD,

as required. O

v

5.2. Dﬂf divergence measure between two arithmetic mixture densities

In this subsection, we study Dﬁ divergence measure between two arithmetic mixture densities. Consider
two mixture density functions f,,,(x) = 2.7, pifi(x) and g,,(x) = X7, pigi(x). Then, we have

DYfian = O /(fm<x)—gm<x>)2 ol /(z:;lpiﬁ(x>—z;11p,-g,»(x>)2

2 Y (x) C2 i "
_lta [ (2L pilfitx) - gi(x)))z
B 2 / yl=a(x) &

l+a L () - &)’ - ﬁ (x) — (%)) (i (x) — gj(x))
_ P dx
S

IS e ()

i<

_ lta ¢, (fix) - gi(x)*
- St e

(fi(x) = i) () — /()
+(1+Q);,lep’ a v ) dx

i<j
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1+GZP,2D‘”(fl gz)+(1+a)ZZp, ,/ f’(x)_gi(x)_)(ﬁ(x)_gj(x))dx.

1
i=1 j=1 v (y(x)
i<j

Theorem 5.3. Let fi,...,f, be n density functions. Now, consider the probability mixing vector
P = (pi1,...,pn) and its corresponding negation probability vector

5 _ _ 1- P1 1- P

P=(pi,....pn) = = .

n—1 n—1

Then, we have the lower bound for Di:o as

n n 1 n ,'—1 2
j Zpifi:Zﬁifi) > > (”5_1 ) (KL(fi - 9) +1) + L,
i=1 i=1 i=1

where L = Z;.l:! ‘ o1 ("Pizrlli(l';lzrl) / ﬁgz)’(f’;;) dx. For more details about negation probability, see [22].
i<j

Proof. From the definition of Dw_o divergence measure between mixture densities )7, p;f; and
. a=! v
>, bifi and upon setting

dx,

(pi = D(npy ~ 1) [ FF)
L= ZZ (- 1)2 7200

i=1 j=1
i<j

we find

(3L, pifi(0) = I, bifi ()

v (S N 1
D“-O(;”‘f";”f’) - 3/ e &
B 1 < np; — 1 fz()
- Eizl(n—l) W (x) dv+L
1n npi_12 5
= 5 (n_l)()((f,-:z//)+l)+L
1

\Y
(ST
'M=

(”n’ ) (KL(f; s )+ 1) + L,

where the last inequality follows from the inequality between Kullback—Leibler and chi-square diver-
gence measures. This proves the required result. O

6. Optimal information under y? divergence measure

In this section, we first introduce (p, 7)-mixture density as a generalization of arithmetic and harmonic
mixture densities. Then, we examine optimal information property of (p, n7)-mixture density. To follow
this, we consider optimization problem for Xi divergence under three types of constraints. For more
details about optimal information properties of some mixture distributions (arithmetic, geometric and
a—mixture distributions), one may refer to [2] and the references therein.
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6.1. (p,n)-mixture density

Definition 6.1. Let fy and f; be two density functions. Then, a generalized mixture density, called the
(p, n)-mixture density, is defined as

£00) = ply () + (1 =p)f (%) ( / () + (1= p)f (x)

n-1 n-1 -1 -1
pfy - @+ A =-pf" @\ pf )+ (1 =p)ffT (x)
The (p, n)-mixture density provides arithmetic and harmonic mixture densities as special cases:

(1) If p=0, then f,,(x) = fi(x).
(ii) If p=1, then f;,(x) = fo(x).
(iii) If =1, then f,,(x) = pfo(x) + (1 — p)fi(x) is the arithmetic mixture density.

(f (GREAE) )
— 2 2 s the harmonic mixture density.

I (i)

(iv) If n=0, then f,,(x) =

6.2. Optimal information property of (p,n)-mixture density

Theorem 6.2. Letf, fyy and f; be three density functions. Then, the solution to the optimization problem

min 2 ) subject 0 i ) =, [ Fode=1 6.1)

is the (p,n)-mixture density with n = @ and mixing parameter p = ﬁ, and Ao > 0 is the Lagrangian
multiplier.

Proof. We use the Lagrangian multiplier technique for finding the solution of the optimization problem
in Eq. (6.1). Thus, we have

Loy < 8 [ GO =@ Txa, (0 -A@2 [

_ 0 Z
2 A€)) 2 7o)
Now, differentiating with respect to f, we obtain

F@O=hE) |y g L@ 6.2)

0
—L(f. 20, A1) = (1 + @) )

of FAREY

Setting Eq. (6.2) to zero, we get the optimal density function to be

= @+ -PIE ( / Pl () + (1= ) ()
Pl )+ (L =p)ft o \J el )+ (L=p)ft ()
where p = 5 +1 10 as required. O
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Theorem 6.3. Let f, fy and f; be three density functions. Then, the solution to the optimization problem,

n}in{w/\(i(fo H+(1 - w)/\(i(fl :f)} subject to /f(x)dx =1, 0<wc<l, (6.3)
is the (p,n)-mixture density with mixing parameter p =w.

Proof. Making use of the Lagrangian multiplier technique in the same way as in Theorem 6.1, the
required result is obtained. O

Theorem 6.4. Let f, fy and f; be three density functions and T, (X) = flji (QX()X) Then, the solution to the
1

optimization problem,
min 2 ) subject to Ey(Ta(0) =1, [ fde=1, (6.4)

is the (p,n)-mixture density with mixing parameter p = %/lo and Ay > 0 is the Lagrangian multiplier.

Proof. Making use of the Lagrangian multiplier technique in the same way as in Theorem 6.1, the
required result is obtained.
Now, we extend Theorem 6.2 to the case of n+2 density functions. m|

Theorem 6.5. Letf, fo, . ..,fn be n+ 2 density functions. Then, the solution to the optimization problem,

n}in)((z,(fo:f) subject to x2(fi - f) =mii=1,....n, /f(x)dx:l, (6.5)

is the extended (p,n)-mixture density with n = a and mixing parameters p; = and A; > 0,

A
1+Z;ZOI A
i=0,...,n is the Lagrangian multiplier.

Proof. We use the Lagrangian multiplier technique for finding the solution to the optimization problem
in Eq. (6.5). Thus, we have

L Ao 1) = @ (@) —fox)? Zﬂ(lw) (f (x) fl+1(x))2dx

2 ARNE)) i=0 fia @)
+A, /f(x)dx.
Now, differentiating with respect to f, we obtain
n—1
ﬂL(f,ao,. L) =(1 +oz)f( 1) —fo, (1 +a)21f(x) LIS (6.6)
af “ i+1

Setting Eq. (6.6) to zero, we get the optimal density function to be

(1 =20 plfy" () + X0 pif,” (x)
(1= 2, pf ™ ) + S, o ()
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where

€= / ( (1= 20 PO () + iy P (5)
(1= 28, p)f (0 + X pf ' (%)

and p; = , as required. O

A
1yt A

7. Relative- y2 divergence measure of mixed reliability systems

Consider a system with component lifetimes Xi, ..., X,, which are independent and identically dis-
tributed (i.i.d.) with a common lifetime cumulative distribution function (c.d.f.) F and a probability
density function (p.d.f.) f. Then, the system lifetime T = ¢(X1,...,X,), where ¢ is referred to as the
system’s structure function, is connected to signature vector s = (sy, ... ,s,) through

si:P(T:Xi:n):n—;" i:l,...,n,
n:

where Xi.,,...,Xn, are the order statistics of component lifetimes and n; is the number of ways
that component lifetimes can be arranged such that T = ¢(X,...,X,) = X;,; for more details,
see [20]. Then, the reliability function of T can be expressed as a mixture of reliability functions of
Xin,i=1,...,n,as

Fr(t) = Z 5iFin (1).
i=1

Consequently, the corresponding p.d.f. of T is

n

Ffr(t) = sifin(), (7.1)

i=1

where f;., is the p.d.f. of X;.,;, given by

| . .
' FOOFTH ) (1= F(x)"™

n
Jen®) = G

see [1].

7.1. D‘f, measure for order statistics

Suppose Xi,...,X, are i.i.d. variables from an absolutely continuous c.d.f. F and p.df. f, and
Xi:ns -« . » Xp:n are the corresponding order statistics.

Theorem 7.1. The Dlg divergence measure between densities f., and f is given by

DY(fin f) = (fu () = fu,, ) du, (1.2)

1+01/1 fF~ ()
2 l//l_“(F_l(u))

where the random variables U and U, are uniform and Beta(i,n — i + 1) random variables on (0, 1)
with density functions fy and fy,,, respectively.
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Proof. By using the definition of Dﬁ divergence measure and the transformation u = F(x), we obtain

DY(fin:f) =

Lra [ (fin() —f(x)*
2 /0 Sem

L+a [' F(F'(w) n! i1 i\
) 0 wl‘“(F‘l(u)) (l_(i—l)!(n—i)!u (I-w du
l+a 1 fF(F Y (u)

— : )2
- 2 o llfl_a(F_l(u)) (fU(M) S ( )) du,

as required. O

Corollary 7.2. From Theorem 7.1, we readily deduce the following:
(i) Ify(x) =f(x), then

DYy (fin 1) = Xa(fu : fur,)-
(ii) If Y (x) = fin(x), then

Diy(fin - f) = Xo(fui, 2 f0)-

From Corollary 7.2, it is immediately seen that under the imposed assumptions, D:f( fin + f)
divergence is free of the baseline distribution.

Theorem 7.3. The Dﬁ divergence measure between two density functions fi., and f., is
given by

l+a 1 f(f' ()
2 Jo ylme(f~N(w)

DY(fin  fin) = (fun () = fu, () du. (1.3)

Proof. By using the definition of Dﬁ divergence measure and the transformation u = F(x) in the same
way as in the proof of Theorem 7.1, the required result is obtained.
In the special case when i (x) = f;.,(x), we find that

DY (fin : fin) = X2 (fvin  fup)- (7.4)

7.2 Dﬁ measure for mixed systems

In this section, we examine the Dﬁ divergence measure associated with mixed reliability systems.

Theorem 7.4. If (x) = fi.,(x), then the DY( fr : fin) divergence measure is given by

DY(fr < fin) = X2

fom: ) st,.m) : (1.5)

i=1
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Proof. From the assumption that i (x) = f;.,(x) and the definition of Dﬁ (fr : fin) measure, and making
use of the transformation u = F(x), we have

l+a 0 (Z;L] ajﬁ:n(x) _fi:n(x))z
A
1+a/ﬂ(21pwqu—¢mgmfd
2 Jo Fh(w)

= X(zY(fUi:n : iS/forn)’

i=1

DY (fr : fin)

u

as required. O

Theorem 7.5. Let T; and T, be the lifetimes of two mixed systems with signatures s and s’ consisting
of n i.i.d. components having common c.d.f. F and p.d.f. f. Then, if y (x) = f(x), we have

1 (.n 2
Dﬁ(fT] :sz) = ! ;a, / (ZfUi:n (u)(S,' - S:) f(l(F_l(u))duv
0 \%i=1

where fy,, (1) is the p.d.f. of a beta distribution with parameters i and n — i + 1.

Proof. From the assumption made and use of the transformation u = F(x), we have

dx

HQ/M(LWMﬂ—ﬁmeV
2 Do o)

1 1{n n 2
;a /O (Z Sifv, () -Zs,‘fu,-m(u)) FUF (u))du

i=1 i=1

l+a [ ) 2a .
) ‘/O‘(;fl]i:n(u)(si_si))f (F~ " (u))du,

DY (fr,  fry)

as required. O

8. Application to image processing

In this section, we present an application of Jensen-y2 measure in the framework of image quality
assessment. For pertinent details about image quality assessment, see [10].

Figure 1 shows the original lake image that includes 512 x512 cells, and the level of the color gray of
each cell assumes a value in the interval [0, 1] (O for black and 1 for white). It depicts the image labeled
as X and three adjusted versions of it labeled as Y (= X+0.3) (increasing brightness), Z(= V2 x X) (with
increased contrast and gamma correction) and W (= VX) (gamma corrected). For pertinent details, see
EBImage package in R software [19].

The extracted histograms with the corresponding empirical densities for images X, Y, Z and W are
plotted in Figure 2.

We can see from Figures 1 and 2 that the highest degree of similarity is first related to W and then
to Y, whereas Z has the highest degree of divergence from the original image X.

https://doi.org/10.1017/50269964823000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000189

424 O. Kharazmi and N. Balakrishnan

Figure 1. The original lake image and its three adjusted versions. Image X (top-left corner), Image Y
(top-right corner), Image Z (bottom-left corner) and Image W (bottom-left corner).
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Figure 2. The histograms and the corresponding empirical densities for lake image (X) and its three
adjusted versions (Y, Z and W ).

8.1. Nonparametric estimation of the Jensen- x>, divergence measure
Let f1, f2 and ¥ be probability density functions. Suppose we draw independent and identically dis-
tributed random samples from each of these distributions, obtaining samples of sizes nj, ny and
ny, respectively. Denote the resulting samples by Xl(l), . ,X,S} ) for f1, Xl(z), . ,X,Ezz ) for f2 and
X{/’,...,X,;/’w for .

To estimate the underlying probability density functions f1, f» and  using kernel density estimation,

we can use the following functions:
Let fl (x) be the kernel density estimate of f, based on the sample X 1(1), R X,Ell ). Then, we have
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Table 1. The Jensen-y? divergence measure between each pair of adjusted images with respected to
the original image for the choices @ = 0.5,1.5 and p=0.5

Measure Jensen- X(%, 5 Jensen- X% 5
(Y.Z Il X) 0.016992 0.000058
(Y. W X) 0.0337651 0.000071
(z, W X) 0.0562018 0.000117
(1)
1 x-X

A 1
fi = e ) K

i=1 h

where K (-) is a kernel function, typically chosen to be a symmetric probability density function, and
hy is a bandwidth parameter that controls the smoothness of the estimate.

Similarly, let fz(x) be the kernel density estimate for >, based on the sample X 1(2) e X,(lz2 ), Then,
we can write

2

N 1
frlx) = %ZK

i=1

x-x®
h

where /1, is a bandwidth parameter for the kernel density estimate of f>. Finally, let ¢/ (x) be the kernel

density estimate for i, based on the sample x;//, . ,x;,ﬂ ,- Then, we have
ny ¥
A 1 x—-X
¥ (x) = K ~1,
nyhy ,Z‘ hy

where h, is a bandwidth parameter for the kernel density estimate of .
For more details, see [8].

S}

u

7, we can compute the integrated

Using these estimates based on Gaussian kernel, K (1) = ‘/%e
T

nonparametric estimate of the Jensen-y2 measure, for 0 < p < 1, as
Ta (fifsP) = pxa@ :f)+(0-pxa@:f) - xa (*Z cpfi+ (1 —P)fz) :

We have computed the Jensen-y? information measure for each pair of adjusted images with respect
to the original lake image, and these are presented in Table 1. The results demonstrate that the Jensen-y2
divergence is an effective measure of similarity between each pair of adjusted images and the reference
original image. Specifically, the Jensen-y?2 divergence highlights the high degree of similarity between
images Y and Z with respect to the original image (X). Furthermore, the results in Table 1 indicate
that the comparison of images Z and W with respect to the reference image X results in low similarity.
Therefore, the Jensen-y2 information measure can be considered as an efficient criteria for comparing
the similarity between each pair of adjusted images with respect to the reference image.

9. Concluding remarks

In this paper, by considering the /\(i divergence measure, we have proposed relative- )((21, Jensen- )(EZ
and (p, w)-Jensen-y? divergence measures. We have first shown that the )((2, divergence measure has
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a close relationship with g-Fisher information of mixing parameter of an arithmetic mixture distri-
bution. We have then shown that the proposed relative-y2 divergence measure includes some other
well-known versions of chi-square divergence such as the usual chi-square (y?), generalized- y? ( )(%,),
triangular and Balakrishnan—Sanghavi divergence measures all as special cases. We have shown that the
Jensen-y? divergence is a mixture of relative-y?2 divergence measures. A lower bound for Jensen-y?2
divergence has been obtained in terms of Jensen—Shannon entropy measure. We have also introduced
(p, w)-Jensen-y2, divergence measure and have then established some of its properties. Further, we have
studied the relative- )(f, divergence measure of escort and arithmetic mixture densities. Next, we have
introduced (p, n7)-mixture density, which includes arithmetic-mixture and harmonic-mixture densities
as special cases. Interestingly, we have shown that the proposed mixture density possesses optimal
information under three different optimization problems associated with the y? divergence measure.
We have also provided a discussion about the relative-y? divergence measure of order statistics and
mixed reliability systems. Finally, we have described an application of the Jensen- y2 measure in image
processing.

In summary, in this paper, some extensions of the chi-square divergence measure such as
the relative-y?2, Dg, Jensen-y2 and (p,w)-Jensen-y2 divergence measures have been proposed.
Particularly, it has been shown that the relative-y? divergence measure includes the well-known diver-
gence measures, such as Ly, y?, triangular, symmetric 2, x> and Balakrishnan-Sanghvi divergence
measures, all as special cases, and provides a flexible and powerful divergence measure for comparing
probability distributions in a wide rage of problems. The choice of @ and the weight function (x) can
be tailored to suit the specific characteristics and the features of the data for the models that are being
compared, allowing for greater sensitivity and flexibility in the comparison process.

Furthermore, the proposed Jensen-x2 and (p, w)-Jensen-y? divergence measures are extensions of
D‘g( f @ g) that are based on a convex combination. These extensions allow for the incorporation of
additional divergence measures into the framework, further increasing the flexibility and applicability
of the method.

There are, of course, several areas of the proposed information measures that require more study
with regard to its theoretical as well as experimental analysis. Additionally, with the incorporation of the
idea of relative- y2, divergence and Jensen-y?2 divergence measures, there is an opportunity to broaden
and explore the discrete and cumulative versions of the established divergence measures, utilizing the
properties of convexity or concavity. It will also be of great interest to study cumulative versions of
these measures, and we plan to do this in our future work. Finally, there is also a potential to extend the
idea to relative Fisher information measure. We are currently working on these problems and hope to
report the findings in a future paper.
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