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Abstract

We present a detailed analysis of random motions moving in higher spaces with a natural
number of velocities. In the case of the so-called minimal random dynamics, under some
broad assumptions, we give the joint distribution of the position of the motion (for both
the inner part and the boundary of the support) and the number of displacements per-
formed with each velocity. Explicit results for cyclic and complete motions are derived.
We establish useful relationships between motions moving in different spaces, and we
derive the form of the distribution of the movements in arbitrary dimension. Finally,
we investigate further properties for stochastic motions governed by non-homogeneous
Poisson processes.
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1. Introduction

Since the papers of Goldstein [12] and Kac [16], who first studied the connection between
random displacements of a particle moving back and forth on the line with stochastic times
and hyperbolic partial differential equations (PDEs), researchers have shown increasing inter-
est in the study of finite-velocity stochastic dynamics. The (initial) analytic approach led to
fundamental results such as the explicit derivation of the distribution of the so-called telegraph
process [1, 14, 27], the progenitor of all random motions that later appeared in the literature
(also see [2, 9] for further explicit results and Cinque [3] for the description of a reflection prin-
ciple holding for one-dimensional finite-velocity motions). However, as the number of possible
directions increases, the order of the PDE governing the probability distribution of the abso-
lutely continuous component of the stochastic movement increases as well; in particular, as
shown for the planar case by Kolesnik and Turbin [20], the order of the governing PDE coin-
cides with the number of velocities that the motion can undertake. To overcome the weakness
of the analytical approach, different ways have been presented to deal with motions in spaces
of higher order. One of the first explicit results for multidimensional processes concerned a
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1034 F. CINQUE AND M. CINTOLI

two-dimensional motion moving with three velocities (see [8, 28]), which was extended to
different rules for change of directions in [23]. We also point out the papers of Kolesnik and
Orsingher [18], which dealt with a planar motion choosing between the continuum of possi-
ble directions in the plane, ( cos ¢, sin ), « € [0, 2], and of De Gregorio [7] and Orsingher
and De Gregorio [29], which respectively analyzed the corresponding motions on the line and
on higher spaces (note that here we only consider motions with a finite number of veloci-
ties). Very interesting results concerning motions in arbitrary dimensions were also presented
by Samoilenko [33] and then further investigated by Lachal et al. [22] and Lachal [21]; see
[11, 17, 32] as well. It is worth recalling that explicit and fascinating results have been derived
under some specific assumptions—for example, in the case of motions moving with orthogonal
directions [4, 5, 30, 31]. We also reference the papers [10, 15] for motions driven by geo-
metric counting processes. Over the years, stochastic motions with finite velocities have also
been studied in depth by physicians, who have obtained interesting outcomes; see for instance
[24, 26, 34].

Random evolutions represent a realistic alternative to diffusion processes for suitably mod-
eling real phenomena in several fields: in geology, to represent the oscillations of the ground
[35]; in physics, to describe the random movements of electrons in a conductor, bacte-
rial dynamics [25], or the movements of particles in gases; and in finance, to model stock
prices [19].

In this paper we present some general results for a wide class of random motions moving
with a natural number of finite velocities. After a detailed introduction on the probabilistic
description of these stochastic processes, we begin our study focusing on minimal motions,
i.e. those moving with the minimum number of velocities to ensure that the state space has
the same dimension as the space in which they occur. In this case we derive the exact proba-
bility in terms of their basic components, generalizing known results in the current literature.
The probabilities concern both the inner part and the boundary of the support of the mov-
ing particle. Furthermore, thanks to a one-to-one correspondence between minimal stochastic
dynamics, we introduce a canonical (minimal) motion to help with the analysis and to show
explicit results. The examples provided concern different types of motions governed by both
Poisson-type processes and geometric counting processes. In Section 3 we derive the distri-
bution of a motion moving with an arbitrary number of velocities by connecting the problem
to minimal movements. Finally, in Section 4, we recover the analytic approach to show some
characteristics of stochastic dynamics driven by a non-homogeneous Poisson process—in par-
ticular, the relationships between the conditional probability of movements in higher order and
lower-dimensional dynamics.

1.1. Random motions with a natural number of finite velocities

Let (R, F, {Fi}i=0, P) be a filtered probability space and D € N. In the following we
assume that every random object is suitably defined on the above probability space (i.e. if
we introduce a stochastic process, this is adapted to the given filtration).

Let {W,},.en, be a sequence of random variables such that W, > 0 almost surely (a.s.) for all
n and Wy =0 a.s. Let us define T, =Y ;_, Wi, n € No, and the corresponding point process
N ={N(t)};>0 such that N(tf) = max{n € Ny : Z;Ll W; <t} V t. Unless differently described,
we assume N such that N(¢) < oo forall > 0 a.s. Also, let V = {V(#)};>0 be a stochastic vector
process taking values in a finite state space {vop, ..., vy} C RP, M €N, and such that P{V(t+
dr) #V(t) | N(t, t +df] =0} =0, r > 0. Now we can introduce the main object of our study,
the D-dimensional random motion (with a natural number of finite velocities) X = {X(t)}>0
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Multidimensional random motions with finite velocities 1035

with velocity given by V, i.e. moving with the velocities vy, . . ., vy and with displacements
governed by the random process N,

: N(@)—1
X(@) =/0 V(s)ds = Z (Tix1 — T)V(T) + (t — Tvey) VTN, 1=0, (1.1)
i=0
where V(T;) denotes the random speed after the ith event recorded by N, therefore after the
potential switch occurring at time 7; (clearly, T;y+; — T; = Wi41). The stochastic process X
describes the position of a particle moving in a D-dimensional (real) space with velocities
vo, - . ., vir and which can change its velocity only when the process N records a new event.
For the sake of brevity we also call X a finite-velocity random motion (even though this
definition would also apply to a motion with an infinite number of finite velocities).

Example 1.1. (Telegraph process and cyclic motions.) If D=1, and N is a homogeneous
Poisson process with rate A > 0 and vo = —v| = ¢ > 0 such that these velocities alternate, i.e.
V() = V(0O)(—DN®, ¢ > 0, then we have the well-known symmetric telegraph process, describ-
ing the position of a particle moving back and forth on the line with exponential displacements
of average length c/A.

In literature, random motions where the velocities change with a deterministic order are
usually called cyclic motions. If X is a D-dimensional motion with M + 1 velocities, we say
that it is cyclic if (without any loss of generality) P{V(t +df) =v, | V(1) =v;, N(t, t +df] =
1} =1 for h=j+ 1, and O otherwise, for all j, h, where N is the point process governing the
displacements (and vy xm+1) =Vh. k€ Z, h=0, ..., M). For a complete analysis of this type
of motion, see [21, 22]. o

Example 1.2. (Complete random motions.) If P{V(0)=v;} >0 and p;, =P{V(t+dr)=
v | V() =vj, N(t,t+df] =1} >0 for each j,h=0, ..., M, we call X a complete random
motion. In this case, at each event recorded by the counting process N, the particle can switch
velocity to any of the available ones (with strictly positive probability). o

Example 1.3. (Random motion with orthogonal velocities.) Put D = 2. Consider the motion
(X, Y) moving in R? with the four orthogonal velocities vj, = (cos(hm/2), sin(hm/2)), h=
0,1,2,3,suchthat P{V(t+dt)=v, | V() =vj, N(t, t+dt] =1} =1/2ifj=0,2and h =1, 3
or j=1,3 and h=0, 2 (i.e. it always switches ‘to a different dimension’). (X, Y) is the
so-called standard orthogonal planar random motion, which, if N is a non-homogeneous
Poisson process, can be expressed as a linear function of two independent and equivalent one-
dimensional (non-homogeneous) telegraph processes; see [4]. One can imagine also other rules
for the changes of velocity; we refer to [4, 5, 30] for further details. <o

The support of the random variable X(¢) expands as the time increases, and it reads
Supp(X(1) = Conv(vot, ..., vmt), t>0, (1.2)
where Conv(-) denotes the convex hull of the input vectors. Therefore, the motion X moves in
a convex polytope of dimension

lT
dim(Conv(vo, R vM)) =rank(vi —vg --- vy —vg) =rank <V ) -1,

where V= (vg --- vy) is the matrix with the velocities as columns and 17 is a row vector
of all ones (with suitable dimension). For H =0, ..., M, if the particle takes all, and only, the
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o
velocities vj,, . . ., vy in the time interval [0, #], then it is located in the set Conv(v;t, . . ., viy?)

(where S denotes the inner part of the set S C RP and we assume the notation Conv(v) =
(v}, veRD).

Our analysis involves the relationships between motions moving in spaces of different
orders or with state spaces of different dimensions. From (1.1) it is easy to check that if A
is an (R x D)-dimensional real matrix, then the motion X’ = {AX(#)};>¢ is an R-dimensional
motion governed by N and with velocities vp, . . ., viy € RE such that vj, = Avy, V h.

In the following we will use the lemma below, from the theory of affine geometry.

Lemma 1.1. Let vy, . .., viy € RP such that dim(Conv(vo, e, vM)) =R. For k=0, ..., M,

there exists the set I®* of the indexes of the first R linearly independent rows of the matrix
[vh — Vk]h:O y and R=Rk_[RIy |

h#k
Letey, ..., ep be the vectors of the standard basis of RP. Then the orthogonal projection

T

pr:RP — RE pp(x) = [ei]iele, is such that, with vk = pr(vy) ¥ h,
dim(Conv(vg, R vf,,)) =R

and

v iR e Conv(vg, R vi,) 3! x e Conv(vy, ..., vy) s.t. pr(x) =xR.

See Appendix A for the proof. Also note thatif R=M < D, i.e. the R + 1 vectors are affinely

independent, then the projected vectors pr(vp), . . ., pr(vg) are affinely independent as well.
Obviously, if R = D, pr, is the identity function.

For our aims, the core of Lemma 1.1 is that, for a collection of vectors vg, ..., vy €
RP such that dim(ConV(vo, e, vM)> =R, there exists an orthogonal projection, pg, onto
an R-dimensional space such that to each element of this projection of the convex hull,
xR € Conv (vg e, vﬁ), corresponds (one and) only one element of the original convex hull,
x € Conv(vg, ..., vy).

2. Minimal random motions

A random motion in R? needs D + 1 affinely independent velocities in order to have a D-
dimensional state space. Therefore, we say that the D-dimensional stochastic motion X, defined
as in (1.1), is minimal if it moves with D + 1 affinely independent velocities vg, ..., vp € RP.

The support of the position X(¢), t > 0, of a minimal random motion is given in (1.2); it can
be decomposed as follows:

D
Supp(X®) =) |J Conv(vit.....viy0). (2.1)
=0 ieci®

where C,f denotes the combinations of k elements from the set S, with 0 <k < |S| < oo. Since
X is a minimal motion, it lies on each convex hull appearing in (2.1) if and only if it moves
with all, and only, the corresponding velocities in the time interval [0, 7].

Let us denote by T(x) = {T(1)(1)}>0 the stochastic process describing, for each ¢ > 0, the
random time that the process X spends moving with velocity v, in the time interval [0, ],
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with A =0, ..., D. In formula, T () = fé 1(V(s) =vp) ds, V¢, h. Furthermore, we denote by
Ty =T (), - . ., T(py) the vector process describing the times spent by the motion moving with
each velocity, and by T4y = (T(0) - - . » Tk—1)» T(kt-1), - - - » T(p)) the vector process describing
the time that X spends with each velocity except for the kth one, k=0, ..., D. In the next
proposition we express X as an affine function of 7).

Proposition 2.1. Let X = {X(1)};>0 be a finite-velocity random motion in RP moving with
velocities vg, ..., vp. Fork=0, ..., D,

Ty (@), >0, (2.2)
D

htk

X = g1, Ty () =i + [vh - vk]

where [vh — vk] n—o___p denotes the matrix with columns vy, — vy, h # k. Furthermore, for fixed

.....

hk
t >0, gi is bijective for all k if and only if vy, . .., vp are affinely independent (i.e. if and only
if X is minimal).

Hereafter we will omit the direct dependence of gx (and the similar functions) on the time
variable ¢, since we are always working with fixed ¢ > 0; thus, we will more briefly write, for
instance, X (1) = g (T(k—)(t)).

Proof. Fix t > 0. By definition Zf:o Tin(H) =t as., and X(7) = Zf:o v, Ty (0); therefore,
foreach k=0, ..., D, we have

X(0=" (vn = vi)Ta(t) + vit,
hetk

which in matrix form is (2.2).
The matrix [vh — vk]h#k is invertible for all k if and only if all the differences v;, — vk, h # k,

are linearly independent for all k, and thus if and only if the velocities vy, . .., vp are affinely
independent. g

Remark 2.1. Another useful representation of a finite-velocity random motion X is, with ¢ > 0,

t 17
v =4(10) =, ) 700 23)

lT
and g is bijective if and only if X is minimal (indeed, v is invertible if and only if the

velocities, the columns of V, are affinely independent). In this case we write

AN
To =g (1, X(0) = (g_hl (r X(t)))h=0 D (V ) (X(f)> .

Now, for k=0, ..., D, we write the inverse of (2.2) as

T =8¢ (X0) = (sph (X)), = [ —we] (50 =) = (7). X)),
(2.4)
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The notation (2.4) is going to be useful below. Clearly,

1= g p (LX) =1=Y_ Tuy(®)=Tp(t) =g} (1. X(®)).

h#k h#k
o

Theorem 2.1. Let X ={X(*)};>0 be a minimal random motion moving with velocities

Vo, . .., vp € RP and whose displacements are governed by a point process N. Let X' =
{X'(O}=0 be a random motion with velocities 1, . .., vp whose displacements are gov-
erned by a point process N' LN and with the same rule for changes of velocity as X. Then,
fort>0,
™ —1
X0=f(X0)=V , (2.5)
v X(1)

where V' = (), . .., vp). Furthermore, fis bijective if and only if X' is minimal.

Proof. Fix t> 0. Since the changes of velocity of X and X’ have the same rule and N(¢) 4
N'()V 1, we have Tyn(t) % Ty () Y h, 1. For k=0, ..., D,

1"\ /s
X'(0)=VTyH) LV .
\% X(1)

Now, for Proposition 2.1, for every k, X(¢) is in bijective correspondence with T;-(#) and then
with T (1) (in distribution). Therefore X(7) is in bijective correspondence with X'(7) if and
only if X'(7) is in bijective correspondence with T(;—)(7), so if X’ is minimal. O

Remark 2.2. (Canonical motion.) Theorem 2.1 states that all minimal random motions in R,
with displacements and changes of directions governed by the same probabilistic rules, are in
bijective correspondence (in distribution). Therefore, it is useful to introduce a minimal motion
X = {X(#)}s>0 moving with the canonical velocities of RP ey=0, ey, ..., ep, where ¢, is the
hth vector of the standard basis of R”. At time 7 > 0, the support of the position X(7) is given by
the convex set {x e RP : x>0, Z?:I xi<t}.Putt>0and E = (eg - -- ep) = (0Ip), the matrix
having the canonical velocities as columns. In view of Remark 2.1, the canonical motion can

t 17
be expressed as = Ty(1) and
’ (Xm) (E ) (’

1= X0
- t X1 (1)
To(=g ' (t, X(t)) = = : (2.6)
=g (nXW)=|, I | \xe .
Xp(?)
Keeping in mind the notation (2.4), the inverse functions gk_l, k=0, ..., D,are given by (2.6)
excluding the (k 4 1)th term (which concerns the time T()(?)).
Finally, if Y is a random motion with affinely independent velocities vy, . . ., vp, under the
hypotheses of Theorem 2.1, we can write
Y0 < vor + [vh . vo] X, 120, 2.7)

,,,,,
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2.1. Probability law of the position of minimal motions
In order to study the probability law of the position X(¢), ¢ > 0, of a minimal random motion
in RP, we need to make some hypotheses on the probabilistic mechanisms of the process, i.e.
on the velocity process V and the associated point process N, which governs the displacements.
(H1) The changes of velocity, which can only occur when the point process N records an
event, depend only on the previously selected velocities (but not on the moment of the switches
or the time spent with each velocity). Therefore, we assume that, for > 0,

PV +dt)y=vy | N(t, t +dt] =1, F7}
=P{V@+d)=v, [N, t+dt] =1, V(T),j=0,...,N(@®)}, (2.8)

where To =0 a.s. and T1, ..., Ty are the arrival times of the process N (see (1.1)). Note
that if N and V are Markovian, then the conditional event in (2.8) can be reduced to
{N(t, 1+ dif] =1, V(Tn)}, and (X, V) is Markovian (see for instance [6]).

Now, for t >0, h=0,...,D, we define the processes Nj(t)= |{0 <JSN@®:V(T) =
vh}| counting the number of displacements with velocity v, in the time interval [0, f].
Clearly Ztho Nu(t)=N(t)+ 1 as. (because the displacements are one more than the
switches since the initial movement). Let us also define the random vector Cy(4+1 =
(CN(z)-H,o, e, CN(t)+1,D) € N(l)) 'H, which provides the allocation of the selected velocities in
the N(¢) + 1 displacements.

For > 0 and ny, . .., np, we have the following relationship:

D
{ﬂNh(t)=nh} & {NO=no+---+np—1, Cytconp = (o, . . ., np)}.
h=0

Example 2.1. (Complete random motions.) Consider the motion in Example 1.2 with p; , =
pr=P{V(0)=v;} >0, j,h=0,...,D, so that the probability of selecting a velocity does
not depend on the current velocity. Then, for every ¢, Cn()+1 NMultinomial(N(t) +1,p=

(p()?va)) <o

(H2) The times of the displacements along different velocities are independent; i.e. the
waiting times {W,},en, (see (1.1)) are independent if they concern different velocities. For
each h=0,...,D, let { ,ﬁh)}neN be the sequence of the times related to the displacements
with velocity vy,. Specifically, ij” denotes the time of the nth movement with velocity vy,
and W,(,h), W,(,f) are independent if h #k,V m, n. Let Ny = {N)(s)}s>0 be the associated
point process, i.e. such that Ny (s) =max{n: Y i Wl»(h) <s}, V s. Then N, ..., Np) are
independent counting processes.

From the hypothesis (H1) we have that the random times W,gh) are independent of the
allocation of the velocities among the steps, i.e. for measurable A C R,

IP’{W,(,f‘) €A, V(T,) =vh, Cosin= m} - P{Wf,? eA} P{V(T,) = v, Cor1n=m} (2.9)
foreachm<neN, h=0, ..., D. In words, the first member of (2.9) concerns the mth dis-

placement with speed v;, to be in A, also requiring that this is the (n + 1)th movement of the
motion (counting the initial one as well).
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Below we use the following notation: for any suitable function g and any suitable abso-
lutely continuous random variable X with probability density fx, we write P{X € d g(x)} =
fX(g(x)) [J¢(x)| dx, where Jg is the Jacobian matrix of g.

Theorem 2.2. Let X be a minimal finite-velocity random motion in RP satisfying (HI)—(H2).
Fort>0, xeSupp(X(t)), no,...,npeN,andk=0,...,D, we have

D
P{X(z)edx, () (Na(t) = na}. V(t):vk} (2.10)

h=0

D D
-1
= Hfzf‘hl ) (g;;;l,(x)) dx )[Vh - Vk]h#‘ PINw|t— Zg;;},(x) =n—1
)= J
s ik
X ]P){Cn()-‘rn--‘rn[) = (n(), e nD)a V(t) = vk}7
where g,?l is given in (2.4).

Theorem 2.2 provides a general formula for the distribution of the position of the mini-
mal motion at time ¢ joint with the number of displacements for each velocity in the interval
[0, t] and the current direction (meaning at time ?).

Proof. Fixk=0,...,D andt>0. We have

D
P{X(r) edx, [)INa(t)=mnn}, V(t):vk}

h=0

D D
= P{X(r) edr, (N =m}, D T =1, V(1) = Vk}

h=0 h=0
D np
= ]P’{X(t) edr. ({Tm®=>"W"} Noo(Tew®) =~ 1, @.11)
h=0 =1
hotk

Cn0+~--+nD = (n07 I nD)ﬂ V(t) = vk}

nj,
:P{T(k)(t)ed g'@. N {T<h)(t)=2 V[/j(h>}, Ny (To(0) =g — 1, (2.12)

h#k =1

Cl’l0+~'~+l1[) = (n07 N nD)’ V(I) = Vk}

np
= P{ (Z Wj(h)> edgr' @), Nay (t -3 g;},(x)) = ny — 1} 2.13)
htk

=1 hs#k

X P{Cn0+...+nD =(ng,...,np), V()= vk}.
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The step (2.11) follows from considering that, in the time interval [0, ¢], the motion performs
ny, steps with velocity vy, V h, and it has V(#) = v if and only if the total amount of time spent
with vy, is given by the sum of the n; waiting times W;h), for h #k, and if the point process
N is waiting for the nith event at the time T)(¢) (because V(f) = v, so the motion has
completed ny — 1 displacements with velocity v; and is now performing the ngth). Finally, the
event Cpg4...4np = (N, . . ., np) pertains to the randomness in the allocation of the velocities.

The steps (2.12) and (2.13) respectively follow from considering Equation (2.2) and the
independence of the waiting times Wj(h) from the allocation of the displacements, for all j, &;
see (2.9).

Note that (2.13) holds for a random motion where the hypothesis (H2) (concerning the
independence of the displacements with different velocities) is not assumed. By taking into
account (H2) and using (2.4), we see that (2.13) coincides with (2.10). O

We point out thatif x —> X € BSupp(X(t)), then for atleastone / € {0, . .., D}, T(;(t) — 0.
Therefore, in (2.10) either gk_}l(x) = T()(t) —> O for at least one h # k or t — Zh;&k gk_;l(x) =
Tx)(t) —> 0. In light of this observation, for x that tends to the boundary of the support, the

probability (2.10) goes to O if the density function related to the time 7 (¢) (representing the
time which converges to 0) tends to 0. See Examples 2.2 and 2.3 for more details.

Remark 2.3. (Canonical motion.) If X is a canonical minimal random motion in R” (see
Remark 2.2), then, with (2.6) in hand, we immediately have the corresponding probability
(2.10) by considering

=2 x, ifh=0,
X, if h#0,

and the Jacobian determinant is equal to 1. o

g )=

Example 2.2. (Cyclic motions.) Let X be a cyclic (see Example 1.1) minimal motion with
velocities vg, ..., Vvp € RP, and let Virk+1) =Vh, h=0,...,D, k€ Z. Let N be the point
process governing the displacements of X; then for fixed ¢ > 0, the knowledge of N(¢) and V(¢)
is sufficient to determine Ny (¢) for all A. Let P{V(0) = v} = p;, > 0 and pjk(p+1) = pr. for all
hand k € Z.

LetneNand k=0,...,D. With j=1..., D, if the motion performs n(D + 1) +j dis-
placements in [0, #],i.e. N(¥) =n(D + 1) +j — 1, and V(¢) = v, then n + 1 displacements occur
for each of the velocities vx—jy1, ..., v (the (n+ 1)th displacement with velocity vy is not
complete), and n displacements occur for each of the other velocities viy1, .. ., Vkt14p—j. On

the other hand, if j = 0, then each velocity is taken n times. Hence, for x € Supp (X(t)),

D oo D
PIX(edry=Y Y Y PX()eds, NO=nD+1)+j— 1, V() =}
j=0 n=1 k=0
D D oo k k+1+D—j
=Y Y>> ]P’{X(t) edr, () MO=n+1}, () N®O=n} VO)=wt,
Jj=0 k=0 n=1 h=k—j+1 h=k+1

(2.14)

where the probability appearing in (2.14) can be derived from (2.10) (note that, for j =0,
we have P{C,pr1y=®, ..., n), V() =v} =P{V(0) =vis1} =piy1, and for j=1, ..., D,
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withny=n+1ifh=k—j+1,...,kand ny=nif h=k+1,...,k+ 1+ D —j, we have
P{Crnp+1)+j = (o, . .., np), V() =vi} =P{V(0) = vi—jt1} = Pr—j+1)-

Now we assume X is a cyclic canonical motion and we derive the probabilities appearing
in (2.14). For ¢t > 0, in light of Theorem 2.2 and Remark 2.3, by setting xo =7 — Z?:l X, We
readily arrive at the following distributions, for

D
x € Supp(X(1)) = {xeRD (x>0, in < t}
i—1

andk=0,...,D.Forj=1,...,D,

]P’{X(t)edx, UNo=nD+1D)+j-1. V(t):ek}/dx

n=1

= Z P{V(0) = vi—j+1}

n=1
k-1 k+14+D—j
X ( l_[ fz;;ill W;/1>(Xh)> P{N(xi) = n} ( l_[ fZi’:. Wf/z)(Xh)>, (2.15)
h=k—j+1 h=k+1
and for j =0,

P{X(t) edr, [ JNO=nD+1)-1, V(t):ek}/dx

n=1

0 D
=2 _PVO =vert} | [ Thyn yonn) | PN =n—1}.  (2.16)
n=1 h=0
htk

We point out that thanks to the relationship (2.7), from the probabilities (2.15) and (2.16)
we immediately obtain the distribution of the position of any D-dimensional cyclic minimal
random motion, Y, moving with velocities vy, . . ., vp and governed by a Poisson-type process
Ny LN,

We now present explicit results for two different types of point processes for N.

(a) Homogeneous Poisson-type process. Assume N is a Poisson-type process such that

W™ ~ Exp(\p), i€N, h=0, ..., D. Then the formula (2.15) turns into

IP’{X(t) edr, [ JNO=nD+1)+j—1, V(t):ek}/dx

n=1

_ _ k+1+D—j -1
k—1 )‘Z_sze Ahxh) e_)”kxk()»k)(k)n (+ +D—j AZXZ le Ahxh>

i;’””“( [1 n! I n—1)

n!
h=k—j+1 h=k+1

D
[T |. @17
h=0

D k—1
D ~
e (H M)p"‘f“xk( I Ahxh) Lipri|(D+D7"

h=0 h=k—j+1
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where

- ° Z\ "V 1
w@=30) s o
0

n=

with 0 <« <v, z€C, is a Bessel-type function. Similarly, the formula (2.16) reads

PiX(edy, | JNO=nD+1)—1, V(t):ek}/dx

n=1

D D
= e~ Zhmo My | 1_[ M| Top | D+ 1D P 1_[ Anxp | - (2.18)
h=0 h=0
htk

Note that if x —> X € dSupp(X(1)), then there exists [ € {0, .. ., D} such that the total time
spent with velocity / goes to 0, meaning that 7;(f) = x; —> 0. With this in hand, we observe
that the probability (2.18) reduces to

h#k

where Iy C {0, ..., D} denotes the set of indexes of the times going to 0. Hence, for all k, the
distribution (2.18) never converges to 0 for x tending to the boundary of the support. Intuitively,
this follows because the probability concerns the event where every velocity is taken exactly n
times, with n > 1, and therefore it includes also the case n = 1, where the random times have
exponential density function which is right-continuous and strictly positive in 0.

On the other hand, (2.17) can converge to 0. In fact, for fixed j, if D + 1 — j times T(3)(f) =
xj, tends to 0, then for each £, at least one of these times appears in

k=1
Xk( l_[ ?»hXh>,

h=k—j+1

leading it to 0. This follows because the event in the probability does not include the case
where each velocity whose time converges to 0 is taken just once.

(b) Geometric counting process. Assume that N(,), h=0, ..., D, are independent geometric
counting processes with parameter A; > O; then the waiting times Wl.(h), Wj(k) are independent
for all h # k, and they are dependent for 4 =k and i #j. In particular, if M is a geometric
counting process with parameter A > 0, then

n
1 At
P{M H—M(s)=n}= , ,t>0, No, 2.19
{M(s+1) (s)=n} 1+M<1+M> s n € Ny (2.19)

and its arrival times have a modified Pareto (Type I) distribution, that is,

n—1

A A

Pl cd=—" (-2 ) & (>0, neN. (2.20)
(e AREDY:
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We refer to [10, 15] for further details about geometric counting processes for random motions
and to [13] for a complete overview of mixed Poisson processes.
In light of (2.19) and (2.20), the formula (2.15) turns into

P{X(t)edx, UNo=nD+1D)+j-1. V(t):ek]/dx

n=1

» k ARX b A s\
_ Pk= /+1 hXh D+1—j 1 hXh
R (h 1+Ahxh> (1+Ahxh)2 ( y <1+Ahxh>

k—j+1

h;ék
2.21)
Similarly, the formula (2.16) reads
o
P{X(r) € dx, U N@O=nD+1)—1, V@)= ek}/ dx
n=1
Pi+1 D Ah G a AhXp !
+ D
= n+1 — . 2.22
1+ Apxg }g)(l-k)»hxh)z ;( ) ;g)(l‘f‘)\hxh) ( )

h#k
Finally, for x — X € dSupp (X(t)), similar considerations to those in (a) apply.

We point out that from the above formulas it is easy to obtain several results appearing in
previous papers such as [10, 15, 21, 22, 28]. For instance, if we consider A, =X >0V & and
k=j— 1, then (2.17) coincides with the distribution in [21, Section 4.4]; with D =1, from
the formulas (2.21) and (2.22) it is straightforward to derive the elegant distributions in [10,
Theorem 1] (consider k=j— 1 =01in (2.21) and k =D =1 in (2.22)).

For further details about the cyclic motions we refer to [21, 22]. S

Example 2.3. (Complete motions.) Let X be a D-dimensional complete canonical (min-
imal) random motion with P{V(0)=e¢,} =P{V(t+df)=e; | V() =¢;, N(t, t +dt] =1} =
pr >0 for each j,h=0,...,D, and governed by a homogeneous Poisson process with
rate A > 0. Now, with >0, in light of Remark 2.3, by setting xo =1 — ZjD:O xj and using

Theorem 2.2, we readily arrive at the following, for x € Supp (X (t)), integers ny, ..., np > 1,
and k=0, ...,D

D
P{X(r) edx, (J{NaO=m}, V()= @k}/ dx

h=0
B Ay nh 1 e~ M e_)‘xk()uxk)nk_l ( no+---+np—1 ) ﬁpnh
i (nh—l)! (m — D! no, - .., Me—1, N — L nggr, ... np "
h£k

—At D ny p—1
(Znh—1)'nkn(m)hx (2.23)
h=0

(= D) mp!
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Then it is straightforward to see that

D D D (Aph)”hx"h_l
{X(t)edx ﬂ{Nh(t)—nh}} <Znh) [[—2— (2.24)

0 0 (ny, — D!ny!

Finally,

—Af D D —
P{X(1) € dx}/ dx = eT 3 ( 3 nh>! [ [ (2.25)
11 g

=0
D D 1 ,mp
(App)™ 1t Xy
mp+D+ 1 ] e
2 m ) lj)mh!(mh—}—l)!

oM
== 2
mo,..., m[)ZO h=0 h=
-ax D 00 m + m
e _ (App)™ 72 (xpw)™h
=— l_[\/)»ph Z / e WPl 1—[ dw
| !
Ao mo,..omp=0 70 heo 0t Om At D!
_x D o) D
A
=TT/ e [ (2 w,\phxh) dw, (2.26)
A xn Jo
h=0 h=0
where
o0
z\2n+1 1
o= e
1= 2} w1y
n=0
is the modified Bessel function of order 1, for z € C. Note that if x —> X € BSupp(X(t)), then
there exists at least one / € {0, ..., D} such that x; — 0. For instance, if we assume that there

is just one [ satisfying the given condition, then the formula (2.26) turns into
D[ 0o
P{X(r) € dx}/ dx —> pre~™ 1_[ Ph / w2t 1_[ I (2 wkphxh> dw
h=0 Xn Jo
hAl h;ﬁl

Similarly to the cyclic case (see (a), on the limit behavior of (2.16)), the probability (2.26)
never converges to 0, because we are including the event where each velocity is chosen once.
This can easily be observed from the formula (2.23) by putting n; = 1.

It is interesting to observe that

—At

e =\, O
PX(r) e d) = & !
/S"PP(X<f>) p» ( hX=:0nh> [l

(np — D! ng!
ng,....,np>1 h=0 (nn Nny

t 1 —x1 1 t—X|—+—Xp—2 1
ny— n2 np-1—
X/ dxl/ dX2 / XD 1 de—l
0 0 0

f—X]——Xp_1 1 D no—1
X / XI[I)D r— ij dxp
0 j=1

https://doi.org/10.1017/apr.2024.26 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.26

1046 F. CINQUE AND M. CINTOLI

D -1 D ni
_ (Atpp)™ (Apj)"
= pn ) (th—1)! H !
h=0 no,....np>1 j=0
J#h
D D
— e—M thextph H(e)dpj . 1)
h=0 j=0
J#h
D
=1 —IP{ U{Nh(t)=0}]. (2.27)
h=0
For details about the last equality, see Appendix B.1. If po=---=pp=1/(D + 1), then the

probability (2.27) reduces to

—uD , —ht D
e D+I (eD+1 — 1) .

We can easily obtain the distribution of the position of an arbitrary D-dimensional complete
minimal random motion governed by a homogeneous Poisson process, by using the above
probabilities and the relationship (2.7). o

2.1.1. Distribution on the boundary of the support. Let X be a minimal random motion with
velocities vg, . . ., vp. Theorem 2.2 describes the joint probability in the inner part of the sup-
port of the position X(#), i.e. Conv(vot, ..., vpt), t > 0. Now we deal with the distribution
over the boundary of Supp(X(r)), which can be partitioned into Y"h_ (Zi%) components,
corresponding to those in (2.1) with H < D. .

Fix He{0,...,D—1} and let Iy ={io, ..., in} €C\s

+
indexes in {0, ..., D}. At time ¢ > 0, the motion X lies on the set Conv(v;yt, .. ., v;,?) if and
only if it moves with all, and only, the velocities v;,, . . ., Vi, in the time interval [0, 7]. Hence,
if X(¢) € Conv(vt, ..., vi,1) a.s. we can write the following: for k=0, ..., H,
H H
H

X0 =Y i, Ty =vit+ Y _ Wi = vi) Ty (1) = gk(T(,.;)a)) : (2.28)

h=0 h=0

htk

where 7/ (1) = (T(ig)(1), - - ., T (1)) and

.....

The function g : [0, +00)! — RP in (2.28) is an affine relationship.

Keeping in mind that vp,...,vp are affinely independent, we have that
dim(Conv(viot, e, v,-Ht)> = H, and from Lemma 1.1, there exists an orthogonal projection
onto a H-dimensional space, py : RP — R such that vg =puWip), ..., vgl =pH(viy) are

affinely independent and such that we can characterize the vector X(¢), when it lies on the

set Conv(vyt, . . ., viy1) a.s., through its projection X (r) = py (X(1)). Hence, we just need to
study the projected motion
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H
X"y =it + Z(v;’ - vfk’) T () = g!! (T(Fl’.k,)(t)), 1>0, k=0,....H  (229)
i
It is straightforward to see that the vector X/ (£) containing the components of X(¢) that are not

included in X7 (¢) is such that, for x € Conv(vjt, ..., vi,t) with x = py(x) e R¥ and x#~ ¢
RP-H denoting the other entries of x,

]P’{XH(I) e dy ‘ A= ) Wi =0}} =s(y—x") dy, (2.30)

i€{0,....D\y

with y € RP~# and § the Dirac delta function centered in 0.
Now, the function gi : R¥ — R in (2.29) is a bijection, and we can write, for all k,

-1
-1 -1
Tk 0= (sf) (XH (t)) - ((gf) . (XH (z))) = {v{’ v L]H (XH (1) —vi! t).
Wtk iy
2.31)

Note that the formula (2.31) coincides with (2.4) if H = D.

Theorem 2.3. Let X be a minimal finite-velocity random motion in RP satisfying (HI)—

(H2). Let H=0, ...,D—1and Iy ={ig, ..., ig} € Cg)_;'l"D}. Then the orthogonal projection
pu :RP — RY defined in Lemma 1.1 (there pg) exists, and vg =paviy), - - ., VZ =pu(iy)
are affinely independent. Furthermore, for t >0, x € Conv(vj t, ..., viyl), i, ..., iy €N,
and k=0, ..., H,
H
P{X(r) edr, [Ny, O =ny)}, () Ni)=0}, V(t)=v; t/dx (2.32)
h=0 iely—
H | -1 H :
H\~ H H H\~
=Tl o (65 @) [ =t ), | 2N [ o= (e, @) [ = =1
hp U= lzjézH =0
h£k k htk

X P{Cn[0+"'+n[H = (nOa R nD)’ V(t) = Vik}’

with xf1 =pr ), (ng)_1 givenin (2.31), Iy- =10, ..., D}\ Iy, and suitable ny, . .., np.
Note that the projection defined in Lemma 1.1 is usually not the only suitable one.

Proof. In light of the considerations above, the proof follows equivalently to the proof of
Theorem 2.2. [l
Remark 2.4. (Canonical motion.) Let X be a canonical (minimal) random motion, governed
by a point process N, and Iy = {ip, ..., ig} € C}?J’F"l"D}, H=0,...,D— 1. We build the pro-
jection py so that it selects the first A linearly independent rows of (e;, --- e;,), if ip =0,
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io iH

and the last ones if iy # 0. Then (eH el ) =(0 Ig), and by proceeding as shown in
Remark 2.2, we obtain

H
Ty () = (z - xfo, X%) ;

h=1
note that in this case the indexes of the velocities (i1, . . ., i) coincide with the indexes of the
selected coordinates of the motion.

Now, if Y is a minimal random motion with velocities vy, . . ., vp and governed by Ny 4 N,
for each Iy = {ip, ..., ig} € Cg)jr"l"D}, H=0,...,D—1, by using the arguments leading to
(2.7), we can write

d
Y Evilt+ |:le - vi’]_ X", (2.33)
iely
iy

We point out that the motions are related through the times of the displacements with each
velocity and not directly through their coordinates. This means that X and Y are not neces-
sarily obtained through the same projection, but they are respectively related to processes Tgl

and Té/ ‘H that have the same finite-dimensional distributions, since Ny 4 N (see the proof of
Theorem 2.1). ¢

Note that Remark 2.4 holds even though the hypotheses (H1)—(H2) are not assumed.
By comparing Theorem 2.2 with Theorem 2.3, we note that there is a strong similarity
between the distribution of a D-dimensional minimal motion over its singularity of dimension

H (in fact, dim(Conv(v,-Ot, R v,-Ht)) =H, t>0) and the distribution of an H-dimensional
minimal motion moving with velocities vg =paWiy), - - -, vg = pu(viy). These kinds of rela-
tionships are further investigated in the next sections (see also the next example); in particular,
Theorem 4.1 states a result concerning a wide class of random motions.

Example 2.4. (Complete motions: distribution over the singular components.) Let us consider
the complete canonical random motion X studied in Example 2.3. Let Iy = {ig, ..., ig} €

C{O """ by and Iyg- =1{0, ..., D}\ Iy, with H=0, ..., D — 1. We now compute the probability

density of being in x € Conv(e;yt, . . ., e;, 1) at time ¢ > 0. Keeping in mind Theorem 2.3 and
Remark 2.4 (and proceeding as shown for the probability (2.23)), for integers n;, . .., nj; > 1
and k=0, ..., H, we have that

H
P{X(t)edx, N, =n,}. () i)y =0}, V(r>=e,-k}/dx

h=0 i€l

. n,'l—l
< 1)1 & (i) ;!
anh_ .nlkl—[ (n —1)']’[ [
h=0 th T

h=0

e—)Lt
A

where x;) =1 — Zszl xj;. Clearly, by working as shown in Example 2.3, we obtain
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oY Gl i)
P{X(t)edx, ﬂ {Ni(t)ZO}}/dXZe | Z 1 (Znih)! H (n,»hh—l)!juh!

iely— A Mgy seens iy h=0 h=0

oM i, Cwa H

= 1_[ ) /0 Y2 1—[11 (2 W)»pi,,xi,,) dw
h=0 h=0
and
H H
/ PiX(edx, () (Ni)=0}t=eY " p;, e ]_[(e“”ff —1)
Conv(e,-ot,...,e,-Ht) el =0 =0
J#h
=P{ N {Ni<r)=0}} —IP{ Uiy =0), [ N =0}¢.  (2.34)
i€ly— iely iely—

Further details about the last equality are in Appendix B.1.

Let Y be a complete minimal motion governed by a counting process Ny 2 N and mov-

ing with velocities vy, ..., vp. By suitably applying the relationship (2.33) and the above
probabilities, we can easily obtain the distribution of the position Y(#) over its singular
components. o

3. Random motions with a finite number of velocities

Proposition 3.1. Ler X be a random motion governed by a point process N and moving
with velocities vy, ..., vy € RP, M eN, such that dim(Conv(Vo, e, VM)> =R <D. Then
the orthogonal projection pg:RP — RR defined in Lemma 1.1 exists, and for t >0, we
can characterize X(t) through its projection X%(t) = pg (X (t)), representing the position of an
R-dimensional motion moving with velocities pr(vo), . . . , prR(vp) and governed by N.

Proof. The projection pp exists since the hypotheses of Lemma 1.1 are satisfied. By keeping
in mind the characteristics of pg (see Lemma 1.1), we immediately obtain that for any A C

Conv(vy, ..., vy) and its projection through pg, AR C Conv(pR(vo), R pR(vM)), we have
{weQ:X(w, 1) eA)={weQ: XR(w, 1) e AR}. O
Proposition 3.1 states that if dim(Conv(vo, e vM)) =R < D, then we can equivalently

study either the process X, a random motion with M + 1 velocities in R?, or its projection X%,
arandom motion of M + 1 velocities in RR. This means that we can limit ourselves to the study
of random motions where the dimension of the space coincides with the dimension of the state
space. Clearly, for R = D Proposition 3.1 is not of interest since pg is the identity function.

Remark 3.1. (Motions with affinely independent velocities.) Let X be a random motion mov-
ing with affinely independent velocities vy, ..., vy € R, H <D. In light of Proposition 3.1,
there exists an orthogonal projection py, as given in Lemma 1.1, such that studying X =
{pr(X(0))},., is equivalent to studying X. The process X"/ is a minimal random motion mov-
ing with velocities py(vo), . .., pr(vy), and if it satisfies (H1)-(H2), then Theorems 2.2 and
2.3 provide its probability law. o
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Example 3.1. (Motion with canonical velocities.) Let X be a D-dimensional motion mov-
ing with the first H+/ canonical velocities e, ..., ey and satisfying (H1)-(H2). For ¢ > 0,
Supp(X(1)) = {xeRP :x>0, xp41....,xp=0, Zfil x; =1}, and by following the argu-
ments of Section 2.1.1, we can derive the probability distribution of X(#) in the inner
part of its support by using the formula (2.32), which uses the connection to the pro-
jected position pg (X(t)). In this case, the last probability of (2.32) becomes IP’{C,,O_F.A._H,H =
(ng, ...,ng), V(it) = v,-k} with ng, . .., ng # 0, and therefore it coincides with the probability
of the H-dimensional canonical motion. o

3.1. Motions in R? with D-dimensional state space
Thanks to Proposition 3.1 and Remark 3.1, in order to cover the analysis of all the possible

motions (under the given assumptions), we need to deal with random motions in R” moving
with M + 1 velocities, M > D, and with state space of dimension D.

Proposition 3.2. Let X be a random motion governed by a point process N and moving with
velocities vy, ..., vy € RP, D <M €N, such that dim(Conv(vo, R VM)> = D. Then there

exists a minimal random motion X in R™ such that X is the marginal vector process of X
represented by its first D components.

Proof. Let V, N be the processes respectively governing the velocity and the displace-
ments of X. Let rp : RY — RP, 7p(®) = (Ip 0)%, ¥ € RM. Then there exist V0, ...,V € RM
affinely independent such that 7p(vy,) = vy, for all h. The random motion X with displace-
ments governed by N and velocity process V, with state space {vo, ..., vy} and such that
nD(V(Z)) =V (e (V) =7y} < {V(®)=v,} V h, 1), is a minimal random motion in R,
and 7p (X(1)) = X(1) Y 1. O

From the proof of Proposition 3.2 it is obvious that there exist infinitely many M-
dimensional stochastic motions X of the required form.

Remark 3.2. (Distribution of the position of the motion.) Let X be a random motion with
velocities v, ..., vy € RP, M eN, such that dim(ConV(vo, e, vM)> =D. In light of

Proposition 3.2, we provide the distribution of X(¢), t >0, in terms of the probabilities of
the positions of minimal random motions.
Let X be a minimal random motion as in Proposition 3.2 and wp the orthogonal projection

in the proof above. Now, for ¢ > 0, x € Conv(vot, . . ., vi?), natural numbers ng, . .., ny > 1,
and k=0, ..., M, we can write
M
P{X(f) edr, ()N =m}, V()= vk} 3.1
h=0

M
- P{X(r)ed(x, W (N0 =), V(r)=ﬁk},

h=0
where A, = {y e RM=D: (x, y) e Conv(¥ot, . . ., T)Mt)}; clearly, mp(x,y)=Up O)(x,y)=x.

Under the assumptions (H1)—(H2), the probability (3.1) can be written explicitly by means
of Theorem 2.2.
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Remember that, unlike in the minimal-motion case, the support of X(¢) is not partitioned
by the elements appearing in (2.1) (since they are not disjoint). Thus, for fixed t > 0 and x €
Conv(vgt, . . ., vpt) there may exist several combinations of velocities (and their corresponding

times) such that the motion is in position x at time t. With H =1, ..., M, let I)(Clt)H, e, I;(chHI)i €

Al J bethe Ly < (Zill) possible combinations of H + 1 velocities such that the motion
o
can lie in x at time 7, i.e. x € Conv(vj t, ..., viyt) with iy ..., ig € I)(Cl)t ¥ I, H (clearly, for

C{O’“"MH}, so Ly =0). In

some H it can happen that there are no suitable combinations in Cp

general we can write (omitting the indexes x, t of I;Z)t i)

P(X(1) € dx}/ dx

M=

M Ly
Pixmedr, [JU] NV =1). () Ni@=0} . V()= ¢ /dx
H=1I=1

k=0 =1 iell) iel®)
o
M M Ly oo
=Y Y 3 Y Pixmeds, (|(N=n}, [) N@®=0}, V)=vi { /dx, (3.2)
k=0 H=1 I=1 np=1 (D - 7D
Z}elg) iely tEIH,

where I\ = {0, ..., M}\ I} forall [, H.
Now, under the hypotheses (H1)-(H2), the probabilities appearing in (3.2) can be obtained

by using previous results. Consider the combination of velocities Ig) ={ig, ..., g}

(a) If dim (Conv(v,-o, e, viH)) = H(<D), then we can compute the corresponding proba-

bility in (3.2) by suitably using Theorem 2.3 (if H = D, then the projection described in
Theorem 2.3 turns into the identity function).

(b) If dim(Conv(viO, R viH)) =R < H, then we use the following argument. In light of

Proposition 3.1, we can consider the orthogonal projection pg defined in Lemma 1.1
and study the process XX with velocities vff) =prOVig)s - - -, vﬁl =pr(viy,). Then X is
an R-dimensional motion with H + 1 velocities, and we can proceed as shown for the
probability (3.1). Let us denote by X% the H-dimensional minimal motion such that

TR (XR(I)) = (Ig 0)X() = XR(r), t> 0, and with VX the corresponding velocity process,

with state space {\75;, R \75;}, where nR(T/fZ) = vf;l ¥ h. Now, for n;, ..., n;; € N and
k=0,...,H,
PAx@eds, (VN =n}. () NH=0}, V)= { /dx (33)
iel) iel)

= / PiXR0 ed®, y), (VN =n}, [ Ny =0}, VR@)=7f ¢/ dx¥,
Ax

ielh el

where A, = {y e RFIR: (xR y) e Conv(V;t, ..., \7th)}, and clearly mr(x%, y) =%, o
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Example 3.2. Let X be a one-dimensional cyclic motion moving with velocities vo =0, v| =
1,vy=—1 and p, =P{V(0) =v;} > 0V h. Let N be its governing Poisson-type process such
that Wj(h) ~ Exp(Ap), h=0,1,2, jeN. We now consider the two-dimensional minimal ran-
dom motion (X, Y) moving with velocities vy = (0, 1), v; = (1, 0), v» = (—1, 0) governed by
N.Let >0 and x € (0, 7). In order to reach x, the motion must perform at least one displace-
ment with vy. Thus, keeping in mind the cyclic routine for the velocities (- - - — vy — v —
vy — ...), we see that the probability reads

P{X(t) € dx}
=P{X(@) edx, No(t)=1, Ni(t)=1, Ny(t) =0}
+ P{X(r) e dx, No(t) =0, Ni(t)=1, Na(t) =1}

2 o)
—i—ZP{X(z)edx, UN(I):3n+j—l}

j=0 n=1
=P {w§°) ed(r—x), V(O):vo} +P {W}” € d(t;x), V(O):vl}
2 f—x 00
+) / P{X(r) edx, Y()edy, [ JNO)=3n+j- 1}. (3.4)
j=0 “0 n=1

The first two terms are respectively given by poige 20— dx and p1A1e~*! 5 dr. By suitably
applying Theorem 2.2 or Example 2.2, the interested reader can explicitly compute (3.4). Note
that the integral in (3.4) is of the form

—x t _ n f—x— np
/ yn0< +; y)l( ; y) a
0

with suitable natural numbers ng, ny, ns. o

4. Random motions governed by a non-homogeneous Poisson process

Here we consider a random motion X moving with a natural number of finite velocities
vo, ..., vy € RP, M e N, whose movements are governed by a non-homogeneous Poisson
process N with rate function A : [0, 0co) —> [0, 00). In this case N cannot explode in a bounded
time interval if and only if A(¢) = fé A(s)ds < oo, t > 0. We note that the process X satisfies
(H2)if and only if A(f) =2 >0V 1.

Let us assume that for all ¢, we have p; = P{V(0) =v;} and p; j = P{V(t +dt) =v; | V(1) =

vi, N(t,t+dtf]=1}>0foreachi,j=0, ..., M. Let us also consider the notation, with z > 0,
x € Supp(X(1)),
M M
plr. dx=PX(1) edx} =Y PX() edx, V() =vi} =) _fix, 1)dx.
i=0 i=0

It can be proved that the functions f; satisfy the differential problem (with < -, - > denoting the
dot product in RP)
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)
aj:——<fo,,v,> )»(t)f,+)»(t)z —oPiifis 1=0,....M,

fie, ) =0, Vi xt, “4.1)
Jeomateon Zttofite, ndv=1—P{ UiLotNa0 = 0},

where V,f represents the x-gradient vector of f and

M
IP{U{N;,(t):O}} >0 < A() <o V1.

h=0
We refer to [4, 5, 20, 27] for proofs similar to the one leading to (4.1).

Remark 4.1. (Complete minimal motions.) Let X be a complete canonical (minimal) random
motion (see Example 2.3) such that for all i, j, p; ; = p;. The differential problem governing the
probability law of X satisfies

% 2opo S 000 — .
j=1
af; 9
a_fz f + AMO)pi 2(; fi+A0O@i—f;, i=1,...,D, 4.2)
i
fie 020, Vioxt, fo (x0) S fie, Hdx=1— ]P’{ UP_oiNn(0) = 0}}.

Through a direct calculation, it is easy to show that the probabilities obtained by suitably
adapting the distributions (2.23), i.e. by summing with respect to n, ..., np > 1, satisfy the
PDEs in (4.2) with A(f) = A > 0V r. Furthermore, as shown in Example 2.3, the sum of these
probabilities, i.e. (2.25), satisfies the condition in the system (4.2) (see (2.27)).

It is also possible to show that if A(f) = A > 0O for all ¢, then the probability (2.25) (that is,
p=>_,fi)is a solution to the following Dth-order PDE:

D D+1—k h+k
3 Z Z 3 D+1— () <D+1—k>_<p0+zpj)<D—k> : " _,
k=0 jepllD)  h= h I h athax;, - - - dx;,
(4.3)
The proof of this result is given in Appendix B.2. o

The next statement concerns the distribution over the singular components when N cannot
explode in finite time intervals.

Theorem 4.1. Let X be a finite-velocity random motion moving with velocities vy, ..., vy €
RP, M eN, governed by a non-homogeneous Poisson process N with rate function ) €
CM ([0, 00), [0, 00)) such that A(t)= [y A(s)ds < oo, t>0. Let p;=P{V(0)=v;} >0 and
pij=P{V(@+d)=v;| V() =v;, N@t,t+drl=1}>0foreachi,j=0,....M, V1.
SetH=0,....,M— 1, Iy={io. ....in} €Clyyi™, and Iy- =1{0, ..., MY\ I If

D P =P{Va+dn e iy, ... vig} VO =vi, Nt t+di] =1} =0, >0 (44)

J€ly
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for k=0,...,H and t>0, then, with dim(Conv(v,-O, e, v,-H)) =R <D, there exists an

orthogonal projection pp : RP — RR such that, fort>0, xe Coonv(viot, ey Vigh), with xR =
PR(X),
P X(t)edx’ M =0 /dx:IP’{YR(t)ede}/de, (4.5)
JE€ly-

where YR is an R-dimensional finite-velocity random process governed by a non-homogeneous

Poisson process with rate function Aap,, moving with velocities vff) =prWig)s - -+ -

iy —

Pr(viy) and such thatp,?/ =pi/ ZjeIH pj andp}:j =pij/ay foralli,jely.
Theorem 4.1 states that if the probability of keeping a velocity with index in Iy is constant
(o), then, with respect to the conditional measure P§ - | ﬂje I {Ni(t) = O}}, X is equal in

distribution (in terms of finite-dimensional distributions) to an R-dimensional motion governed
by a non-homogeneous Poisson process with rate function Aoy, and suitably scaled transition

probabilities, where R = dim (Conv(vio, ces Vi )) (if R = D, the identity function fits pg).
Proof. First we note that, in light of (4.4), for t > 0,
P{V(t+dr) € (vig, ..., vig} | VO € igs . .., vig b, N(t, t+df] =1} =y,
and thus

P () WNi© =0} p =P{V(0) € {viy. ... viy}} D _PIN@®) =n} e},

jely,— n=0
= AU N (4.6)
iely

Now, by Proposition 3.1, Lemma 1.1, and the same argument used in point (b) of Remark 3.2,
there exists a projection pg : R? — R such that X*(1) = pr(X(1)) and

Pix(edc| [ N®O=0}{ /de=P xR ed®| () (N)=0}¢ /drF,

jely- jely-

[e]
with x € Conv(vjyt, . .., viy#). The R-dimensional motion X® moves with velocities v§ =

PROVO), - . ., VR = pr(vy), and its probability functions

S ndy=P{xRmedy, [ N =0}, Vr)=1F L, iely,

Jely-

o
with>0, ye Conv(vff) ..., Vi 1), satisfy the differential system
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i
En

ﬁ(yat)z()? lEIHaVyata

1 d ]P) R d, . :0
/C( Zf o= /c( t Xwedy. [ N0=0)

: 1eIH ig iy ) Jely—

=— <Vifi V> 2fi + 1) Y piify. i€y,

J€ly

=P{ () NO=0} =P [ JNi =0}, (") (Nj()=0}

Jely—- iely Jely—
4.7
In light of (4.6) we consider
fiy, 1y =iy, ne” MO S T,
hEIH
for any i, i.e.
gy, ndy=PIX*(n)edy, Ve =V | (] V()= 0}}
Jely—

The system (4.7) becomes

agl .

8t =—< Vy 8i» V, > )\(l‘)O(]Hg, + )\(l)(XIH Z 8j, L€ IHa

J€ly %In
gi(y,0=0, i€ly, Vy,t,
/ . Z gi(y. ) dy= f PyxR@edy \ () N =0}
Conv(vy ..., V D icly Conv(vf;t ..... fot) jel,
=1-P{JWiw=0}| ") o =0},
iely Jely-
(4.8)

which coincides with the system satisfied by the distribution of the position of the stochastic
motion YX in the statement. O

Theorems 3.1 and 3.2 of Cinque and Orsingher [5] are particular cases of Theorem 4.1.

Appendix A. Proof of Lemma 1.1

,,,,,

If dim(Conv(vo, R vM)) =R, the matrix V) = [vh — vk] n—o....y has R linearly inde-

pendent rows for any k. Now, the matrix V&) = [vf - vf ] h:;?;g,;’ - Obtained by keeping the first
R linearly independent rows of V), has rank R, and therefore dim(Conv(vg L, V}f,[)) =R.

Thus, for /, the matrix V(l) = [ vf] n=0..... @lso has rank R, and these must be the first R
h#l
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linearly independent rows of V) (if not, by proceeding as above for k, we would obtain that the
R selected rows were not the first linearly independent rows of V(y), which is a contradiction).
Finally, the second part of the lemma follows from the equivalence of the linear systems

X = [vh] a and xf= [ ] a, (A.1)
h=0,...M h=0,.
where a = (ao, . .., ay) € RM*! such that ¢; € [0, 1] V i and Zi:O a; =1, is the unknown
variable. Indeed, for k=0, ..., M, thanks to the constraints on a, the systems in (A.l) can be
written as
X—Vi=|vy—V a ande—vR:[vR—vR] ac,

k [h k]h#k (k) k h k Lotk (k)

with gy = (ao, - .., k-1, k+1, - - -, AM)-

Appendix B. Complete canonical random motion

Let X be a complete canonical random motion as in Example 2.3.

B.1. Probability mass of the singularity
Before computing the probability mass of the singularities of the complete uniform random
motion, we need to prove some useful relationships.

Letcy,...cgeR, HeN, and let C}{l1 """ "} denote the combinations of & elements among
{1,...,H},h=1, ..., H. We have that

0, m<H,

H
S Y et = o, ") =
h=1 Z ! " ny,...,nyg -

iectM Ay =1
ny+--+ng=m
(B.1)
and, with B e R,

H H H

Zcheﬁc ]_[ ﬁcf'—l):Z(—l)H—” Z (Ciy + -+ c) ePentra) - (B2)
]:
J#h

h=1 h=1 iecf(ll ,,,,, H}
To prove (B.1), we denote by C}{ll{’l';"fl} the combinations of 4 elements in {1, ..., H}
containing iy, ..., i;, with1 <j<h<H and suitable i1, ..., i;. Then
H
DEDIY e )"
h=1 zeC}ll ..... H)
1 m
H—h | un
o EULRED SIND DU | ®3)
=1 Alyeeny n
IGC nl—li- +r;1lh_m

(B.4)

:Z Z Z c;:lll..,ckmjf( )Z( 1A= h‘ch{kl
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m H—j i,
Z Z > Cﬁ“"CZ’(}ﬂ} " m,») (—1)H+fZ(—1)’(Hl]) (B.5)
P i

..... HY my,...,m;>1
J my+---+mj=m
0, m<H,
— m
= E cpt- --an”< ), m>H.
ny,...,nyg
Alyenny nH>1

ny+-+ng=m

In fact, in (B.5), the last sum (with index /) is equal to O for j # H and 1 for j = H. In (B.4) we

express (B.3) by summing every possible combination of indexes (k1, . . ., k;) and every pos-
sible allocation of exponents (my, ..., m; > 1, mj + - - - +m; =m). Each of these elements,
czl e cZ:j , appears one time in the expansion of (¢;; +---+¢;, )" for each i € Ch i H} ki)

with1 <j<h<H,i.e.

times.
To prove (B.2) we proceed as follows, denoting by C,E i) H} the combinations of k elements
not containing A:

Z Cheﬂfh 1_[ ﬁCj — 1) — i Cheﬁc" I-f (_I)H—l—k Z eﬁ("il )
J=1 h=1 k=0

. 1,...H
i£h 1EC]£‘(h) !
H-1
= (— 1)H 1- kzch Z ePlenteiy+tei) (B.6)
k=0 h=1 lECk(’}‘,‘)"
H-1
— (_l)H—l—k Z (Cil +... +cik+1)eﬂ(6il+.“+6ik+l)v
k=0 leck%im

i€ C,{C1 """ , ! the corresponding exponential term appears once for each h € i= (i, . . ., ix+1),
with & being the index of the second sum of (B.6).
We now compute the probability mass that the motion moves with all H 4 1 precise

velocities, and only these, for H =0, ...,D — 1. Let Iy = {ip, ..., ig} € CI{_?J’F"I"D then
IP’{X(I) € Conv(vigt, . .., v,-Ht)} =P WV =1, (Vi) = 0}} (B.7)
iely i¢ly
o
1

=Y PNO=n} Y pepi "t

0 i \ngy, ..., ng

n=H no,....ng>1

no+---+ng=n+1
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H+1

= Z (=D R Z PIN() = n}(piy +- - - +pi,)""! (B.8)
jeC0-H) n
H+1
— Z (—1yH+1-h Z iy + _+pih)ef)ht(lfpi0*'“*l7ih) (B.9)
zeC """ m
(M)” H+1
—\t Z Z( I)H-I—l —h Z (on '+Pih)n+l (BIO)
1EC """ H)
H
= (po + ... +PH) e_)‘t(l_[’o_“'_[’H) _ Z (—I)H_h Z (Pio 4. +Pih) e—}»t(l—pio—m—pih)
h=1 iGC}{lO ..... H}
:p{ () Nio) =0}} —P{ Uiy =0y, ﬂ{Ni<t>=0}},
igly i€ly i¢ln

where we used the second equality of (B.1) to derive (B.8). Thanks to the first case of (B.1),
it is easy to see that the term (B.10) is O, and thus, by means of (B.2), we also obtain the
equivalence between (B.9) and the probability mass (2.34).

Note that if the motion is uniform, i.e. po = - - - = pp = 1/(D + 1), then the probability (B.7)

reduces to
H+1 -wn, —u

D+1eD+1 (em —I)H

(see also (2.34)).
In light of (B.9), the probability that the motion moves with exactly H + 1 velocities in the
time interval [0, 7] is

py U { (i = 1, (Vi) =0)

recii Uier il
= ) i (Vo = 1, (i) =0}
recl0o el igl
H+1
= Z (—l)H'H_h Z Z iy + -+ - +Diy) e~ MU =pig—=-=pij)
h=1 IeCH;r"l" VieC!

H+1
D+1—-h ) )
=S (O ITY) X Gue e M @
h=1 .

D+1—h

where in the last step we observe that each combination i e C{O appears in (H +1—h)

combinations in C! H;'l" by (i.e. all those which contain the & elements in ).
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Finally, by using the expression (B.11), we obtain

P{X(1) € 9Supp(X(n)} = { U= 0}}

h=0

D—1
= U U { ﬂ{N,-(t) > 1}, ﬂ{Ni(t) :0}}
— D}

iel igl

D—1 H+1
_pf(D+1—h o
= (=Dt h( h) N i e Ay e MR P)
eC

i

D D-1
. ) D+1—h

= E Pig + - +pi —M(1=pig—=++=piy) _(\HH1—h
Z i T piy)e 0 h E =1 ( 1—h>

h=1 ;cc10....D} H=h—1

D
=Y D Wit e"\’(l—l’io—"'—pih)(o _ (_1)D+1—h)

h:1i€CP(lo ..... D}
D
=D U T ity e M0, (B.12)
h=1 ieCl0---D)
h

Note that, with (B.12) in hand, and also keeping in mind (B.2) and the fact that
po+ - -+ pp =1, we obtain the last step in the probability (2.27).

It is interesting to observe that if the point process governing X is a non-homogeneous
Poisson process with rate function A : [0, o0) —> [0, 00) such that A(r) = fot AMs)ds<oo Vi,
then the above probability masses hold with A(¢) replacing At.

B.2. PDE governing the absolutely continuous component

From the differential system (4.2) we obtain (4.3) through the following iterative argument.
First we consider wy = fo + f1 and easily obtain

D

af
_k —1 —— 4+ A
o (po +p1 — Dw o + (P0+P1)122f]

ow

=Aw| +Bi+C ) _f. (B.13)
j=2

with A, B, C being suitable operators. Next we rewrite the equations of (4.2) by means of the
operators E; = (aix, + A) and G; = Ap;:

af’_—ELfl—i—G Z];Jrc ZJ;, i=1,...D. (B.14)

j=0 J=i+1
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Keeping in mind (B.13), (B.14) (for i=1), and the exchangeability of the differen-
tial operators, we can express the second-order time derivative of w; in terms of w; and

Zj.;2ﬁ:

9%wy owq 8f1
— —A—
912 ot 8t Zﬁ

3W1

D D
d
_Aa—+B< ELf1+G1w1+Glzﬁ>+C§Zf,~
j=2 j=2
d ow
= AE_'_BGI w1 — Eq ——AWI CZ]? BG1+C Zﬁ

d
- ((A —E)g +BG) +E1A>w1 + (BGl +C< +E1>> > 5

9 92
=220 +p1 — D+ r(po+p1 — 2)—+?»(Po— — — wi
dx;  0tdx

(k(Po +p1)( —H») +?»Po—> Zﬁ

=Awi+T1 ) £ (B.15)
j=2
By iterating the above argument, at the nth step, n=2, ..., D, we have, with w, =w, | +

fn (meaning thatw; =37 _fj, i=1,...,D),

D
0"wy—1 a"
a;,; =Ap—1wp—1 +Ts- 12]? <W—An1>wn1=1*n1f,,+rnl Z Jis
j=n j=n+1
9 D
<a +En> nanWn"’Gn.Z f}k
Jj=n+1
0 — +E; |f=Gw; +G; Zf +1,.
al i= Giw; i ~ js i=n
j=i

(B.16)
Thus, using the first two equations of (B.16), we have
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a" a
w—An71 a“l‘En Wp (B17)
D
a" ad a a"
:<at”_ n— l)G Wy + e l<8t+En>fn+|:<at+En) n— 1+<an nl)Gn:| Zf]
Jj=n+1

o 9 o 0
= at" — A1+ T ann + a +E, | Ty + 3 n — Ay + T Gn Z f]‘
j=n+1

Hence, by reordering the terms in (B.17), forn =2, ..., D, we see that

B 9 " gntl
A, = — 4+ A AMpo—D— +Apo(TH—1 — Ap—1) —
n 8t —+ aXn + n 1+ (pO )3In + PO( n—1 n 1) E)t”ax,,

and
n

3 9 9
r,=(2 2T, A(— r_—A_),
n (at"‘ax""‘ ) n—1+ Apn 8t"+ n—1 n—1

with A, 'y given in (B.15).
The interested reader can check (for instance by induction) that the operators A, and I';, are

such that
3n+lw D
athn =Aww+Tn > f (B.18)
j=n+1
n n—k Bk
- - n+1—k 0
= H 1= (k) |:< ) (Po + Zp]> ( >i| FPE :
k=0 iEC(l ,,,,, n} h=0 xll e xlk
‘ J¢t
(B.19)
PR pe——
B w (B.20)
1=k ...y n
k=1 el ar" Oy -+ - Xiy

3

3
|

~

ntl—(hhoy (M — K ot
+ Z A (h ) PO+Z[7] Bth8xll- X Zﬁ
Jj=

tk Jj=n+1
J¢l
(B.21)
Finally, for n=D and wp = Zj’;o f;i =p, which is the probability density of the position
of the motion, the formula (B.18) reduces to (4.3); indeed, the term in (B.21) becomes 0, the

(D + 1)th-order time derivative can be included in the sum in (B.20) as k =0, and this new
sum becomes the term with s =D + 1 — kin (B.19).
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