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Abstract

For a kit singularity, C. Xu and Z. Zhuang [33] proved the associated graded algebra of a minimizing valuation
of the normalized volume function is finitely generated, finishing the proof of the stable degeneration conjecture
proposed by C. Li and C. Xu. We prove a family version of the stable degeneration: for a locally stable family of
klt singularities with constant local volume, the ideal sequences of the minimizing valuations for the normalized
volume function form families of ideals with flat cosupport, which induce a degeneration to a locally stable family
of K-semistable log Fano cone singularities. In the proof, we give a method to construct families of Kollar models,
which are a crucial tool introduced by Xu—Zhuang to prove finite generation for valuations of higher rational rank.
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1. Introduction

Along with recent developments of the algebraic theory of K-stability of Fano varieties, an analogous
K-stability theory for kit singularities — the local counterparts of Fano varieties that are fundamental in
the MMP (minimal model program) — is studied, through the normalized volume function introduced
in [18]. For a klt singularity x € (X, A), the normalized volume of a real valuation v € Valx  centered
at x is

volx A (v) = Ax.a ()™ - volx (v), (1.1)

where Ax a(v) denotes the log discrepancy, and volx (v) denotes the volume introduced in [8]. The
infimum \7(;1(x; X,A) = inf, @X,A (v) is called the local volume of the kit singularity x € (X, A).

The local K-stability theory is particularly interested in the minimizer of vol, that is, a real valuation
v™ € Valx  such that \751(x; X,A) = \7<;1x,A (v™), as highlighted in the Stable Degeneration Conjecture
proposed in [18, Conj. 7.1] and [22, Conj. 1.2]: There exists a minimizer v™ of \781;(, A» Which is unique up
to scaling and is quasi-monomial; the associated graded algebra Ry = gr,,m (Ox ) is finitely generated,
and induces a kit degeneration (Xy = Spec(Ryp), Ag), which is a K-semistable log Fano cone singularity
under the natural torus action, and is the unique such K-semistable degeneration.

The Stable Degeneration Conjecture has been proved is a series of works: The existence, uniqueness,
and quasi-monomial property of a minimizer are proved in [4], [32], [29]; the K-semistability of the
degeneration is proved in [22] assuming finite generation; and finally, the finite generation is proved in
[33]. See [20] and [39] for surveys and more comprehensive references.

The minimizing valuation v™, or the K-semistable degeneration, is associated with a klt singularity
canonically. Then we ask whether the K-semistable degenerations for a family of kIt singularities form
a family. We consider locally stable families in the sense of [15]. As the local volume function vol is
constructible and lower semi-continuous by [29] and [5], we consider families of kit singularities with
constant local volume.

Instead of the minimizing valuation v™ € Valy , itself, we consider the ideal sequence as = {4} 1er,,
associated with it, where a, := {f : v™(f) = A} C Ox . Note that the ideal sequence is used to define
the volume and the associated graded algebra. We will prove the following:

Theorem 1.1 (Theorem 5.4). Let S be a semi-normal scheme essentially of finite type over a field of
characteristic zero. Let m: (X,A) — S be a locally stable family of kit pairs, with a section x: S — X
of m, such that

5 1+ Vol (xg; Xy, Ag) (1.2)

is a locally constant function on S, where (Xs, Ay) is the fiber over a point s € S, and x; = x(s) € X;.!
Suppose v € Valx, . is a minimizer of the normalized volume function for xs € (X, Ay), scaled such
that Ax A, (VY) = 1 for all s € S. Then there is an ideal sequence a, C Ox cosupported at x(S) € X
such that the following hold:

We will say 7: (X,A) — S with x € X(S), meaning an S-point of the S-scheme X, is a locally stable family of kit
singularities. See Section 2 for our notations.
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(1) ay/as, is flat over S for all A > 0.
(2) Foreverys €S, a5,4 := {0,0x, }, is the ideal sequence on X, associated with vy
(3) Let Xy = Specg(gr,(Ox)), where

&r, (0x) = P aa/ass, (1.3)

>0

then the canonical morphism ng: Xo — S is flat, of finite type, with normal and geometrically
integral fibers. The grading induces an action of a torus T =~ (Gy,s)" on Xo, whose fixed locus is
the image of a section xy: S — X.

(4) There exists a T-invariant effective Q-divisor Ag on Xo such that ny: (Xo,Ao) — S is a locally
stable family of K-semistable log Fano cone singularities, and (Xo.s, Ao,s) is the degeneration of
X5 € (X, Ay) induced by vy for every s € S.

Our proof uses the theory of Kolldr models developed in [33], which is a higher rank analogue of
Kollar components introduced in [28]. In [33], it is shown that the minimizing valuation v™ occurs on
a Kolldr model, and every such quasi-monomial valuation has a finitely generated associated graded
algebra which induces a kit degeneration. We will generalize these results to families of klt singularities.
The key is to construct a family of Kollar models that accommodates the minimizing valuation on each
fiber, with the same coordinates when the dual complexes of different fibers are identified:

Theorem 1.2 (Theorem 5.1). Let S = Spec(A), where A is a DVR essentially of finite type over a field
of characteristic zero, with the generic point n € S and the closed point s € S. Let w: (X,A) — S with
x € X(S) be a locally stable family of kit singularities such that

\H(xn;xn»An) Z\H(XS;XS,AS). (1.4)

Suppose vy € Valx, x, and v{' € Valx, x, are minimizers of the normalized volume for x; € (Xy, Ay)
and xg € (X s Ay), respecttvely, scaled such that Ax, A, (V = Ax, A, (V]). Then there exists a locally
stable family of Kolldar models f: (Y,E) — (X, A) at x over S such that

vr;]‘ € QM(Y,,Ey) and v§ € QM(Yy, Ey), (1.5)

and they are identified under the canonical isomorphism QM(Y,,, E;;) ~ QM(Ys, Ey) in 4.4.
Theorem 1.1 implies a representability for semi-normal schemes:

Theorem 1.3 (Corollary 5.5). Let S be a reduced scheme that is essentially of finite type over a field of
characteristic zero, and nn: (X,A) — Swithx € X(S) be alocally stable family of kit singularities. Then
there exists a locally closed stratification | |; S; — S satisfying the following condition: If g: T — S
is a morphism of schemes where T is semi-normal, then the base change nr: (X7,Ar) — T with
xr € Xr(T) admits a degeneration to a locally stable family of K-semistable log Fano cone singularities
over T if and only if g factors through some S}" — S, where S} is the semi-normalization of S;.

The local volume is a measurement of the singularity (see, for example, [25]). We can compare the
condition of constant local volume with the classical theory of equisingular plane curves:

Example 1.4. Let k be an algebraically closed field of characteristic 0. For a plane curve C C Aﬁ that is
(singular and) unibranch at the origin 0 € A2, one can associate a tuple (a, b, . ..) of positive integers,
called the Puiseux characteristic. Two such curves are equisingular (at 0) if and only if they have the
same Puiseux characteristics (see [36], [34], [35]).

For0 < A < 144, the pair (A%, AC) isklt at 0 € A%. Moreover, in Lemma 5.7 we show that

2
ab(%+%—/l) ifl-L<a<ly

a

1
b
4(1 - da) ifo<<

S|

vol(0; A2, AC) = { ’ (1.6)

@.'” 8=

1_
a
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In particular, the local volume of 0 € (A2, AC) only depends on A and the first two terms of the Puiseux
characteristic of C ¢ A? at 0. Therefore, Theorem 1.1 applies to families of equisingular unibranch
plane curves; see Corollary 5.8.

Outline of the proof

We sketch the proof of Theorem 1.2.
The base S is the spectrum of a DVR, so we can degenerate the ideal sequence a.(v3)) on the generic
fiber X, to an ideal sequence I, on X with flat cosupport over S. Then I, has constant multiplicity over

S; by the lower semi-continuity of the Ic thresholds, the closed fiber /; » computes \751(xs; Xs,Ag). By
a stronger uniqueness of minimizer implicitly in [6], we conclude that a; . is the saturation of I; .; see
Lemma 2.18.

Note that v} computes the lc threshold of 7, = a.(v}}) on (X;,A;). Then we can construct a
model f: (Y,E) — (X, A) relatively of Fano type over X such that vy} € QM(Y;, E;;), by a similar
argument that has been used in [22, Thm. 4.2], [31, Thm. 4.48], and [33, Lem. 3.2]; see Lemma 4.2.
Since 1, has constant Ic threshold, 7 o f: (Y, f~'A + E) — S is a locally stable family, so we can find
a real valuation v, € Valy, ., that is monomial on (¥;, E;), corresponding to v‘,‘; as in 4.4. Since v
computes the Ic thresholds of /5 . on (X5, Ag), so we can conclude vy = v§ by the uniqueness.

Now the closed fiber (Y;, E;) is slc (semi-log canonical) by the construction, whereas we would like
it to be qdlt so that we can get a family of Kolldr models. The key is that v} and v are special valuations,
namely, monomial Ic places of special Q-complements, so they compute the Ic threshold of I, after any
small perturbation of A to A + eD; see Lemma 3.10. A heuristic is that such perturbations exclude any
Ic center on (Y;, E) that does not contain the center of v{'. This method was used in the proof of [33,
Prop. 4.6]. In our situation, however, the model (Y, E) constructed above may change when we perturb
the boundary.

Instead, note that vy' can be viewed as the limit of the weighted blow-up valuations of v} and the
discrete valuation v induced by X, when the weight of v( goes to +co. Then the perturbation allows us
to find a special Q-complement for which all these weighted blow-ups are monomial lc places. Hence
we get a model of qdlt Fano type model accommodating them by [33, Thm. 3.14], whose anticanonical
model is a locally stable family of Kollar models as desired.

2. Preliminaries
2.1. Birational geometry and singularities

All schemes that we consider will be quasi-compact, separated and essentially of finite type over a field
of characteristic zero.

A pair (X, A) consists of a reduced, equidimensional scheme X with a Weil Q-divisor A. We further
assume that X satisfies Serre’s condition (S;), satisfies (G;) (namely, Gorenstein in codimension 1),
and is regular at the generic point of every component A; see [14, Def. 1.5]. Let Kx denote a canonical
divisor on X. The pair (X, A) is said to be local (resp., semi-local) if X is the spectrum of a local (resp.,
semi-local) ring.

A singularity x € (X, A) consists of a pair (X, A) that is essentially of finite type over a field k of
characteristic 0, and a k-point x € X (k).? Since we are interested in the properties near the point x for a
singularity x € (X, A), we always assume X is affine, and sometimes localize at x if necessary.

We follow the standard terminology about singularities of pairs in [14] when A > 0, but add the
prefix “sub-"" when A is not necessarily effective, for example, sub-Ic, sub-kit. We also need the notion
of slc pairs (short for semi-log canonical, see [14, §5]), which is a non-normal variant of Ic pairs.

2]t is possible to consider arbitrary closed points, and on more general excellent schemes. But many theorems for the normalized
volume are only proved in this case in the literature, sometimes even assuming k is algebraically closed. Also, requiring x € X (k)
is compatible with our definition that a family of singularities is given by a section.
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2.1.1. Qdit pairs
We recall the concept of gdlt pairs introduced in [9].

Definition 2.1 (cf. [9, Def. 35], [33, Def. 2.1, 2.2]). A pair (X, A) is said to be simple-toroidal if A is
reduced and every x € X has an open neighborhood U C X such that (U,Aly) = (V,D)/G, where
(V, D) is an snc pair, and G is a finite abelian group acting on V that preserves each component of D
and acts freely on V' \ D.

A pair (X, A) is said to be gdlt if it is Ic, and (SpecOx ;, Alspecoy . ) is simple-toroidal for every lc
center z € (X, A).

Lemma 2.2 [9, Prop. 34]. Let (X,A) be a local slc pair of dimension r. Suppose Dy, ...,D, are
reduced Q-Cartier divisors on X such that Dy + --- + D, < A. Then (X, A) is simple-toroidal, and
A =D +---+ D,, where each D; is normal and irreducible.

2.1.2. Models
Definition 2.3. Let (X, A) be a pair. A birational model (or simply, a model)

f:(Y,E) = (X,A) 2.1

for (X, A) consists of a pair (Y, E) where Y is a normal scheme and E is a reduced Weil divisor on Y,
and a projective birational morphism f: ¥ — X. It is called a model at a point x € X if all components
of E are centered at x.

Amodel f: (Y,E) — (X, A) is said to be snc (resp., simple-toroidal) if Ex(f) has pure codimension
one in ¥, and (Y, Supp(f'A + Ex(f) + E)) is snc (resp., simple-toroidal). It is called a log resolution®
if moreover E contains all components of f'A and Ex(f).

Lemma 2.4 (cf. [3, Cor. 1.4.3]). Let (X,A) be a kit pair, and a C Ox be a coherent ideal with
Iet(X, A;a€) = 1 for some ¢ > 0. Suppose E1, . .., E, are exceptional prime divisors over X such that

AX,A+aC (El) = AX,A (El) —-C OI'dEi(C() <1 (22)

foralli=1,...,r. Then there exists amodel f: (Y,E) — (X,A) where E = },\_, E; is the sum of all
Jf-exceptional divisors. Moreover, we may assume Y is Q-factorial.

Proof. Letg: (W,E) — (X,A) be an snc model, where E = }7_, E; is the sum of the given divisors,
such that g~'a - Oy = Ow (—A) for an effective divisor A and g~'A + Ex(g) + A has snc support. The
conditions Ax a+qc (E;) < 1 still hold if we replace ¢ with ¢ — € for some € < 1. Thus we may assume
that Ict(X,A;a) > 1. Let F = Zj’:] F; be the sum of all g-exceptional divisors other than E, ..., E,,
and choose 0 < § <« 1 such that

Ax A+ac (Fj) = Ax a(Fj) — c ordp; (a) > 6 (2.3)

forall j=1,...,s.Let F' = 2;:1 (Ax A+ac (Fj) — 0)F;. Suppose we can run a relative F'-MMP over X
with scaling of a g-ample divisor H on W, which terminates with a relative minimal model f: Y — X
such that Y is Q-factorial. Then the MMP ¢: W --> Y contracts all the F; and none of the E;, hence
f:Y — X is the desired model. It remains to show that such an MMP exists and terminates.

First assume that X is affine. Write Ky + Aw = g*(Kx + A), then Ay + cA has snc support, and
(W, Aw + cA) is sub-klt. Let A’ = g7 g, A be the part of A that is not g-exceptional, and

.
Ay =Aw +cA+F =g, A+cA’ + Z(l — Ax.asac (E)E;i + (1= 6)F. (2.4)
i=1

3This seems to be a nonstandard use of terminology as we allow log resolutions to be only toroidal, rather than snc. However, the
theory of resolution of singularities works as usual. For example, we can take a log resolution that is a local isomorphism over the
simple-toroidal locus (see [2]). Anyway, toroidal pairs are logarithmic regular in the sense of logarithmic geometry (see [1, §2.3]).
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Then (W, A}, ) isklt. Note that Oy (—A) is relatively globally generated over X, hence globally generated
since X is affine. By the Bertini theorem, we can choose a general effective Q-divisor G € |-A|g such
that (W, Aj;, +cG) is also kIt. Then we can run the relative (Kw +Aj,, +¢G)-MMP over X with scaling
of H, which terminates with a Q-factorial relative minimal model by [3]. Since

Kw +Ay, +cG=Kw +Aw +c(A+G)+F ~xr F’', (2.5)

the (Kw + Ay, +cG)-MMP is the same as the relative F'-MMP with scaling of H.
In general, the MMP with scaling descends from a Zariski open covering by [27, Thm. 2.5]. O

2.1.3. Locally stable families
We use the notion of locally stable families of pairs following [15].

Let S be a reduced scheme. A (well-defined) family of pairs 7: (X, A) — S consists of a morphism
of schemes 7: X — S that is flat and of finite type, with reduced, equidimensional, (S;) fibers, and a
Weil Q-divisor A on X that has well-defined pullbacks (see [15, Thm-Def. 4.3]). If S is normal and 7
has normal fibers of pure dimension n, then it suffices to assume that Supp(A) — S has pure relative
dimension n — 1. In general, we always assume components of A are relative Mumford divisors on X
(see [15, Def. 4.68])).

A family of pairs 7: (X, A) — S is said to be locally stable if the fibers (X, Ay) are slc for all s € S,
and Kx s + A is Q-Cartier (see [15, Def-Thm. 4.7]). If moreover (X, A;) are kit (resp., qdlt, Ic) for all
se S, wesay w: (X,A) — S is alocally stable family of klt (resp., qdlt, Ic) pairs.

If S is normal, then a locally stable family of kit pairs 7: (X,A) — S is also called a Q-Gorenstein
JSamily of klt pairs, since the essential condition is that Kx /s + A being Q-Cartier.

Definition 2.5. Let S be a reduced scheme. A family of singularities over S consists of a (well-defined)
family of pairs 7: (X,A) — S where r is affine, together with a section x: § — X of x; we denote the
section by x € X(S), meaning an S-point of the S-scheme X. Note that x: § — X is a closed immersion.
In the fiber (X, Ag) at a point s € S, the section x gives a x(s)-point x; € Xs(k(s)), where k(s) is the
residue field of s € S.

A locally stable family of kit singularities over S consists of a family of singularities 7: (X,A) — S
with x € X(S), such that 7: (X, A) — S is a locally stable family of klt pairs.

Definition 2.6. Let S be a reduced scheme, 7: (X,A) — S be a family of pairs. A family of models
f:(Y,E) > (X,A) (2.6)

consists of a projective birational morphism f: Y — X such that 7 o f is flat, and a relative Mumford
divisor E on Y/S (see [15, Def. 4.68]), such that every fiber fi: (¥, E;) — (Xs,Ay) is a model.

Let x € X(S) be a section. Then f: (Y,E) — (X,A) is called a family of models at x if moreover
every fiber fi: (Ys, E5) — (X5, Ag) is a model at x;, that is, all components of E are centered at x,.

2.2. Valuations

2.2.1. Real valuations
All valuations that we consider will be real valuations.

Let X be an integral scheme with function field K(X). A real valuation v on K(X) gives a valuation
ring O,, of K(X) of rank 1 with an order-preserving embedding of the valuation group I';, < R, which
recovers the valuation v: K(X)* — R. By convention, we set v(0) = +oo.

The rational rank of v € Valy is rat.rank(v) := dimg(I', ®z Q).

The set of all real valuations on K centered on X is denoted by Valx. For x € X, let

Valx = {v € Valy : centerx (v) = x}. 2.7
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More generally, if X = |J; X; is a reduced scheme, where X; are the irreducible components of X, then
we write Valy := | |; Valy,.

Suppose f: Y — X is adominant morphism, where Y is an integral scheme, then we have an induced
map Valy — Valy by restricting a valuation on K(Y) to the subfield K(X) via f. If f is birational and
proper, then this is a bijection, and we usually identify Valy = Valy.

A real valuation v € Valy can be evaluated at functions, coherent ideals, and Cartier divisors on X,
as well as their R-linear combinations (e.g., R-Cartier R-divisors).

2.2.2. Quasi-monomial valuations
Let (Y, E = ); E;) be an snc pair. Suppose y € Y is a generic point of a stratum EyN---NE, C Y, and

t1,...,t, € Oy yis aregular system of parameters such that E; is defined by 7; near y foralli =1, ...,r.
Then there is an isomorphism @Ay’y =~ k(Y [[t1,...,t 1.
Fora = (ay,...,a,) € RQO, there exists a unique real valuation v, € Valy satisfying the following:

m

if f € Oy, iswrittenas f = 3, enr cmt;"‘ <o 7 in @Ay’y =~ k(y)[[t1,-..,t]], then

vo(f) = inf{{a,m) : ¢, # 0} € Rug U {+o0}, where (@, m) = Z aim;; 2.8)
i=1

see [12, Prop. 3.1]. We call v, a monomial valuation at y € (Y, E), and denote by QM,, (Y, E) the set
of all monomial valuations at y. Finally, we define QM(Y, E) = U, QM, (Y, E), where y ranges over
all generic points of all strata of (Y, E).

Following [33], we consider a generalization of monomial valuations to simple-toroidal pairs.

Definition 2.7. Let (Y, E = Y}; E;) be a simple-toroidal pair. Suppose y € Y is a generic point of a
stratum (;_, E; C Y. Then locally at y there is a finite abelian cover

pu: (Y,E') - (Y,E) (2.9)
which is étale away from E, such that (Y’, E’ = }; E]) is snc, and p*E; = m;E] for some m; > 0. Let
y’ € u~'(y), then y” is a generic point of Niz) E; cY'.Fora = (ay, ..., a,) € R, define v, € Valy
to be the restriction of v/, € QM,,(Y’, E’) corresponding to a’ = (a1 /my, ..., a,/m;). Thus

vo(Ei) =vi, (WE;) =myv,,(E]) = a;. (2.10)

Note that v, does not depend on the choice of a finite abelian cover.

We call v, a monomial valuation at y € (Y, E), and denote by QM,, (Y, E) C Valy the set of all such
va. The relative interior QM5 (Y, E) ¢ QM, (Y, E) consists of v, for which @ € R’ . By definition
there is a canonical bijection

QM, (Y, E) ~R%y, v (W(E)),...,v(E,)), 2.11)

which is a homeomorphism when Valy is equipped with the weakest topology such that the evaluation
map Valy — R, v i v(f) is continuous for all f € K(Y)* (see [12, Lem. 4.5]).

More generally, let (Y, E) be a pair where E = }; E; is reduced, such that (SpecOy y, E|specoy ) is
simple-toroidal for all generic points y of all strata ();; E; € Y. Then we define

M(Y,E) = M, (Y,E) = M: (Y, E). 2.12
QM(r.E) = ) QM (v.E) = | | QM;(r.E) (2.12)
Remark 2.8. Let (Y, E) be a pair where E is a reduced Weil divisor. Then (Y, E) is simple-toroidal if
and only if Y \ E < Y is a toroidal embedding without self-intersection such that the rational convex

polyhedral cones 0% c ND% associated to all strata Z C Y are simplicial (see [13, I[.§1] for the relevant
notions).
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In fact, if (Y, E) is Zariski locally, at a point y € E, isomorphic to the quotient (V, D)/G where
(V, D) is snc and G is a finite abelian group, then the action of G on (V, D) is formally isomorphic to an
action of G’ on A" where G ~ G’ ¢ (Gy,)", and D corresponds to a union of coordinate hyperplanes
D’ c A" (see [14, 3.17]). Then (A", D’)/G’ is an affine toric variety associated to a simplicial cone,
and (Y, E) is formally isomorphic to (A", D”)/G" aty € E. Thatis,Y \ E — Y is a toroidal embedding,
and the associated cones are simplicial; it has no self-intersections since every stratum is normal.

Conversely, assume Y \ E < Y is such a toroidal embedding, then every component of E is Q-
Cartier (see [13, I1.§1, Lem. 1]). To see (Y, E) is simple-toroidal in the sense of Definition 2.1, we may
take a composition of cyclic covers, and assume every component of E is Cartier. In this case, the cone
0% c NZ is spanned by a basis of the lattice N%, hence (Y, E) is snc.

Let Z C Y be a stratum, with the generic point z € Z. Recall that o C NH% is the dual cone of the
cone of effective Cartier divisors supported on E and passing through Z (see [13, IL.§1, Def. 3]). Then
there is a canonical isomorphism

QM, (Y,E) ~ o* (2.13)

and % N NZ corresponds to the lattice generated by valuations given by prime divisors over Y. Hence
we can equip QM(Y, E) with an integral structure (see [13, page 71]).
By the results in [13, IL.§2], if f: (Y', E’) — (Y, E) is a toroidal resolution, then

QM(Y',E’) = QM(Y, E). (2.14)

Conversely, if o € QM, (Y, E) is a rational simplicial cone, then there exists a toroidal proper birational
morphism f: (Y’,E’) — (Y, E) with (Y’, E’) simple-toroidal and QM,, (Y’, E’) = o for some y’ €
£~1(y). Moreover, we can choose (Y’, E’) such that every f-exceptional divisor corresponds to an edge
of o, and Ex(f) supports an f-ample divisor, by [33, Lem. 3.16].

Lemma 2.9. Let (Y, E + F) be a local simple-toroidal pair, where E = };_| E; and F = Zj‘:l F; have
no common components. Let Yy = ﬂj’:l Fj, and Ey = Ely,. Then (Yo, Eo) is simple-toroidal, and there
is a commutative diagram

QM(Y, E) % QM(Y,E + F) —— QM(Y,, Eo)

l: lz l: (2.15)

a—(a,0) (a,B)—a

R0 > R > Rl
so that the composition in the first row is a canonical isomorphism
poi: QM(Y, E) = QM(Yy, Eo). (2.16)

Moreover, if v, € QM(Y, E) maps to vo € QM Yy, Eo), and 8 = (B;) € RS, then

>0’

va(f) < vap(f) <sup{vap(f): B R} :51220 vap(f) = Va(f), 2.17)

for every f € Oy, where f € Oy, is the image of f, and B — oo means each 3; — oo.

Proof. By localization and passing to a finite abelian cover, we may assume that (Y, E + F) is snc, and
i=1 Ei N (N2 Fj = {y}, where y €Y is the closed point. Write R = Oy, and take a regular system
of parameters f1,...,¢,,X1,...,Xs € R such that E; = div(#;) and F; = div(x;). Then

Ovyy = Ry = R/ (x1,...,X5) (2.18)
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is aregular local ring, and 71, . . ., f, € Ry is a regular system of parameters defining Ey. Write

f= Z Z Cmnt] -t xls € R=~«W[t1,... trox1,.. . x5, (2.19)

meN" neNs
so that
F= > cmof™ i € Ry = k(... 7]l (220)
meN"
Hence
va(f) = inf{{a,m) : cpn # 0} < inf{{@,m) + (B, n) : cym,n # 0}
< supinf{{a,m) +{B,n) : c;u.n # 0}
p=0 2.21)
= ﬁlim inf{{a,m) +(B,n) : cpu.n # 0}
= inf{{a@,m) : c;o # 0} = Vo (f)
since (@, m) + (B, n) = X\7_, aim; + ijl Bjn; > min; §; when n # 0. O

Definition 2.10. Let X be an integral scheme. A real valuation v € Valy is said to be quasi-monomial
if v € QM(Y, E) for some snc pair (Y, E) with a birational morphism f: ¥ — X of finite type. The set
of quasi-monomial valuations on X is denoted by Valg(m C Valy. It is equivalent to require (Y, E) to be
simple-toroidal.

Note that divisorial valuations are exactly quasi-monomial valuations of rational rank 1. The set of
divisorial valuations on X is denoted by Val‘)i(,iv C Val()l(m.

2.2.3. Log discrepancies
Let (X, A) be a pair such that Kx + A is Q-Cartier. Suppose f: Y — X is a birational morphism of
finite type, and F is a prime divisor on Y. Then the log discrepancy

Ax A(F) = 1+ordp(Ky — f*(Kx +A)) (2.22)
only depends on the valuation ordr € Valx. The log discrepancy extends to a function
Ax a: Valxy = RU {+c0} (2.23)
such that

Axalr) = sup ) v(E) - Axa(E) (224)
Y.E

where the supremum ranges over all log resolutions f: (Y, E =3}, E;) — (X,A); see [12, §5].

Lemma 2.11. Let (X, A) be a pair such that Kx + A is Q-Cartier. Suppose
f:(Y,E=E; +---+E,) > (X,A) (2.25)

is a log resolution. Then

r

Axa (V) 2 Y V(E) - Ax A (E) (2.26)

i=1

for all v € Valy, and the equality holds if and only if v € QM(Y, E).
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Proof. Note that the value Y.'_, v(E;) - Ax a(E;) does not change if we replace (Y, E) with a toroidal
resolution, and the set QM(Y, E) also remains the same. Hence we may assume that f: (Y, E) — (X,A)
is an snc model, so the inequality follows by definition.

If the equality holds, then it is proved that v € QM(Y, E) in [12, Cor. 5.4] when X is regular and
A = 0. In general, we can reduce it to the regular case as follows. Let Ay be the crepant pullback of A,

so that
Ay = 21(1 - Ax A (E))) - E;, (2.27)
and _
Axa(v) = Ay ay (v) = Ay (v) - Zr; v(E;) - (1 - Ax A (E))). (2.28)
If Ax.A(v) = Sy v(E:) - Ax.a (Ey), then Ay (v) = 57, v(E;), hence v € QM(Y, E). o

Definition 2.12. Let (X, A) be an Ic pair. A real valuation v € Valy is called an Ic place for (X, A) if
Ax A(v) = 0. Let LCP(X, A) C Valx denote the set of all Ic places for (X,A). A point z € X is called
an lc center of (X, A) if z = centery (v) for some v € LCP(X, A). Note that LCP(X,A) C Valgl(m.

2.3. Local volumes

2.3.1. Ideal sequences
We consider ideal sequences indexed by Rsqo. They are called graded systems of ideals by [8], and
filtrations by [6].

Definition 2.13. Let X be a scheme. An ideal sequence a. = {a,}1>0 on X consists of coherent ideals
a, C Ox for 1 € Ry, satisfying the following conditions:

(1) apcay,ifa>y;

(2) aqa, Cagyy, forall A, u > 0.

(3) ap =0x,anday =y ay forall 2 > 0.

Let x € X be a point, with the prime ideal p, C Ox. We say an ideal sequence a, is centered at x if a,

is px-primary for all 4 > 0. In this case, a, is uniquely determined by the corresponding ideal sequence

0.Ox x = {a,0x x }1 of Ox ; hence we may assume x is a closed point by localization if necessary.
Suppose X is integral and v € Valy. The ideal sequence a.(v) associated with v is defined by

a,(v) = {f € Ox :v(f) > 1}. (2.29)

If centerx (v) = x, then a.(v) is an ideal sequence centered at x.
A real valuation v on X can be evaluated at an ideal sequence a, by

@) _ v( W R0 U (o). (2.30)

v(ae) = 1nf 1 lim

Note that v(a.(v)) = 1.

Definition 2.14. Let X be an integral scheme, x € X be a closed point, and a, = {a,},>0 be an ideal
sequence centered at x. Let n = dim, (X). The multiplicity of a. is

length,  (Ox /a
e(a.) =ex(a,) := limsup M

A—o0 /ln/n' (231)

The limit superior is actually a limit by [7, Thm. 1.1] under our assumptions for schemes.
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Suppose v € Valy . The volume of v is
vol(v) = volx (v) = ex(a.(v)), (2.32)

where a.(v) C Ox is the ideal sequence associated with v. The set of valuations with positive volume
is denoted by Val}lx. Note that Val()l(mx C Valg},x by Izumi’s Theorem; see [6, Prop. 2.7].

Definition 2.15 (cf. [6, Def. 3.1]). Let X be an integral scheme, x € X be a closed point, and a, be an
ideal sequence centered at x. The saturation a. of a, is the ideal sequence defined by

dy={fe0x:v(f)>2-v(a,) forallv € Val{" }. (2.33)

It has the following basic properties:

(1) [6,Lem.3.8]a, C a, forall A > 0;

(2) [6, Cor. 3.16] ex(a.) = ex(d.);

(3) [6, Prop. 3.12] v(a.) = v(@.) forall v € Val;'(’x.

Lemma 2.16. Let x € (X, A) be a kit singularity, and ae be an ideal sequence centered at x with
Iet(X, A aq) < +o0. (2.34)

Suppose @, is the saturation of a.. Then

Iet(X, A; de) = Ict(X, A a.), (2.35)
and a valuation v € Valx x computes the lc threshold of Q. if and only if it computes that of a..
Proof. We have

A A
let(X,A;d,) = inf Axa(w) _ x,A (W)

— =1Ict(X,A;a, 2.36)
weValf w(ds) weValfy w(a.) ( ) (

since w(d.) = w(a.) for every w € Val‘)i(ivx. For a general real valuation v € Valx ., we have

Ax.a(v) S Ax.a(v)
v(de) — v(ae)

(2.37)

since a, C Q. Thus, if v computes the Ic threshold of a,, then it also computes that of a,. Conversely,
assume v computes the Ic threshold of a,. Then v also computes the Ic threshold of the ideal sequence
a.(v) associated with itself by [12, Thm. 7.8]. Hence

M =lct(X,A;a,(v)) = Ax.a ()

weValgé‘fx w(a.(v)) m (2.38)

Then there exists a divisorial valuation w € Valg(ifx such that w(a.(v)) > 0. By rescaling, we may
assume that w(ae.(v)) = 1, so that w(f) > v(f) for all f € Ox_,. Thus

voly (v) = voly (w) > 0. (2.39)

By [6, Prop. 3.12], v(d.) = v(a.). Hence v also computes the Ic threshold of d.,. O
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2.3.2. Normalized volumes and the minimizers
Definition 2.17 (cf. [18, §1]). Let x € (X, A) be a kit singularity, and v € Valx , be a real valuation.
The normalized volume of v is

vol(v) = voly A (v) := Ax.a ()" - volx (v) € R U {+o0} (2.40)

where n = dim, (X), and by convention +co - 0 = +co.
The local volume of x € (X, A) is

Vol(x: X, A) = inf{;glx,A(v) ve Valx,x}. (2.41)
The local volume is positive by [18, Thm. 1.2]. A real valuation v € Valx , is called a minimizer for the
normalized volume if vol(v) = vol(x; X, A).

Letx € (X, A) be aklt singularity. There exists a minimizer v € Valx  of the normalized volume by
[4, Main Thm.] and [29, Rmk. 3.8], which is unique up to scaling by [32, Thm. 1.1] and [6, Cor. 1.3],
and is quasi-monomial by [29, Thm. 1.2].

Lemma 2.18. Let x € (X, A) be a kit singularity, and v € Valx x be a minimizer of the normalized
volume. Let n = dimy (X). Then the following hold:

(1) v™ computes the Ic threshold of a.(v™), and
\7(;1(x;X,A) =Iet(X,A;ae(v™)" - ex (as(v™)) = inf{lct(X,A; a.)" - ex(ae)} (2.42)

where a, ranges over all ideal sequences centered at x;

(2) if v € Valx x computes the Ic threshold of a,(v™), then v = ¢ - v™ for some ¢ € Rsq;

(3) if ae = {a,}1 is an ideal sequence centered at x such that \751(x;X, A) =1ct(X,A;a.)" - ex(ae),
then @y = a. (V™) for some ¢ € Ry, forall 1 > 0.

Proof. (1). By [23, Thm. 27], we have
vol(x; X, A) = inf{lct(X, A; a.)" - ex(a.)}. (2.43)

Since v™(a,(v™)) = 1, and ex (a, (v™)) = volx (v™) by definition, and

A m
let(X, As ae (V™)) < #ﬁzmi) = Ax.a(v™), (2.44)
we have
let(X, A;as(v™)" - ex (aa(v™) < Ax.a (V™)™ - volx (v™) = vol(x; X, A). (2.45)

Thus the equality holds, and v™ computes the Ic threshold Ict(X, A; ae (v™)).
(2). Suppose v computes the lc threshold of a. (v™), that is,

Ax.a(v)

Iet(X,A; a, (Vm)) = m

(2.46)

By scaling, we may assume that v(a.(v™)) = inf v(a(v™))/A = 1. Thus v(a(v™)) > 4, that is,
(I,I(Vm) C (1,1(\/) (2.47)
for all 4 > 0. Hence

volx (v) = ex(a(v)) < ex(a (v™)) = volx (v™). (2.48)
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Since Ax A (v) =lct(X,A;as(v™)) = Ax A (V™), we get

volx 4 (v) < Voly A (¥™) = Vol (x; X, A). (2.49)

By uniqueness of the minimizer, v = ¢ - v™ for some ¢ > 0. In fact, v = v™ since v(a.(v™)) = 1.

(3). This is obtained in the proof of [6, Cor. 1.3], which we briefly recall: We may assume that
Ict(ae) = lct(as (v™)) = 1 by scaling. Let a. ;, where 0 < # < 1, be the geodesic between a, o = a, and
Qo1 = 0o (V™) defined in [6, Def. 4.1]. Then

let(X, A ae ) < (1 —1) - Ict(ae) +1 - Ict(as(v™)) =1 (2.50)
by [6, Prop. 5.1], and
ex(aas) " > (1=1) -ex ()" +1-ex(aa(v™) ™" = vol (x; X, A)"V/" (2.51)
by [6, Thm. 1.1(2)]. Hence
Iet(X, A e )" - ex (aa) < vol(x; X, A), (2.52)

so all inequalities above are equalities. Then a, and a.(v™) have the same saturation, up to scaling, by
[6, Thm. 1.1(3)]. But a.(v™) is saturated by [6, Lem. 3.20], so we get (3). ]

2.4. Families of log Fano cone singularities

A log Fano cone singularity is a klt singularity with a good torus action, which generalizes the usual
affine cone over a Fano variety. The K-stability of log Fano cone singularities is parallel to that of Fano
varieties; see [22], [21], [11], and [24] for an algebraic approach.

Let S be a reduced scheme. Let M ~ Z" be a free abelian group of finite rank 7 (i.e., a lattice), and
Tg = Specg(Os[M]) be the corresponding torus over S.

Definition 2.19. A locally stable family of log Fano cone singularities over S (with weight lattice M)
consists of a locally stable family of affine klt singularities 7: (X,A) — S with x € X(S) and an action
of Ts on (X, A) over S such that x(S) is the fixed locus, called the vertex.

Thus X = Specg (/) where

o = EB A (2.53)

meM

is an M-graded Og-algebra, such that &, = P
that each &f,, is a flat coherent Os-module.

A polarization is ¢ € Ng := Hom(M,R) such that (¢£,m) > 0 for all m € M \ {0} with &,,, # 0. Let
wtg € Valy, denote the Ty-invariant valuation on each fiber X, given by

oy C o is an ideal, and & /o, = 9y = Og. Note

m#0

wtg (a) = min{{&, m) : a,, # 0}, (2.54)

fora =Y e am € B, cps Im Qog K(5).

The family 7: (X,A) — S is called a locally stable family of K-semistable Fano cone singularities
over S if there is a polarization & such that (X, Ag; &) is a K-semistable polarized log Fano cone
singularity for all s € S. Such a polarization ¢ is unique up to scaling if it exists (e.g., by [22, Thm.
3.5]), hence we often omit it.
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The following is a family version of [38, §3.1].

Lemma 2.20. Let r: (X = Specg (&), A) — S be a locally stable family of log Fano cone singularities,
where A = P A, and & be a polarization. Assume & € N, that is, (¢,m) € Z forallm € M. Let

meM
X := Projgd/ [1] (2.55)

where o [t] is given the N-grading with deg(,,) = (¢, m) and deg(t) = 1. Then the following hold:

(1) There is a canonical open immersion X — X, and the complement V = X \ X is a Q-Cartier
relatively ample divisor.

(2) Let A be the closure of A, then 72 (X, A +V) — S is a locally stable family of plt pairs.

(3) If S is connected, then KY/S +A+(1+a)V ~s,0 0 for some a > 0.

Proof. (1). The open subset X C X is the locus ¢ # 0, so the complement V is the divisor defined by 1.
Note that Ox (V) = Ox(1), hence V is relatively ample over S.

We have V = Projq&f where o is given the N-grading with deg(</,,,) = (¢£,m), and X (resp., X) is
the affine cone (resp., projective cone), relatively over S, for Oy (1) = @Y(l)lV' Thus V C X is Cartier
on the locus where Oy (1) is invertible; in particular, V C X is Cartier in codimension 2.

(2). First assume S is the spectrum of a DVR, with the closed point s € S. Then (X, A + Xj) is plt by
[15, Thm. 4.54], hence (V,Ay + Vy) is plt, where Ay = Diffy (A) = Aly (see [14, Lem. 3.1]). Then
(Y, A+V+ YS) is dlt. Thus the conclusion holds in this case by [15, Thm. 4.54] again. Note that the
closed fiber KS of A is the closure of Ag.

In general, the formation of X commutes with base change. By the DVR case above, the formation
of A commutes with specialization, hence 7: (X, A + V) — S is a well-defined family of pairs by [15,
Thm-Def. 4.3]. Then it is a locally stable family of plt pairs since its base change to every DVR is so by
[15, Def-Thm. 4.7].

(3). Let

Y = Specy, P O (n), (2.56)

n>0
with the canonical morphisms p: Y — Vand u: ¥ — X, and E = = (x(S)) ~ V. Then
u: (Y, E) —> (X,A) (2.57)
is a family of birational models, and we can write
w(Kxys+A) = Kyjs + 1 'A+ E’ (2.58)

for some E’ on Y supported on E. For each fiber we have E; = (1 — Ax, a,(Es))Es, and E is a prime
divisor. Thus the function s = Ax_ A, (E;) is locally constant. If S is connected, then it is constant, say
with value a. Note that @ > 0 since (X, Ay) is klt for all s € S. Then

Ky, +Ag+(1+a)Vy ~g 0 (2.59)

for all s € S by [38, Lem. 3.3]. Hence Ky g +A+(1+a)V ~50. O

Lemma 2.21. Let : (X = Specg (&), A) — S be a locally stable family of log Fano cone singularities,
where o = P, ys Hm, and & be a polarization. Then the following hold:

(1) The function s +— volx, (wtg) is locally constant.
(2) The function s — Ax, s, (Wtg) is locally constant.

(3) The function s — volx_ a (Wtg) is locally constant.
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In particular, if m: (X,A) — S is a locally stable family of K-semistable log Fano cone singularities
with the polarization &, then the function

5 > Vol (xg; Xy, Ag) (2.60)

is locally constant, where x: S — X is the vertex section.

Proof. Write n = dim(Xj) forall s € S.
(1). By definition,

n
voly, (wtg) = lim — Z dim, () (n ®pg K(5)), 2.61)
T <

where the summation ranges over all m € M with (£, m) < A. Since &, is a flat coherent Os-module,
s = dimy () (L ®p k(5)) (2.62)

is locally constant for all m € M (see [26, 05P2]). Hence s — voly, (wtz) is locally constant.
(2). Fix s € §, then ¢ — Ax, A, (Wtg) is a linear map on Ng by [22, Lem. 2.18]. Hence it suffices to
show s = Ax, a, (Wtg) is locally constant when £ € N. We may assume that S is connected. Let

7 (X,A+V)—> S (2.63)
be the family constructed in Lemma 2.20 using £. Then
Kgis+A+(1+a)V ~500 (2.64)

for some a > 0. Restricting to each fiber, we get a = Ax, A, (Wtg) for all s € S by [38, Lem. 3.3].
(3). By definition,

\7(71X§_,AS (th) = Ax, A, (Wtf)n - voly, (Wté:). (2.65)

Hence it is a locally constant function on S by (1) and (2).
Ifr: (X,A) — Sisafamily of K-semistable log Fano cone singularities with the polarization &, then

Vol (x5 X5, Ay) = voly, a, (Wt) (2.66)

by [22, Thm. 3.5]. Hence s +— \7c;1(xs; Xs, Ay) is locally constant by (3). ]

3. Special valuations
3.1. Models of qdlt Fano type
Definition 3.1 [33, Def. 3.5, 3.7]. Let (X, A) be an affine kit pair. A model

fi(Y,E=E + - +E) — (X,A) (3.1)

is said to be of gdlt Fano type if there is an effective Q-divisor D on ¥ such that |[D] =0, D > f A,
(Y,D+E)isqdlt,and —(Ky + D + E) is f-ample.

The model f: (Y,E) — (X,A) is called a gdlt anticanonical model if one can take D = f'A
above, that is, (Y, f7'A + E) is qdlt and —(Ky + f7'A + E) is f-ample.

Letx € (X, A) be aklt singularity. A qdlt anticanonical model f: (Y, E) — (X, A) is called a Kolldr
model at x if all components of E are centered at x.
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Lemma 3.2 [33, Prop. 3.9]. Let (X, A) be an affine kit pair, and f: (Y,E) — (X, A) be a model of qdlt
Fano type. Then there exists a birational contraction ¢: Y --> Y over X that is a local isomorphism at
generic points of strata of (Y, E), such that f: (Y,E = ¢.E) — (X, A) is a qdlt anticanonical model,
and QM(Y,E) = QM(Y, E).

Remark 3.3. Let f: (Y,E = 7_| E;) — (X, A) be a model of qdlt Fano type. Then the anticanonical
model f: (Y,E = D E;) — (X, A) is uniquely determined by the divisorial valuations ordg, = ordg;.
In fact, since

~(Ky+ 7'A+E) ~x0 - ) ais, 3.2)

i=1

is f-ample, where a; = Ax A (E)) = Ax a(ordg,), if £ € Z-¢ such that {a; € Z for all 7, then

,
Y = Projy @ ﬁ@?(— Z m{’a,fi s (3.3)
meN i=1
and
B r _ r r
f*@y(— > mfaiEi) = .0y (— 2, mlaik| = () amea, (ordr) (34
i=1 i=1 i=1

only depends on the valuations ordg;.

Lemma 3.4. Let (X, A) be an affine kit pair, and f: (Y, E = 3.7_ E;) — (X, A) be a model of qdlt Fano
type. Suppose f': (Y',E' = 37| E!) — (X,A) is a model such that E' contains all f’-exceptional
divisors, ordg; = ordg, for every i, and —(Ky: + /YA +E") is f'-nef. Then f': (Y',E') = (X,A) isa
model of qdlt Fano type, and the birational map ¢: Y --> Y’ is a local isomorphism at all generic points
of strata of (Y, E) and (Y', E’).

Proof. By Lemma 3.2, we may assume that —(Ky + - 'A + E) is ample. Since ¥ and Y’ have the same
exceptional divisors over X, the birational map ¢~': Y’ --> Y is an isomorphism in codimension 1, so it
is the relative ample model for —(Ky: + f/"'A +E’). Since —(Ky, + f/"'A+E’) is f’-nef, ' : Y’ - Y
is a morphism. Note that Y is Q-factorial at the generic points of strata of (Y,E),so ¢:Y --> Y'isa
local isomorphism at these points, as otherwise ¢~' would have an exceptional divisor over there. Thus
[ (Y',E") — (X,A) is amodel of qdlt Fano type by [33, Prop. 3.6]. m]

Definition 3.5 [33, Def. 3.12]. Let S be a reduced scheme, and 7: (X,A) — S with x € X(S) be a
locally stable family of kit singularities. A family of models f: (Y, E) — (X, A) at x is called a locally
stable family of Kolldr models at x if o f: (Y, f7'A + E) — S is a locally stable family with qdlt
fibers, and —(Ky + f7'A + E) is f-ample.

Note that the fiber fs: (Y, E5) — (X5, As) is a Kolldr model at x; for every s € S.

Remark 3.6. Let S be a regular local scheme of dimension d, with the generic point n € S and the
closed point s € S. Let H = Z;’Zl H; be an snc divisor on § defined by a regular system of parameters.
Suppose (X, A) is a pair, and 7: X — S is a dominant morphism. Then 7: (X,A) — S is a locally
stable family if and only if (X, A + n*H) is slc; see [15, Thm. 4.54]. By the inversion of adjunction,
m: (X,A) — S has qdlt (resp., klt) fibers if and only if (X, A + 7*H) is qdlt (resp., qdlt with |[A] = 0).
Suppose 7: (X,A) — S with x € X(S) is a locally stable family of kit singularities. Then a locally
stable family of Kollar models

f: (Y E) = (X,A) (3.5)
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is a model for (X, A) such that each component of E dominates S, (Y, f'A + E + f*n*H) is qdlt, and
—(Ky + f7'A + E) is f-ample. In other words,

i (Y,E+f'rH) = (X,A) (3.6)

is a qdlt anticanonical model for (X, A).

3.2. Special valuations and complements

Definition 3.7. Let (X, A) be a pair. A subset o= C Valy is called a quasi-monomial (simplicial) cone
for (X,A) if o = QMy(Y, E), where f: (Y,E) — (X,A) is a model, E contains all f-exceptional
divisors, and y € (Y, E) is a generic point of a stratum such that (Y, f~'A + E) is simple-toroidal at y.

Note that by taking a log resolution (Y’, E’) — (Y, f-'A + E) that is a local isomorphism over y,
we may assume that (Y, E) is a simple-toroidal model.

IfEy,..., E, are the components of E that contain y, then there is an isomorphism o =~ R;O. Ifrco
corresponds to a rational simplicial cone in RY, then 7 C Valy is also a quasi-monomial simplicial
cone for (X, A). If Kx + A is Q-Cartier, then the log discrepancy function Ax 4 is linear on o

Definition 3.8. Let (X, A) be an affine klt pair, and f: (¥, E) — (X, A) be a simple-toroidal model. A
Q-complement I' of (X, A) is said to be special with respect to f: (Y,E) — (X,A) if f7'T" > G for
some effective f-ample Q-divisor G on Y whose support does not contain any stratum of (Y, E).

A quasi-monomial simplicial cone o C Valy for (X, A) is said to be special if there is a simple-
toroidal model f: (Y, E) — (X, A), a special Q-complement I" of (X, A) with respectto f: (Y, E) —
(X,A), and a generic point y of a stratum of (Y, E), such that 0 ¢ QM,, (Y, E) N LCP(X,A +T).

A real valuation v € Valy is said to be special for (X, A) if v € o for some special quasi-monomial
simplicial cone oo C Valy. In particular, v is quasi-monomial.

Lemma 3.9. Let (X, A) be an affine kit pair, and oo C Valx be a quasi-monomial cone for (X, A). Then
the following are equivalent:

(1) o is special.
(2) there exists a model f: (Y,E) — (X, A) of qdit Fano type such that o = QM(Y, E);

Proof. (i) = (ii). See [33, Thm. 3.14] or [31, Thm. 5.26].

(ii) = (i). By Lemma 3.2, we may assume (Y, f7'A + E) is qdlt and —(Ky + f7'A + E) is ample.
Choose a general Q-divisor G € |~(Ky + f'A + E)|g such that (Y, f7'A + G + E) is qdIt. Note that
f«(G+E) ~g —(Kx +A), where f.E consists of components of E that are not f-exceptional. Let

w:(Z,F) > (Y, fT'A+G +E) (3.7

be a log resolution such that y is a local isomorphism over the simple-toroidal locus of (¥, E), and there
is a y-ample divisor —A on Z with A > 0 and Supp(A) = Ex(u). Then we have

0~g ' (Ky + fT'A+G+E) =Kz + 1 fTIA + (WG — €A) + i 'E + F + €A. (3.8)

where F’ = 3;(1 = Ay ;-15,g(F;)) - F; and F; ranges over all u-exceptional divisors. By our choice of
u, we have | F’| <0.Thus |F’'+€A] <0, and u*G — €A is ample for 0 < € <« 1. Now

LCP(Z, 1 f7'A + u'E + F' + €A) = QM(Z, 1 'E) = QM(Y, E). (3.9)
Choose a general H € |u*G — €A, such that (Z, u;' f7'A + H + u;'E + F” + €A) is sub-Ic and

LCP(Z, p; fTIA+ H+ pu'E+ F' + €A) = LCP(Z, uX f7'A + uC'E + F + €A). (3.10)
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LetI' = fiuH + fiE ~q f(G +E) ~g —(Kx +A), then ;' f7'T'= H, and
Wi (Kx +A+T) =Kz + . fTIA + H+ ul'E + F + €A. (3.11)
Hence I' is a special Q-complement with respect to (Z, F) — (X,A), and LCP(X,A +T) =0 O

Lemma 3.10. Let x € (X, A) be a kit singularity. Suppose v € Valqu, and let a, = a4(v) denote the
associated ideal sequence. Then the following are equivalent:

(i) v is special.
(ii) There exists a model f: (Y,E) — (X, A) at x of qdlt Fano type such that v € QM(Y, E);
(iii) The associated graded ring

R, =gr,(0x) = P ar/a=a (3.12)
>0

is a finitely generated graded k(x)-algebra, and the pair (X, = Spec(R,),A) is kit, where A, is
defined by the divisorial part of the initial ideal of A.

(iv) There exists 6 > 0 such that if D is an effective Q-Cartier Q-divisor on X with v(D) < &, then
(X,A + D) is kit and v is special for (X, A + D).

(v) There exists 6 > 0 such that if D is an effective Q-Cartier Q-divisor on X with v(D) < 6, then
(X, A + D) is kit and v computes the Ic threshold Ict(X, A + D; a,).

(vi) For every effective Q-Cartier Q-divisor D on X, there exists a Q-complement I" of (X, A) such that
I' > €D for some € > 0, and v € LCP(X,A +T').

Proof. (i), (ii), and (iii) are equivalent by [33, Thm. 4.1].
(i-iii) = (iv). The valuation v induces a canonical valuation wt, on X,,, such that wt,,(D,) = v(D)
for every effective Q-Cartier Q-divisor D on X. By the Izumi type inequality [37, Lem. 3.5],

vol nX,,A)) A wt
Iet(X,,A,;D,) > covi(x ) . X8, (Wh)
voly, 4, (wt,) Wt (Dv)

) (3.13)

where x, € X, is the vertex defined by the irrelevant ideal of R,,, and c¢ is a constant only depending
on dim, (X) = dim(X, ). Thus, if

vol(xy; Xy, Ay)

volx, A, (Wt,)

v(D) =wt,(D,) <6 = co AXV,A\>(th)’ (3.14)

then (X,,A, + D) is klt. Since we know (iii) = (i), this implies that v is special for (X, A + D).

(iv) = (v). It suffices to show that if v is special for (X, A), then v computes the lc threshold of a,.
Suppose v is special, then v € LCP(X, A +T") for some Q-complement I". Hence we get the conclusion
by [12, Thm. 7.8]*. We also give a proof here: For w € Valx ., we have

Ax a(w) —w(T) = Ax asr (W) 20 (3.15)
since (X, A +T) islc, and w(a,) < w(I')/v(I"). Meanwhile, Ax A (v) = v(I') since v € LCP(X,A +T).
Thus

Axa(w) _ Axa(w) _ _Axa(v)
) > WD) v([) 2v(I) =Axa(v) = @) (3.16)

Taking infimum over all w € Valx ., we get Ict(X, A a.) = Ax.a(v)/v(a.).

4By [12, Thm. 7.8], if a valuation v computes the Arnold multiplicity Arn = 1/Ict of an ideal sequence, then v also computes
that of the ideal sequence a. (V) associated with itself; note that computing Arn is equivalent to computing Ict. In our case, v
computes the Ict of I, which is the same as the Ict of {Ox (—[AI']) }1>0. The result there is only stated on regular schemes with
no boundary divisor, but the proof is the same as the one we give below.
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(v) = (vi). Lete < 6/v(D), so (X, A +eD) is klt and v computes the Ic threshold lct(X, A + €D; a.)
by (v). Then the conclusion follows from the fact that a quasi-monomial valuation that computes the Ic
threshold of an ideal sequence is an Ic place of a Q-complement; see [22, Rmk. 4.4]. This fact is also
the special case of Lemma 4.2 when the base S is a point.

(vi) = (i). The proof is the same as [33, Lem. 3.4]. Let f: (Y,E) — (X, A) be a simple-toroidal
model, and y € (Y, E) be a generic point of a stratum, such that v € QM,, (Y, E), and there is an f-ample
divisor —A with A > 0 and Supp(A) = Ex(f). Then —A is ample since X is affine. Let H € |-A|g be
a general Q-divisor whose support does not contain any stratum of (¥, Supp(f:'A + E + Ex(f))). Let
D = f.H, then there is a Q-complement I' > €D of (X, A) such that v € LCP(X,A +T') by (vi). By
construction, f.'T" > eH. Thatis, I' is a special Q-complement with respectto f: (Y, E) — (X,A). O

Remark 3.11. We have Ax, A, (Wt,) = Ax a(v) and \HXV,AV(W%) = \HX,A(V) by [22, Lem. 4.10].
Thus we can take

vol(ry: Xy, Ay)

0= Co —
volx A (V)

x.a(V) (3.17)

in (iv) and (v). Moreover, if v is the minimizer of the normalized volume function for x € (X, A), then
it is proved that one can take 6 = Ax A (v)/(dim X) in [33, Lem. 3.3] using K-stability of valuations,
hence v is special.

Lemma 3.12. Let x € (X, A) be a kit singularity. Suppose v € Valx  is a special valuation for (X, A),
and a. = a4(v) is the ideal sequence associated to v. Then, up to scaling, v is the unique valuation that
computes the lc threshold Ict(X, A; a.).

Proof. We know v computes the lc threshold of a, by Lemma 3.10. Suppose w € Valx . such that

Ax.a(v) Ax a(w)
= = let(X, A a,) = ————. 3.18
(an) ct( a.) o (00) (3.18)
By rescaling, we may assume that Ax o (v) = Ax.a(w) = 1. Hence
inf WO o v = 1. (3.19)

A>0

Thus w(f) > v(f) forevery f € Ox. Assume that w(f) > v(f) for some f, then f € m, \ {0}, where
m, C Oy is the maximal ideal of x. Let D = div(f). Then, for € > 0,

Ax A+eD (W) Ax p+en (V)
= <1- =" 3.20
N ew(f) < 1= ev(f) = s (3:20)
This contradicts that v computes Ict(X, A + €D;a,) for 0 < € < 1 by Lemma 3.10. O

Remark 3.13. If v = ordg is divisorial, and f: (Y, E) — (X, A) is the prime blow-up where —F is
f-ample. Then the lemma follows from that (Y, f7'A + E) is plt.

3.3. Models of qdlt Fano type with ample exceptional divisors

Lemma 3.14. Let A be a ring. Suppose M is an A-module, and M,,, C M is a sub-A-module for every
m=(my,...,m;) €Z", such that My = M and M, C M,,, whenever m’ > m, where

m'=(mj,...,m.) > (my,...,m.)=m (3.21)
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ifand only if m{ > m; foralli=1,...,r. Let R = A[ty,...,t.], and
N = @ Mot 7™ -1 M2, ). (3.22)
mez"
Assume N is a flat R-module. Then for each & = (¢1,...,&) € (Rs9)” and A € R, there is a canonical
isomorphism

e mysa M
Skemzl " My Mo, (3.23)

LigmzaMm S5
where (£,m) = Y_ Eimi, and M = 305 Moy

Proof. Letl, = Rt} ---1;" C Rforeacha = (ai,...,a,) € N". Then

I, ®r N = I,N = @ Mot ™ -1, C N. (3.24)
mezZr
Note that I, N It = Imax(a,b), Where max(a, b) = (max(ay, by),...,max(a,, b,)). Since N is flat over

R, we have [N N IpN = Iiax(a,p) N, that is,
M N M = Miax(k,¢) (3.25)
forall k,¢ € Z". Since My = M, we have M, = Max(m,0) for all m € Z". Hence it suffices to prove

2gayzaMa

=7~ o My Msg, (3.26)
Z(f,a)>/l Ma @ g

(&,a)=4

where instead of m € Z", the summations only range over a € N”.
Note that there is a canonical isomorphism

> I
Z(f,a)z/l Ia N @ Atlal gl Iy/1sq. (3.27)
(.a)y>ata e o) (&,a)=4

Since N is flat over R, we get

> I,N
SO0 s (D LN/LlN. (3.28)
2&,aysalaN (Eoare

Taking the degree O component, we get the desired conclusion. O

Lemma 3.15. Let x € (X, A) be a kit singularity, and let f: (Y, E = }_| E;) = (X, A) be a model of
qdlt Fano type at x. Then there exists an open convex cone W C R’ , satisfying the following condition:
For every a = (ay,...,a,) € W, there exists a birational contraction ¢: Y --> Y’ over X that is a local
isomorphism at the generic point of every stratum of (Y, E) such that f': (Y',E' = ¢.E) — (X,A) is
a model of qdlt Fano type, and — ¥;_, a;E! is f’-ample.

Proof. By Lemma 3.2, we may assume f: (Y, E) — (X, A) is the Kolldr model, that is, (Y, f7'A + E)
is qdlt and —(Ky + f7'A + E) is ample. For each m = (my,...,m,) € Z", let

Im = f:Oy (— ZmiEi C Ox. (3.29)
i=1
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Let R,, = I,,/I~,, and R = EBmeN, R, be the associated graded ring. By [33, §4.2], R is a finitely
generated integral domain over Ry = k(x), and Spec(R) is the equivariant degeneration of x € (X, A)
induced by the Kolldr model (Y, E). Let W c R be the closed convex cone generated by all m € N”

such that R,, # 0, and let W = int(W) be its interior. Note that for all ¢ € W N Q", we have Ry, # 0
for all sufficiently divisible integers k since R is finitely generated and integral. We claim dim(W) = r,
hence W is a nonempty open subset in RZ .

For & € Ry, let ve € QM(Y, E) C Valx x be the corresponding quasi-monomial valuation. Then
its ideal sequence is

a(ve) = Z I, C Ox (3.30)
(&=

by [33, Cor. 4.10]. Since the extended Rees algebra ), ;- Imt,"" ---1,"" is flat over k[zy, ..., ,] by
[33, §4.2], where k is the base field, we have

a(ve)/asa(ve) = @ R (3.31)
(§.m)=2
by Lemma 3.14. If we choose ¢ such that &1, . . ., &, are linearly independent over Q, then rat.rank(v¢) =

r; on the other hand, the value group I, is generated by all (¢, m) for R,, # 0. Hence we conclude that
the linear subspace spanned by all such m has dimension r.

Suppose a = (ai,...,a,) € W. Since Y is of Fano type over X, we can take the relative ample model
¢:Y --> Y for — Zf:] a; E; after a small Q-factorial modification. Then we need to show ¢ satisfies all
the desired conditions. For some a’ € W N Q" near a, the divisor — }}7_, a'E; yields the same ample
model. Hence we may assume thata e W N Q".

Note that

~(Ky + fT'A+ E) ~x 0 = ) Axa(Ed) - E; (3.32)
i=1

is ample. Then we can choose a general Q-divisor F ~g —X.;_; Ax A (E;) - E; that does not contain
any stratum of (Y, E). Since W is open, a’ = (a; — 6Ax A (E;)); € W for some rational 0 < § < 1.

Then Ry, # O for all sufficiently divisible & since R is an integral domain. Choose g € I such that its
image in Ry, is nonzero. Let I' = divx (g), then

i
O~ fT=f"T+) kajE;. (3.33)
i=1

For & € RY ), we have v¢(g) = (£, ka’) since the image of g in Ry, is nonzero; but we also have

ve(g) =ve(f'T) + ) kajve (Br) =ve(f7'T) + ) kalé;. (3.34)
i=1 i=1

Thus v¢(f;'T) = 0. It follows that £, T does not contain any stratum of (Y, E). Let G = % f~'T". Then
r
G +6F ~xg — Z a;E;, (3.35)

i=1
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and Supp(G + §F) does not contain any stratum of (¥, E). By [33, Lem. 2.3], for some 0 < € < 1,
there exists an effective Q-divisor H on Y such that (Y, f7'A + E + €(G + 6F) + H) is qdlt,

lf'"A+E+e(G+6F)+H|=E (3.36)

and —(Ky + f7'A + E + €(G + 6F) + H) is ample. Add a general ample effective Q-divisor, we may
instead assume that

Ky + fT'/A+E+€e(G+6F)+H ~x 0. (3.37)

In other words, let A’ = A + f.H, then

.
Ky+f "W +E=Ky+f'A+E+H~xq—€(G+0F) ~x.g Z ea;E;. (3.38)
i=1

So (X, A’) is Kt since it is crepant to (Y, f71A” + 2i_1(1 — €a;)E;). Moreover,
~(Ky + fT'A' + E + €G) ~x g €6F (3.39)

is ample, and (Y, f7'A’ + E + €G) is qdlt. Thus f: (Y, E) — (X, A’) is also a model of qdIt Fano type.
Then the ample model (Y’, E’ = ¢.E) for — 3, €a;E; is the corresponding Kolldr model for (X, A’)
by [33, Prop. 3.9]. Hence (Y’, E’) is also a model of qdIt Fano type for (X, A). O

Remark 3.16. If we choose a € W such that a4, . . ., a, are linearly independent over Q, then we get a
model f": (Y’,E’) — (X,A) of qdlt Fano type such that each E; is Q-Cartier, and there is an ample
Q-divisor —A on Y’ with A > 0 and Supp(A) = Ex(f").

4. Families of Kollar models
4.1. Degeneration of valuations via families of models

In this subsection, let S be a regular local scheme of dimension d, with the closed point s € S and the
generic pointn € S. Let H = Z‘?:] H; be an snc divisor on S defined by a regular system of parameters.
The subscript (=), will denote the fiber at a point ¢ € S for schemes, divisors, and sheaves of modules
over S.

Lemma 4.1. Let n: (X,A) — S be a locally stable family of pairs. Then there exists € > 0 such that
if f: (Y,E) = (X, A) is a family of models where E is Q-Cartier and (Y, f7'A + (1 — €)E) — S is
locally stable, then (Y, f-'A + E) — S is also locally stable.

Proof. We will apply the ACC of Ic thresholds in [10, Thm. 1.1]. Let Coeff(A) c R denote the set of
coefficients of A. Let LCT C Ry be the set of all numbers Ict(W, Dy, ; M) where (W, Dy ) is an slc
pair with dim(W) = dim(X), with coefficients of Dy in Coeff(A) U {1}, and M is an effective nonzero
Q-Cartier Z-divisor on W. Then LCT satisfies the ACC by [10, Thm. 1.1]; note that we may allow slc
pairs (W, D) by [14, Thm. 5.38]. Since LCT c [0, 1] and 1 € LCT, there exists € > 0 such that

LCTN[1-¢ 1] ={1} 4.1
by the ACC. In our case, (Y, f-'A + (1 — €)E + f*n*H) is slc by [15, Thm. 4.54], that is,

l—e<let(Y, f7'A+ f*n*H;E) € LCT. 4.2)
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Hence lct(Y, f7'A + f*a*H;E) = 1, thatis, (Y, f7'A+ E + f*7*H) isslc. So (Y, f7'A+E) — Sisa
locally stable family by [15, Thm. 4.54]. O

Lemma 4.2. Let r: (X,A) — Swithx € X(S) be a locally stable family of kit singularities, and I, be
an ideal sequence on X cosupported on x(S) such that

let(Xs, Agi Ise) = Ict(X,), Ayys I50) < 00 4.3)

Suppose vy € Valg(rz’xn computes the lc threshold of I, ., and o C Valx, x, is a quasi-monomial
simplicial cone for (X, Ay;) such that vy € o. Then there exists a family of models at x over S

fi(Y,E=E +-+E;) — (X,A) (4.4)

such that the following hold:

(1) Ei, ..., E, are all the exceptional divisors of f, and the valuations ordg,, . . .,ordg, are centered at
Xy and span a simplicial cone T C o such that vy € 1;

() wo f: (Y, f7'A+ E) — Sis alocally stable family;

(3) there exists a relative Q-Cartier Q-divisor I" on X /S such that n: (X,A+T") — S is a locally stable
family, Kx + A+ T ~5 o 0, and T ¢ LCP(X,,, A, +T7).

(4) Yis Q-factorial, and —(Ky + f7'A + E) is f-semi-ample.

Proof. By rescaling the index of I,, we may assume that Ict(X,, Ag; I .) = let(X,,, A5 1,.) = 1. The
assumption that vo computes the lc threshold means

X0, (Vo)

A
Xy, By ) = = 2 @.5)

By rescaling v, we may assume Ax, A, (vo) = 1. Hence vo(/;;.) = 1. Since X;; C X is the generic
fiber, we identify Valxm Xy = Valx x, so that Ax a(vo) = vo(l.) = 1. By inversion of adjunction,
(X,A +7*H) is dlt, and

let(X, A +7"H; I,) = 1ct(Xs, Ag; I5e) = 1. (4.6)

It follows that Ict(X, A; I,) = 1, and vo computes the Ic threshold of 7, on (X, A).
Fix an isomorphism o~ ~ R ;. Note that the function

v(1p)

Ax a+r, (V) = Ax a(v) =v(le) = Ax A (v) — inf —— 4.7)
>0 A

is non-negative, homogeneous, and convex on o =~ (Rsg)”. Choose a norm || - || on R”, and write d(-, -)
for the induced metric on 0. Then Ax a4, is a Lipschitz function on o.> Hence there exists C > 0 such
that

Ax a+1, (V) < Ax arr,(vo) + C - d(vo,v) = C - d(vo, v). 4.8)
Fix 0 < € < 1asin Lemma4.1 for 7: (X,A) — S. By Diophantine approximation (see [22, Lem. 2.7]
or [31, Lem. 4.47]), there exist vy,...,v, € o and q1,...,q, € Z=o such that:
(1) vg is in the convex cone 7 spanned by vy, ..., V,;
(2) gq;vi = ciordg,, where E; is a prime divisor over X and ¢; € Zq, foralli=1,...,r;
(3) d(vg,v;) < ﬁ foralli=1,...,r.

5Any finite convex function on a convex subset of R" is locally Lipschitz. Here Ax a1, is homogeneous (of degree 1) and o
is a cone over a compact set, hence Ax a4j, is globally Lipschitz on o.
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Thus
4qi €
0 < Axa+n(E) = ;AX,A+I.(VL') <3 4.9)
foralli=1,...,r.
Choose €’ > 0 such that 2¢’ordg, (l,) < eforalli =1,...,r. Since
sup A - let(Xs, Ag; I ) = /Ilim A-let(Xg, Ags I 2) = let(Xs, Ags L) = 1, (4.10)
>0 —
we have
(1-€)/A <let(Xy,Ag; L5 2) < 1/ (4.11)
for 2 > 0. Write ¢ = (1 — €’) /4, then Ict(X, A; 19) > let(X, Ay I5 ) > 1, and
Ax a+1¢ (Ei) < Ax asr, (Ei) + (ordg, (1) — cordg; (1))
1
< g + (1 —€)|ordg, (I.) - zOdei(I/l) + €’ordg, (1.) (4.12)
€ €
—+0+=-=
< 3 5 €
where we used the general fact that v(1,) < v(I,)/A for every valuation v.
Write a; = Ax a+r¢ (E;) < € < 1. By Lemma 2.4, there exists a model
f:(Y,E) > (X,A) (4.13)
such that £ = E| + - - - + E, is the sum of all exceptional divisors of f, and Y is Q-factorial. Since
let(X, A + 7" H; 17) = let(Xs, A I ) > 1, (4.14)

(Y, A+ 30 (1 = ap)E; + f*n*H) is Ic, that is, w o f: (Y, f7IA + 30_ (1 — a;)E;) — S is locally
stable. Thus w o f: (Y, f7'A + E) — S is locally stable since a; < € for all i, by Lemma 4.1.

Since Y is of Fano type over X, we can run a —(Ky + f'A + E)-MMP over X and get a Q-factorial
good minimal model

N % (4.15)

where —(Ky + f/7'A + ¢,E) is f’-semi-ample. As above, (Y’, f/'A + i (I —ai)pEi + f*n*H) is
also Ic, hence mo f’: (Y’, f/"'A + ¢.E) — S is a locally stable family by Lemma 4.1. Applying [16,
Lem. 3.38] in each step of the —(Ky + f.'A + E)-MMP, we have

Ay poavespoan (F) 2 Ay pringg popronen (F) (4.16)

for every prime divisor F, and the equality holds if and only if ¢ is a local isomorphism at centery (F').
Thus ¢ is a local isomorphism at every Ic center of (Y, f~'A + E + f*7*H). In particular, ¢ does not
contract any component E; of E. Thus f’: (Y',E’ = ¢.E) — (X, A) satisfies (1), (2), and (4).

It remains to show (3). Since —(Ky + f,'A + E) is f-semi-ample and X is affine, we can choose a
general Q-divisor

G e |-(Ky + fT'A+ E)|g 4.17)
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such that (Y, f7'A+ G+ E + f*n*H) islc. Let I' = £.G ~g —(Kx + A), then
f*(Kx +A+T+n"H) =Ky + [T'A+G+E + f*n*H, (4.18)
som: (X,A +T) — Sislocally stable, and each E; is an Ic place of (X, A +TI'). Since the function
Vi Ax A (v) = Ax A (v) —v(T) 4.19)

is non-negative, homogeneous, and convex on 7, while vanishing at ordg,, we get Ax a.+r(v) = 0 for all
v € 7, thatis, 7 C LCP(X,A +T). O

Remark 4.3. Assume vy is a special valuation, and o is a special quasi-monomial cone. Then 7 is also
special, so f5,: (Y5, E;;) — (X;;, Ay,) is amodel of qdlt Fano type by Lemma 3.4, with QM (Y, E;)) = 7.
In particular, vo € QM(Y,;, E;;). Since every Ic center of (Y, f*‘lA + E) lies over 7y by [15, Cor. 4.56],
(Y, f7'A +E) is qdlt.

For a = (ay,...,a,) € (Rxp)", let f': (Y',E') — (X,A) be the relative ample model for
- Z;zl a;E;, where E’ is the strict transform of E. By Lemma 3.15, for suitable choices of a, the
generic fiber (Y, E},) is also a model of qdlt Fano type for (X, Ay). In particular, we may assume
that ay, ..., a, are linearly independent over Q, then each E l’ is Q-Cartier, and there exists an f’-ample
Q-divisor —A’ on Y’ such that A’ > 0 and Supp(A’) = Ex(f’) = E’. Note that f": (Y',E’) — (X,A)
satisfies (1), (2), and (3).

44. Let: (X,A) — S be a family of pairs, and f: (Y, E) — (X, A) be a family of models such that
E = Zf.‘zl E; is the sum of all f-exceptional divisors. Let Z be an irreducible component of ();; E; for

some I C {1,...,k}. Let { be the generic point of Z, and z be a generic point of Z; = Z N Y. Assume
that 7 o f: (Y, f-'A + E) — S is locally stable in an open neighborhood of z, and E; is Q-Cartier at z
foralli e I.

Then (Y, f7'A +E + f*n*H) is Ic, and Z is an lc center of (Y, f7'A + E), in an open neighborhood
of z. Thus Z dominates S (see [15, Cor. 4.56]), that is, the generic point { of Z lies over the generic point
n of S. Since E; ;, is Q-Cartier at £ for all i € I, the pair (Y,;, E};) is simple-toroidal at £, and the other
components E; ,, does not pass through n for i’ ¢ I, by Lemma 2.2. Now

d
ze(\En(frH, (4.20)
i€l Jj=1

where each E; is Q-Cartier, and each f*7*H; is Cartier. Since z has codimension at most ||+ d in Y,

(Y, E + f*n*H) is simple-toroidal at 7 by Lemma 2.2, hence (Y, Ey) is simple-toroidal at z as well. By
Lemma 2.9, we have a commutative diagram

QM (Y, E;) —— QM_(Y,E + f*n*H) —— QM. (¥;, E;)

l: l: l: 4.21)

a (a,0) (a.p)—a

R, > RLy XRY, > RY,
giving a canonical isomorphism
QMé‘ (er En) = QMZ (Y5, E) 4.22)

which maps E; ;, to the unique irreducible component Ei”s of E; s containing z.

Definition 4.5. Keep the notations in 4.4. For a quasi-monomial valuation v,‘; e QM z Yy, Ey,) C Valqn: s

a

we say its image v& € QM, (Yy, Ey) C Valy" is a quasi-monomial degeneration of v,

. or vy degenerates
to v, via the family of models f: (Y, E) — (X, A).

https://doi.org/10.1017/fms.2025.10111 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10111

26 Z. Chen

Lemma 4.6. Let n: (X,A) — S be a family of pairs. Suppose v, € Valg(r: degenerates to v € Val;lg1
via a family of models f: (Y,E = Zf.‘zl E;) — (X, A) over S. Then the following hold:

(1) vy(ay) < vg(ay) for every coherent ideal a C Ox;

(2) if Kx + A is Q-Cartier, then Ax, a, (Vi) = Ax,.a, (Vs);

(3) if T is a relative Q-Cartier Q-divisor on X /S such that m: (X,A +T') — S is locally stable and
vy € LCP(X,;, Ay + 1), then vy € LCP(Xy, Ay +T's) and v, () = v (Ty).

Proof. Suppose Z is an irreducible component ();¢; E; as in Definition 4.4, such that v,, maps to v in
QM (Yy, E;) = RY = QM. (¥, E;), (4.23)

where £ is the generic point of Z,,, and z is a generic point of Z, and they are given by & = (;) € Rlzo
in coordinates. Then (1) follows from Lemma 2.9.
(2). Write

k
FU(Kx + A+ H) =Ky + 70+ Y (1= Ax A (E) - E; + f*7°H. (4.24)

i=1

Restricting to f;,: (Y5, Ay) — (X5, A5) and fi: (Y, Ag) — (Xi, Ag), respectively, by adjunction we
get

Ax, ., (Eiy) = Ax a(E;) = Ax, A, (E ) (4.25)

for every component El.”s of E; 5. Hence Ax, a, (V) = Xjer @iAx a(E:) = Ax, A, (Vs).
(3). By (1) and (2) we have

Ax, A+, (Vs) = Ax, a, (vs) —vs(Ts) < Ax,a, (V) —vip(Ty) = Ax, a,+1, (V) =0, (4.26)

while Ax_ A +r, (Vs) 2 0since (X, Ay +I') is slc. Thus all the inequalities above must be equalities,
that is, Ax, a,+r, (vs) = 0and vg(I'y) = v, (I7y). O

Lemma 4.7. Let n(X,A) — S with x € X(S) be a locally stable family of kit singularities, and I, be
an ideal sequence on X cosupported on x(S) such that

let(Xs, Ags Ise) = Ict(X;, Ayys 1;.0) < 0. 4.27)

qm qm . . .
Suppose v € Valxs’xs and vy € Valxn,xn are special valuations with

Ax,a,(vs) = Ax,n, (Vi) = 1, (4.28)
satisfying the following: for every relative effective Q-Cartier divisor D on X /S with vs(Ds) = v, (D),
there exists € > 0 such that w: (X, A +€D) — S has kit fibers, and v and v, are, up to scaling, unique

quasi-monomial valuations computing lc thresholds 1ct(Xs, Ag+€Dy; I o) andlct(Xy, Ay +€D i I W),
respectively. Then there exists a locally stable family of Kollar models at x

f: (Y,E) > (X,A) (4.29)

such that vy € QM (Y, Ey), vy € QM(?,I,E,]), and v, degenerates to v.

Proof. First note that for D = 0 we have

vo(Is.e) = Axya, (v) - 1et(X, Ags I a) = Ax, a, (V) - 1et(Xops Ay Ip0) = vy (Ipe). (4.30)
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Assume D is a relative effective Q-Cartier divisor on X/S§ with vg(Dy) = v, (D), then

AXS,AS (Vs) — €EVg (DY)
Vs(ls,o)

_ AX,,,A,,(VU) - fvn(Dn)

B vip(In.e)

let(Xs, Ag + €Dy; Is,-) =

(4.31)

= ]Ct(X,], Ay, +€eDy; 117,0)~

Thus we can apply Lemma 4.2 to the family 7: (X, A + eD) — S, the ideal sequence I,, and v, so we
get a family of models f: (YP, EP) — (X, A +€D), via which v,, degenerates to some v2 € Val}"

s X, Xs
as in 4.4 (note that v, € QM(YP, Ef,)) by Remark 4.3). Then

AX,,,An+eD,,(V77) S Ax, As+eDy (v?)

let( Xy, Ay + €D s 1y 8) = >
R Vi (In.e) vP (Is,)

4.32)

by Lemma 4.6. This implies that v2 computes Ict(Xy, A + €Dy; I +). By the uniqueness assumption,
we conclude that v? = v, since Ax, A, +eD, (v?) = AXU,A”J,GDU(VU) = Ax, a.+eD, (Vs). Moreover,
Lemma 4.2 gives a relative effective Q-Cartier Q-divisor I > €D on X /S such that7: (X,A+I") — Sis
locally stable, Kx +A+I" ~g ¢ 0,and v,, € LCP(X,,,A,,+I';;). By Lemma 4.6, vy € LCP(X,, Ag+T%).

By Remark 4.3, since v,, is special, we can choose a family of models f: (Y,E = Y/_, E;) — (X, A)
such that generic fiber is of qdlt Fano type, each E; is Q-Cartier, and there exists an f-ample divisor
supported on E. Thus Z = (_, E; is irreducible, with the generic point £ such that v,, € QM, (Y, E;;).
Let z be a generic point of Z, then (Y, E + f*n*H) is simple-toroidal at z, and as in the last paragraph,
we have v, € QM, (¥;, E;) corresponding to v, and @ = (a;) € RZ, under

QM (Yy, Ey) = Ry = QM (¥, Ey). (4.33)
In fact, by the uniqueness assumption, z is the unique generic point of Zs. Let
w: (W,F) = (Y, [T'A+E + f"n"H) (4.34)

be a log resolution that is a local isomorphism over z and the generic point of Y, such that there is a
p-ample divisor supported on Ex(u). Hence there is a g-ample divisor —A with Supp(A) = Ex(g) and
A > 0, where g = f o u. Since X is affine, —A is ample. Let G € |-A|g be a general Q-divisor whose
support does not contain any stratum of (W, F), and let D = g.G = g.(G + A). Then D is Q-Cartier,
and Supp(D) does not contain Xs. Thus D is flat over S. Write

*D=f'D+ Z ordg, (D)E; (4.35)
i=1

where the support of £7'D = u.G does not contain z. Hence v (Dy) = 2 aiordg, (D) = v, (Dy).

By last paragraph, there exists a relative effective Q-Cartier Q-divisor I' > €D on X /S, for some € > 0,

such that 7: (X,A +T') — S is locally stable, Kx + A +I" ~5 o 0, and v,, € LCP(X,;,A,, +T';)).
Consider the diagram

QM (Yy. Ey) —— QM, (Y. E + f*m*H) —— QM (Y, E;)

l: l: l: (4.36)

a (a,0) (a,B)—a

r r d r
R% > R xRS, > RS
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Suppose @ = (a;) € RY corresponds to v € QM (Y, E;) N LCP(X;, Ay +T7), then
vy € QM, (Ys, E5) NLCP(X,, Ag +T) (4.37)
and v{ (T's) = vj;(I';) by Lemma 4.6. For every B = (B;) € Rio and v®P € QM, (Y, E + f*n*H),
r d

Ax psnor (VEP) = Z @i Ax Avam (Ep) + ZﬂjAX,AHr*H(f*ﬂ'*Hi) = Z @;Ax A+nH (Ej) (4.38)

i=1 j=1 i=1
since Ax a+ner (f*7°Hj) = 0. Thus Ax, A, (Vi) = Ax pvrm (VEP) = Ax, A, (vY). Also,
va(,) < veP(D) < vE(Ty) (4.39)
by Lemma 2.9, so all the equality holds. Then we get
Ax, a0, (VD) = Ax avrencr (VOP) = Ax a e, (08) = 0. (4.40)

Let oy € QM (Y, E;)) N LCP(X;;, Ay + T'yy) be a simplicial cone containing v,;, and let o € R
be the corresponding cone under the canonical isomorphism QM (Y, E;) = R . Then o X R”ZIO
corresponds to a cone ¥ C QM_ (Y, E + f*n*H) under QM (Y, E + f*n"H) ~ R_; x Rio such that

% C QM (Y,E + f*n*H) NLCP(X,A + T + n*H). (4.41)

Now I'+7* H is a special Q-complement with respectto g: (W, F) — (X, A), since g;'(T'+7*H) > €G.
Thus, by Lemma 3.9 and Lemma 3.2, we get a qdlt anticanonical model

f: (Y,E+H) = (X,A) (4.42)

with QM(Y, E + H) = Z. Thus all components of E are centered at x, and H = f,'n"H = f*z*H. So
f: (Y,E) — (X,A) is alocally stable family of Kolldr models (see the remark after Definition 3.5). It
is clear that v,, € QM(Y,,, E;;) degenerates to vy € QM(Y, Ey). O

qm

such
XX

Remark 4.8. In Lemma 4.7, if we fix a special quasi-monomial simplicial cone 7 C Val

that v,, € 7, then we can get a model f: (Y,E) — (X,A) with QM(Y,,, E,) C 7. Moreover, when
we choose o in the last step, using Diophantine approximation as in the proof of Lemma 4.2, we may
assume that

Axave(Ej) <1 (4.43)
for every component E; of E, for some ¢ > 0 and A > 0 with Iet(X, A; Iﬁ) > 1.

4.2. Multiple equivariant degenerations

Definition 4.9. Let x € (X, A) be a kit singularity of finite type over a field k, with x € X (k). Suppose
fiY,E=E+---+E,) > (X,A) (4.44)
is a model of qdlt Fano type at x. Suppose X = Spec(R), and let R be the extended Rees algebra

= ,Ovlawcy+---+a, L))t -+t C [ R Sl N .
R H(Y, Oy (a, E E Nt 18 Rt ] (4.45)
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Then R is a finitely generated k-algebra, and we have X' = Spec(R) — A} with an isomorphism
X Xar (Gmk)" = X Xk (Gm k)" (4.46)

Let A x be the closure of AXy (G, x)". The morphism (X, A x) — A/ is called the multiple degeneration
of (X,A) induced by f: (Y,E) — (X, A). Moreover, there is an action of (G, )" on (X, Ax) such
that the multiple degeneration is equivariant, and the point x € X (k) induces a section x € X' (A}).

By [33, §4],x € (X,Ax) — AZ is a locally stable family of kit singularities, and

R/(t1,...,t) = gr,(R) (4.47)

for every v € QM° (Y, E), which induces (X,,A,) =~ (X,Ay) Xar {0}.

Lemma 4.10. Let S be a regular connected scheme. Let m: (X,A) — S with x € X(S) be a locally
stable family of kit singularities, and f: (Y,E = Y\ E;) — (X,A) be a locally stable family of
Kolldr models at x. For each 1 < i < r, let (XD, AW) — AL be the multiple degeneration induced by
E{+---+ E;, that is,

R = @ T fiOp (@rEr + -+ @ ENEY 1% € mOx[rE), .. 1], (4.48)

4

and X0 = SpecsR(i> - Ag. Then the following hold:

1) (XD ADYy Ag is a locally stable family of kit pairs.
(2) There exists a locally stable family of Kolldr models @ : (YW, €Dy — (x@ ADY oyer Ag with

YW, gy X4l (Gm’s)i ~ (Y,E) Xs (Gm,s)i (4.49)

as families of models for (X, A) xs (Gp.s)".

(3) (XED Ay Ag” is the degeneration of (XD, AD) — Ag induced by the component EX)I
corresponding to E;.q. _ .

(4) For every s € S, the base change (Xs(’), Agl)) — Al js the multiple degeneration of x5 € (X;, As)
induced by fv: (YS7 El,s +-e+ Ei,s) - (XSs A\)

Proof. The case when S is a point is proved in [33, §4.2]. In general, we may assume that S is affine.
If we have (1) and (2), then (3) holds by [30, Prop. 3.6]. We prove (1) and (2) by induction on i. By
(3), it suffices to prove the case i = 1. By shrinking S, we may assume that there is a relative effective
Q-Cartier Q-divisor I" for X/S such that 7: (X,A +T') — S is locally stable, Kx + A +T" ~5 o 0, and

LCP(XS" A+ Fs) = QM(YS’ Es) (4.50)

for every s € S. Now

xM = specs(@ 7. f.Oy (mE)i™ | — AL = Specg (6s[1]). 4.51)

mez

By [33, Lem. 3.13(4)], E, gives a locally stable family of Kollar components for (X, A + (1 — €)I") at x
forall 0 < € < 1, and the fiber XS(I) — Al is the degeneration of X, induced by E s for every s € S.
Hence by [30, Lem. 3.3] and the case over a point, (X", A1) + (1 — e)l'") — AL is a locally stable
family with klt fibers. It follows that (XD, A(D) + () — Al is a locally stable family, and (4) holds.
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It remains to prove (2) when i = 1. Since (XD, A(D) 4+ () Xal Gm,s =~ (X,A +T) x5 Gn_5, Wwe
can extract the divisors E; X5 Gy, s to get a model

f(l): (y(l)’g(l)) N (X(l),A(l)) (4.52)

by Lemma 2.4. Passing to the ample model over X' (!, we may assume —(Kyo) + (FNHZTAM 4 gDy
is ample, and there is an isomorphism

YV, D) 41 Gs = (¥, E) Xs Gn,s. (4.53)

Hence £ is the closure of E Xg Gp,s, and

Kym + (fONAD + 1Dy + D = (FD) Ky +AD +TW), (4.54)
Suppose fo, . . . , 14 is a regular system of parameters at a closed point of A%, and
H =div(1g) + - - - + div(zg) ¢ XD, (4.55)

Then (XM, AW + T 4 H)islc. Hence (YD, €W + (fFNTAD +TW) 4 (FD)*H) is Ic, that is,

YW, gD 4 (FHAD 4+ T7Dy) — Al (4.56)

is locally stable. Hence, for every s € S, the fiber fs(l) : (y§”, 530)) — (Xs(l), Aél)) is a family of models
which extends (¥y, E) X (s) Gm,i(s) = (X5 As) Xe(s) Gim,a(s) Such that (K, +( FI=IAD 4 gDy
is ample. By the case over a point, (Ys, Eg) Xy (s) CGm,«(s) = (X5, Ag) Xk (s) Om,«(s) can also be extended

to a locally stable family of Kolldr models, which must coincide with fs(l) : (y§”, 551) ) — (XS(I), Aﬁl) ).
So every fiber of (Y1, €M + (fFM)TAM) — Al is qdlt, that is,

f(l): (y(l)’g(l)) _ (X(l),A(l)) 4.57)

is a locally stable family of Kollar models. O

Lemma 4.11. Let S be a regular connected scheme. Let n: (X,A) — S with x € X(S) be a locally
stable family of kit singularities, and f: (Y,E = Y.\_, E;) — (X, A) be a locally stable family of Kolldr
models at x. Suppose @ = (@;) € R, and v{ € QM°(Yy, Ey) is the corresponding quasi-monomial
valuation on xs € (Xs,Ay) for every s € S. For each A > 0, let

ay = Z f*@y(—zr:miEi)C@X, (4.58)
i=1

(a,m)>=A
where the sum ranges over all m = (m;) € N” such that },;_, a;m; > A. Then the following hold:
(1) ae ={a,}a is an ideal sequence on X centered at x, and a,/as , is flat over S for all 1 > 0.
(2) Let X, = Specg(m.gr,(Ox)), where
& (0x) = P aa/azs, (4.59)
>0

then the canonical morphism ny: Xo — S is flat, of finite type, with normal and geometrically
integral fibers. There is a canonical action of T = (Gn,s)" on X preserving the grading, whose
fixed locus is the image of a section xo: S — Xq.

(3) Forevery s € S, the restriction a5, = {0)0x, } is the ideal sequence associated with v¢.
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(4) There exists a T-invariant effective Q-divisor A, on X such that my: (Xg,Ag) — S is a locally
stable family of kit pairs, and (X5, A o.s) is the degeneration of xs € (X5, As) induced by v for
every s € S.

Proof. (1).1tis clear that as = {a,}, is an ideal sequence on X. Write

Im = fiOy (— Zr: m;E;

i=1

c Ox (4.60)

form € Z", and I = 35y Lw, Where m” = (m]) > (m;) = m if and only if m; > m; for all i and
m’ # m. By Lemma 4.10,

R = @ Lt ™ o1, (4.61)
mezZr
is flat over A = Specg(Os|t1, ..., t-]). Hence
Rt i) = D) I/ Tom (4.62)
mezZ"

is flat over S. By Lemma 3.14, we have

W= P In/lom, (4.63)

(a,m)=1

S0 a,/as, is also flat over S.

(2). By the computation above, X, is isomorphic to X Xar Og over S, where Og C Ag is the zero
section, and (X, A x) — A is the multiple degeneration induced by f: (Y, E) — (X,A) in Lemma
4.10. Hence mq: X, — S is flat, of finite type, with normal and geometrically integral fibers. Since
X — Ag is T-equivariant, we get an action of T on X, and

TasOx, = ) 7l Lom) (4.64)

mezZ"

is the eigenspace decomposition. In particular, the T-action preserves each a,/a- ;. Since
m.(lo/I>0) = m.(Ox [ I50) = Os, (4.65)

the fixed locus is given by a section x4 : S — X,.

(3) For s € S, we construct I ,, C Ox, and R = @, czr Ls.mt; " -+ -1, as above from the Kolldr
model f: (Y5, Es) — (X5, As). Then Ry = R ®p4 k(s) as subrings of Ox_[£F!,..., 1], by Lemma
4.10. So Is m = InOx, = I, ®e, k(s) for all m € Z". By [33, Cor. 4.10], we have

L= > Lo (4.66)

(a,m)>1

Thus a,(vy) = a,0x,, and a,(v{)/as(vE) = (a,/as,) ®e k(s). So we get (3).

(4). Recall that X, ~ X Xar Os over S. Let A, be the base change of Ay, then 1, : (X4,Ay) — S
is a locally stable family of kit pairs. As in (3), the fiber (X, s, Aq.s) is the central fiber of the multiple
degeneration (X, Ag) — AL, so it is the degeneration of x; € (X, Ay) induced by v¢. ]

Remark 4.12. Keep the notations in Lemma 4.11 and the proof. We claim that A, is defined by the
divisorial part of the initial ideal of A.
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More precisely, write A = Y, cpD, and let b C Ox be the ideal of the closed subscheme D C X for
each component D of A. The initial ideal of b (with respect to a,) is the ideal

ing (b) := @(b Nay)/(bNasy) C gry(Ox). (4.67)
=0

Then in, (b) defines a closed subscheme of X, = Specg(7.gr,(0x)). Let D, C X, be its divisorial
part (see [15, 4.16]). We will show that A, := Zj cp D, is the divisor given by Lemma 4.11.

Recall that X, = X Xar Os. Let Ag be the pullback of A y to X, then we need to show Ay = A,.
There is an isomorphism

(X, Ax) Xar (Gm,s)" = (X,A) Xs (Gm,s)", (4.68)
such that A y is the closure of A X5 (Gp,s)". Thus, we have Ay = 3, cpD, where D C X is defined by
the ideal

RObB[E, .. ] = EB (In NB)E™ 17" C R (4.69)
mezZr

Hence the pullback D¢ of D is the divisorial part of the closed subscheme defined by the ideal

in (6) = € U N 0)/ (Lo 0 0) € ) I/ Lo (4.70)

mezZ" mezZ"
If @y, .. . @, are linearly independent over Q, then we have in; (b) = in,(b) since a /as, = I, /1>, for
the unique m € N” with (@, m) = A. Hence Dy = D, s0 Ag = A,.
In general, suppose the subspace generated by ai,..., @, has dimension ¢ < r over Q, and let
o C RY, be a rational simplicial cone of dimension g with & € o, spanned by ui, ..., ug € N". Then
o induces a morphism A¢ — A% given by

Oslti,....tr] = Oslur,...,ugl, ti—>ul™ - ul®. 4.71)

Let (X', Ax) = (X, Ax) Xar, A, so that X, = X’ Xpa 0s. More explicitly,

X':SpecS@Jnul‘"' --u",  where J, = Z L. (4.72)

nezd (uj,m)zn;

Note that if we write o = Z?=1 Bjujand B = (B;) € R, then

a; = Z I, = Z .. (4.73)
(a@,m)=1 (B,ny=a

Then (X', Ax/) — Ag is a locally stable family, in particular every component of A y» dominates Ag.
So A x- is closure of A X5 (Gp,5)9 under

(X7, Axr) Xp9 (Gm,s)? = (X, A) Xs (Gm,5)?. (4.74)
By our choices, Bi,...,B, are linearly independent over Q, hence the pullback Aj of Ay to X,

coincides with the divisor A, defined by the initial ideals, as in the paragraphs above. Finally, Aj = A
since A » has well-defined pullbacks (see [15, Thm-Def. 4.3]).
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5. Families with constant local volume
5.1. Degeneration of the minimizer over a DVR

In this subsection, let S = Spec(A), where A is a DVR, with the generic point 7 € S and the closed point
s eS.

Theorem 5.1. Let n: (X,A) — S with x € X(S) be a locally stable family of kit singularities with
\E(X,I;X,],A,]) I\H(X‘Y;XS,AS). 5.1

Suppose vy € Valx, x, and v{' € Valx, x, are minimizers of the normalized volume for x;, € (Xy,Ay)
and x5 € (X, Ay), respectively, scaled such that Ax, a, (vr,‘;) = Ax, A, (VY. Then there exists a locally
stable family of Kolldr models f: (Y,E) — (X, A) at x over S such that

vr,;‘ e QM(Y,,Ey) and v§ € QM(Yy, Ey), 5.2)

and they are identified under the canonical isomorphism QM(Y,,, E;;) =~ QM(Y;, E;) in Definition 4.4.

Proof. Let a.(vyy) C Ox, and a.(v{') C Ox, be the ideal sequences associated with vii and v,
respectively. We may assume that Ax, a, (V) = Ax,a, (v§") =1, so that

166X,y A3 0 (V) = let(Xy, Ays s (V) = 1, (5.3)

since they are computed by vy and v, respectively, by Lemma 2.18. Thus

ex, (@ (V™) = Vol (x, X, A ) = Vol (x5 Xy, Ay) = ex, (2 (v1). (54)

Let I, = j*a.(v',‘;) N Ox, where j: X;; — X is the inclusion, and Ox — j.0Ox,, is injective since X is
a Cartier divisor. It is clear that Ox /I, is supported on the section {x} and torsion-free over S for all
A > 0. Since S is the spectrum of a DVR, we conclude that Ox /I, is flat over S. Hence

ex, (In.e) = ex, (Is,e), (5.5)

where 1) o = 1,0x, = a.(v}), and I5 « = I.Ox,. Since Ict is lower semi-continuous in a family, we have

\7(?1()%; XS’ AY) < ICt(XS7 As; Is,o)n : eXS (Is,o)

— (5.6)

< et(Xy, Ay Iye)" - ex, (Iy.e) = vol(xy; Xy, Ayy),
where n = dimy, (X;;) = dim,, (X;). But \E(x,,;X,],AU) = \//gl(xs;Xs,As), so all the inequalities
above must be equalities. Thus by the uniqueness up to saturation in Lemma 2.18, we have

Is,o C 7;,- = aco(van) (57)

for some ¢ > 0. In fact, ¢ = 1 since GXS(Z,-) =ex, (Is,e) = ex, (as (VY)).
Next, we will verify conditions of Lemma 4.7. Assume D is a relative effective Q-Cartier Q-divisor
on X/S, such that

VI;I;(DU) = V?(Ds)- (5.8)

By Lemma 3.10, there exists 6 > 0 such that if € < 6/v}(Dy) = 6/v§'(Ds), then vy and v are special
valuations for x,, € (X, A, +€eD,) and x; € (X, As+€Dy), respectively. In fact, we can take 6 = 1/n;
see Remark 3.11.

By Lemma 3.12, v and v are the unique, up to scaling, real valuations that compute lc thresholds
let(X5, Ay + €Dy aa(vy)) and let(Xs, A + €Dy aa(VY')), respectively. Then by Lemma 2.16, v is
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also the unique, up to scaling, real valuation that computes lct(Xs, Ag + €Dy; I5o). Now the theorem
follows from Lemma 4.7. |

5.2. General base schemes

Corollary 5.2. Let S be a semi-normal scheme, and nn: (X,A) — S with x € X(S) be a locally stable
family of kit singularities, such that

s — \7(;1(xs;Xs, AS) >9)

is a locally constant function on S. Suppose V' € Valx, ., is a minimizer of the normalized volume for
xs € (X5, Ay), scaled such that Ax, a,(vy) =1 for all s € S. Then there is an ideal sequence a, C Ox
cosupported at x(S) C X such that the following hold:

(1) ay/as, is flat over S for all A > 0.
(2) Foreverys €S, ag,e = {a,0x,} is the ideal sequence on X associated with vy

Proof. First assume that S = Spec(A), where A is a DVR. By Theorem 5.1 and Lemma 4.11, we have
an ideal sequence a. C Ox such that a,/a-, is flat over S for every 1 > 0, (Xp, Ag) — S is a locally
stable family of klt singularities, and ay_ is the ideal sequence associated with v§' for each s € S. Since
vy is a minimizer of the normalized volume function, xos € (Xo,s, Ao,s) is a K-semistable log Fano
cone singularity by [22, Thm. 1.1].

In general, we may assume that S is connected. Let a. (V') C Ox, be the ideal sequence associated
with v{. Note that if x(s) C K is field extension, then a. (v{') ®(s) K is the ideal sequence associated
with the minimizer of the normalized volume function for xx € (Xg,Ag). Suppose A is a DVR, and
g: T = Spec(A) — S is a morphism, then the base change (X7, Ar) — T withxy € X7 (T) is a locally
stable family of kit singularities, so that we have an ideal sequence ar . C Ox,, whose fibers are the
base changes of the corresponding a. (vY"). Therefore, the function

a: s length, (Ox, Ja (VD)) (5.10)
is constant under specialization, hence constant, for all A > 0. Consider the Hilbert scheme
ki
hy: Hlle/S—>S (5.11D)

parameterizing closed subschemes of X that are finite flat over S with length £;. Then h, is separated
and of finite type. For each s € S, we have a k(s)-point 1 (s) = [Ox, /a,(Vy)] € h;l (s).If Aisa DVR,
and g: T = Spec(A) — S is a morphism, then by the argument above, there is a lifting f: T — Hilbﬁg /s
of g such that f(r) = 01(g(¢)) for every ¢ € T. Thus, by Lemma A.1, the set map s — ¢;(s) underlies
a morphism of schemes oy: § — Hilbfj /50 which is a section of 4,. Hence we get an ideal sequence a.
on X such that a; 4y = a,(v) forall s € S. Each a,/a~, is a finitely generated Os-module with constant
rank, hence flat over S. O

Corollary 5.3. Let S be a regular connected scheme, and n: (X,A) — S with x € X(S) be a locally
stable family of kit singularities such that the function

s vol(xs: X5, Ay) (5.12)

is constant on S. Suppose V' € Valx, ., is a minimizer of the normalized volume for x5 € (X, Ay),
scaled such that Ax, A, (V) = 1 forall s € S. Then there exists a locally stable family of Kollar models
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fr(Y,E=3X!_E;) — (X,A) at x over S such that v} € QM(Yy, E), and the coordinate
s (Vi (Eis))i € RY (5.13)

is a constant function on S.

Proof. By Corollary 5.2, there is an ideal sequence a, on X cosupported on x(S) such that a;/a-, is
flat over S forall A > 0 and a; . = a.(vy') forall s € S. If § is local, then we can apply Lemma 4.7 as in
the proof of Theorem 5.1.

In general, consider the collection C of open subsets U C S such that there exists such a locally stable
family of Kollar models over U. We will prove by Noetherian induction that S € C.

Assume that U € C is a maximal element, and fy : (Yy, Ey) — (Xu,Ay) is a locally stable family
of Kolldr models satisfying the desired conditions. Suppose U # S, and r € S\ U. Let T = Spec(0Os ;),
so that T is regular local, with the closed point ¢ and the generic point 7. Then there is a locally stable
family of Kollar models

fr: (Y7, Ep) = (X1, Ar), (5.14)

satisfying the desired conditions, QM(Y,, E}) ¢ QM(Y,, Ey) if U is nonempty, and

Ax e (V) < 1 (5.15)

for all the divisorial valuations v; on X given by the components E ;”. of £ ;7, and Ict(X, A; afl) > 1; see
Remark 4.8. Now by Lemma 2.4, we have a model

fr (Y E') = (X,A) (5.16)

such that E” = 3}; E] with v} = ordg;, and —(Ky- + f/7'A + E’) is f’-ample. Then its base change to T
coincide with the model f;.: (Y}, E}) — (X7, Ar).

We claim that the base change f},: (Y[, E{;) — (Xu,Ay) is alocally stable family of Kolldr models.
It suffices to check this at the localization W = Spec(0s ,,) forall u € U. Let Hy C Xw be the pullback
of an snc divisor on W defined by a regular system of parameters. Then

QM(Yw . Ew + fyy Hw) = QM(Y,, E;)) X RZ, (5.17)

where d = dim(W), is a special cone on (Xw,Aw ), since fiy: (Yw, Ew) — (Xw,Aw) is a locally
stable family of Kollar models; see Remark 3.6. Then the subcone QM(Y, E7,) X R‘éo is also special,
giving a model

fw: Yy Ey + fiyHw) = (Xw,Aw) (5.18)

such that (Y7, V’QIAW +Ey, + fiy Hw) is qdlt and _(KYv'v + ‘;IAW +Ey, + fiy Hw) is fy, -ample. So
(Yyy» Eyy) is alocally stable family of Kolldr models, and coincides with the base change of (Y”, E”).

Thus, we have a model f’: (Y’,E’) — (X,A) whose base changes to 7 and U are locally stable
family of Kolldr models. Then there is an open subset V ¢ S with 7 ¢ V and U C V such that the base
change

(Yy,Ey) = (Xv,Ay) =V (5.19)

is a locally stable family with qdlt fibers by [15, Thm. 4.42]. Since —(Ky- + f/"'A + E’) is f’-ample, it
is a locally stable family of Kollar models. By construction, vij € QM(Y;, E7,), then v € QM(Y{, EY)
for all s € V, with the same coordinates as vr,‘;, by Lemma 4.6. Since t € V' \ U, this is a contradiction

to the maximality of U. Hence there is a locally stable family of Kolldr models over § as desired. O
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Theorem 5.4. Let S be a semi-normal scheme, and w: (X,A) — S with x € X(S) be a locally stable
family of kit singularities, such that

5 > Vol (xg; Xy, A) (5.20)

is a locally constant function on S. Suppose v € Valx, ., is a minimizer of the normalized volume for
X5 € (X, Ay), scaled such that Ax A, (VY') =1 forall s € S. Then there is an ideal sequence a, C Ox
cosupported at x(S) C X such that the following hold:

(1) ay/as, is flat over S for all A > 0.
(2) Foreverys €S, a5, := {0,0x, }1 is the ideal sequence on X, associated with vy
(3) Let Xo = Specg(m.gr,(Ox)), where

2 (0x) = P /sy, (5.21)

120

then the canonical morphism ng: Xo — S is flat, of finite type, with normal and geometrically
integral fibers. The grading induces an action of a torus T ~ (Gn, s)" on Xy, whose fixed locus is
the image of a section xy: S — X.

(4) There exists a T-invariant effective Q-divisor Ag on Xy such that ny: (Xo,Ag) — S is a locally
stable family of K-semistable log Fano cone singularities, and (Xo.s, Ao,s) is the degeneration of
X5 € (X5, Ay) induced by v for every s € S.

Proof. (1) and (2) are proved in Corollary 5.2. Thus the morphism 7p: Xo — S is flat, with normal and
geometrically integral fibers. We still need to prove m is of finite type, and construct the divisor Ay on
Xp as in (4). We first consider the base changes to regular schemes.

Suppose g: T — S be a morphism of schemes such that 7 is regular, and

T (XT,AT)Z(X,A) XsT — T (5.22)
with xp € X7 (T) is the base change. Then there is a locally stable family of Kolldr models
J: (Y,E) = (Xr, A7) (5.23)

over T by Corollary 5.3 such that vi* € QM(Y;, E;) for all ¢ € T, with the same coordinates. The ideal
sequences on X7 given by Lemma 4.11, by Corollary 5.2, and by the base change of a, are all the same,
since they coincide on every fiber; denote it by ar ., and let

mor: Xo,r = Specy ((mr )Ll (0x;)) - T, (5.24)

so that Xo 7 =~ Xo Xs T. Then Xor — T is of finite type by Lemma 4.11, and there is a divisor Ag 7 on
Xo.r induced by A7 such that 7 : (Xo.7,Ao.r) is a locally stable family of log Fano cone singularities,
and the fiber (X, Ao,r) is K-semistable for all ¢ € T since it is the degeneration induced by v}".

Now we prove (3): Take g: T — S to be a resolution of singularities, so that g is surjective. Assume
fes v (Ox;, ) is generated in degrees Ay, . .., A ; in other words, the canonical map

N
Sym @ ar,a,;/ar >4, = 8y, (Ox;) (5.25)
=1

is surjective. If € T and s = g(¢) € S, then

grar(@Xt) = 8la, (Ox;) ®op k(1) = gra(@X) ®6s k(1) = 8Tq, (@Xx) R« (s) k(1) (5.26)
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is generated in degrees 4, hence gr, (Ox,) is also generated in degrees A ;. This holds for all s € S since
g: T — Sissurjective, hence gr, (Ox) is generated in degrees A; by Nakayama’s lemma, as each graded
piece a,/as, is a coherent Og-module. That is, mo: Xo = Specg(m.gr,(Ox)) — S is of finite type.

Let M c R be the subgroup generated by all A with a;/a., # 0; it is the value group of v§' for any
s € S. Then M is a free abelian group of finite rank r, and the torus T = SpecgOs[M] =~ (G s)" acts
on Xy over S. The fixed locus is given by

m.gry (Ox) — m.(ap/aso) = Os, (5.27)

so itis a section xo: S — Xo. Since gr, (Ox) is finitely generated, the elements 1 € M with ay/as, #0
span a rational polyhedral cone w € Mg. Let &y € Ng = Homgz(M,R) be the inclusion M — R, then
&p is positive on w \ {0}, so there exists &£ € N = Homgz (M, Z) that is positive on w \ {0}.

To prove (4), we consider T = Spec(A) where A is a DVR, and will descend the divisors Ag 1 to Xo
as in Corollary 5.2, using Lemma A.l and the representability of relative Mumford divisors (see [15,
Thm. 4.76]). We need a projective family to have the representability. Choose £ € N as above, and let

X = Projgm.gr, (Ox)[u] (5.28)

where . gr, (Ox)[u] is N-graded with u in degree 1 and 7, (a1 /a> 1) in degree (£, ). Then the formation
of Yo commutes with base change. Thus, by Lemma 2.20,

o - (YO,T = YO Xs T,Z()’T + VT) - T (5.29)

is a locally stable family of projective plt pairs, where Xor C YU,T is an open subscheme, Vr is the
complement, and KO,T is the closure of Ag 1. If we write A = ), cpD, then ZO,T = cDBO’T, where
50,7 C YO,T is the closure of the divisorial part Do C Xo 1 of the closed subscheme defined by initial
ideal of Dy C X7 ; see Remark 4.12. Then each EO,T is a relative Mumford divisor on YO,T /T, giving
a morphism

gp: T — MDiv (5.30)

that lifts g: T — S, where MDiv is the S-scheme representing relative Mumford divisors on X,/S of
a suitable degree in [15, Thm. 4.76]. On the underlying sets, the map gp lifts s € S to the point that
represents Bo,s C Yo,s- Thus by Lemma A.1, there is a relative Mumford divisor Dy on Xo/S whose
base change is BT,O forany g: T — S as above. Let Ao =Y cpDo, and Ag = Kolxo. Then

o - (X(),Ao) - S (531)

is a locally stable family of log Fano cone singularities since its base change to any DVR is so, by [15,
Def-Thm. 4.7]. The fiber (Xp s, Ao,s) is K-semistable (with the polarization &y: M < R) since it is the
degeneration of (X, A) induced by v O

Corollary 5.5. Let S be a reduced scheme, and nt: (X, A) — S withx € X(S) be a locally stable family
of kit singularities. Then there exists a locally closed stratification | |; S; — S satisfying the following:
ifg: T — S is amorphism where T is a semi-normal scheme, then the base change (X7 ,Ar) — T with
x7 € X7 (T) admits a degeneration to a locally stable family of K-semistable log Fano cone singularities
if and only if g factors through some S" — S, where S" is the semi-normalization of S;.

Here we say a locally stable family of kit singularities admits a degeneration to a locally stable family
of K-semistable log Fano cone singularities if the conclusions of Corollary 5.4 hold.
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Proof. Suppose 7: (X,A) — S with x € X(S) degenerates to a locally stable family (Xo, Ag) — S of
K-semistable log Fano cone singularities, then

\70\1()63;)(5, Ay) = @(XO,S;XO,D Ag,s) (5.32)

for all s € S by [22, Lem. 4.10], where xo € X((S) is the vertex. Hence s +— \751(xS;Xs, Ay) is locally
constant on S by Lemma 2.21. The converse holds when S is semi-normal by Corollary 5.4.
In general, the function

5 > Vol (x5; Xy, Ay) (5.33)

is constructible on § by [29, Thm. 1.3], and lower semi-continuous on S by [5, Thm. 1.1], and its
formation commutes with arbitrary base change since the local volume is preserved by field extensions.
Then it suffices to take each S; C S to be a level set of this function, which is a locally closed subscheme
with the reduced scheme structure. ]

5.3. Example: Unibranch plane curves

Let k be an algebraically closed field of characteristic zero. Let C ¢ A? = Speck[x, y] be a reduced
plane curve, that is, a reduced closed subscheme of pure dimension one. Assume C is unibranch at the
origin 0 € A? (in particular, 0 € C). We are interested in the local volume

vol(0; A2, AC) (5.34)

for coefficients 0 < A < Icty(A?; C).
By [22, Thm. 1.1], we need to find a quasi-monomial valuation v € ValqAI;1 0 inducing a degeneration

of 0 € (A2, AC) to a K-semistable log Fano cone singularity. We first consider the problem for analytic
germs of curves.

Example 5.6. Let C = A2 = Speck[[x, y]] be an integral closed subscheme of dimension 1. As in [36],
we may assume that C is given by a parametrization

x=19 y=o¢) =1+ Z cit' e K[[¢]) (5.35)
i>b

such that b > a > 1 and a 1 b. More precisely, C is defined by the kernel of the map

kl[x, yII = k[[7]l,  (x,y) = (t, ¢(1)). (5.36)
We claim that
~ ~ =~ 1 1
lct(C) = Ict(A%C) = — + —. (5.37)
a b
The function f € k[[x, y]| defining C can be written as f = ]—[;:d (y—¢(&7x4)), where ¢ is a primitive

a-th root of unity. Then from the Newton polygon of f we get lct(f) < % + %, by [17, Thm. 6.40]. In

the following, we will show that f degenerates to fy = (y*/4 — x?/4)4 where d = ged(a, b). Hence, if
Cy is defined by y*/4 — x?/4 then

~ —~ ({1 1 1 1
Iet(C) 2 Iet(dCo) = = — + — | = —+ — 5.38
(€)= 1a(dCy) d(Wd+bM) Ll (5.38)
by the lower semi-continuity of Ict and [17, Prop. 6.39].
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Let v¢ € Valz, denote the monomial valuation given by weight & = (i, v) € Rio. Then
gr,, (k[lx, y]l) = k[X, Y], (5.39)

where we denote the initial terms of x, y € k[[x, y]] by X,Y € k[ X, Y], respectively, and the ring k[ X, Y]
is graded with deg(X) = u and deg(Y) = v. We will show that v+ induce K-semistable degenerations

of (;&2, /15), for an appropriate weight £ depending on the coefficient A. There are two cases:
(1). Let d = gcd(a, b), ap = a/d, bg = b/d, and ¢ = (ag, bg). Then the initial term of f is

1
fo=] v =PI xbley = (veo - xboyd (5.40)
j=0

where ¢ € k is a primitive a-th root of unity. Let Cy ¢ A? be the curve defined by Y% — X", Then v £

induces a Gp,-equivariant degeneration of (AZ, AC ) to (A%, 2dCy), where Gy, acts on A? with weight &,
such that Cy ¢ A? is invariant. In this case, the polarized log Fano cone singularity (A%, 1dCy; &) is an
(orbifold) affine cone over the log Fano pair

1 1
(E,Ag) = (Pl,(l——){0}+(1——){oo}+/ld{1}) (5.41)
ap bo
see [19, Ex. 1.7]. By Fujita-Li’s valuative criterion for K-stability (see [31, Thm. 4.13]), it is easy to
see that (E, Ag) is K-semistable if and only if Ad > — — blo, that is,
1 1
A>—-—-—. (5.42)
a b
Thus (A2, 1dCp; ¢) is K-semistable if and only if 1 > é - %. We can also compute
— 1 1 2
v01&2’/15(v§) = ab(; + 5 /l) . (5.43)
(2). Suppose 0 < A < 1 — 1. Let& = (u, 1) where
u=1-2da>alb (5.44)

Then v ¢ induces a degeneration of (A2, AC) to (A2, daL; ), where L C A? is the line Y = 0. The pair
(A2, AaL) is toric, and it is easy to see the toric valuation of weight & = (u, 1) minimizes the normalized
volume among all toric valuations. Hence (AZ, AaL;¢) is K-semistable by [22, Thm. 3.5, Prop. 4.21].
In this case, we have

volz, ,a(ve) = 4(1 - da). (5.45)

Note that the above results only depend on the pair of integers (a, ). They are the first two terms of

the Puiseux characteristic of the germ C c A2 (see [36, Def. I1.3.2]), and are independent of the choice
of analytic local coordinates.

Lemma 5.7. Let C C A? be a reduced plane curve through the origin 0 € A2, Suppose C is unibranch
and singular at 0, with the Puiseux characteristic (a, b, . . .). Thenlcty(A%; C) = b, and the following
hold:
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1 2
vol(0; A2, AC) = ab( +7 - /l) (5.46)

and the K-semistable degeneration of 0 € (A2, AC) is (A%, 1dCy; €), where d = ged(a, b) and C
is the curve Y&/4 — Xb/4 = 0, with the polarization & = (a/d, b/d);
(2) if0<A< -4, then

vol(0; A2, AC) = 4(1 - Aa) (5.47)

and the K-semistable degeneration of 0 € (A%, AC) is (A%, daL; &), where L is the line Y = 0, with
the polarization & = (1 — Aa, 1)

If C is smooth at O, then (2) holds for all 0 < A < 1 witha = 1.
Proof. Let CcA’= Speck|[[x, y]] denote the completion at 0. By Example 5.6, we have

~ ~ 1 1
letg(A2, C) = 1ct(A%,C) = PR (5.48)

since a pair is klt at a point if and only if its completion at that point is klt (see [14,82.16]). There is a quasi-

monomial valuation ¥ € Val3,  inducing a degeneration of 0 € (A2 AC ) to a K-semistable log Fano

A2,0
cone singularity (A%, Ag; &) as in Example 5.6. Let v denote the restriction of ¥ on k[x, y]  k[[x, y]].
Then v is a quasi-monomial valuation centered at 0 € A by [12, Lem. 3.10], and the degeneration of
0 € (A2, AC) induced by v is also (A%, Ag; £).

Hence v is the minimizer of the normalized volume of 0 € (Az, AC) by [22, Thm. 1.3]. That is,

_ _ _ 1 1.1 1,1
¥ol(0; 42, AC) = Vol2 1 (v) = volz, a(9) =4 4 ( * A) Ta-5=4<a+*3 (549
’ 4(1—/la) ifo<a<i-1

where the two cases % - % <A< % + % and 0 < 4 < % - b correspond to the two cases in Example

5.6, and the explicit form of the K-semistable degeneration (A2, Ag; £) is given  there.
If C is smooth at 0, then we can choose analytic local coordinates such that C is the line y = 0. Thus
the second case gives the K-semistable degeneration for all 0 < A < 1 witha = 1. O

We say two plane curves C,C’ C A that are unibranch at 0 € A? are equisingular at 0 if they
have the same Puiseux characteristics. See [34] and [35] for other equivalent definitions. In particular,
if k = C, then C and C’ are equisingular at O if and only if they have the same topological type (see
[36, Def. 1.1.2]).

Corollary 5.8. Let S be a reduced connected scheme of finite type over an algebraically closed field k
of characteristic 0. Let C C Aé be a closed subscheme that is flat of pure relative dimension 1 over S.

Let Og C Aé denote the origin. Suppose Cs C Aﬂzg is a reduced plane curve that is unibranch at 0 for all
s € S(k), and Cy, Cy are equisingular at O for all s, s’ € S(k). Then the following hold:

(1) The function s +— lcty, (A2; Cy) is constant on S.
(2) Suppose 0 < A < Icty, (A2, Cy) for all s € S. Then (A2%,AC) — S is a locally stable family of kit
singularities at Os, and the function

s > vol(0y: A2, ACy) (5.50)

is constant on S.

https://doi.org/10.1017/fms.2025.10111 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10111

Forum of Mathematics, Sigma 41

(3) Assume S is semi-normal. Then (A%, AC) — S admits a degeneration to a locally stable family of
K-semistable log Fano cone singularities (X, Ag) — S. Moreover, all fibers of (Xg, Ag) — S over
k-points of S are isomorphic.

Proof. (1). Since all C; are equisingular at O for s € S(k), they have the same Puiseux characteristics
(a,b,...). By Lemma 5.7, the function s + Icto, (A2; Cy) is constant for s € S(k), of value % + %.
Since S is of finite type over k, the set of k-points S(k) is dense in S, and every nonempty closed subset
of S contains a k-point. Thus, by the lower semi-continuity of Ict, s + Ictp, (A?; Cy) is constant on S.

(2).Let0 < A < % + %. Note that A§ — § is a smooth family, and C C Ag is a relative Cartier
divisor over S. Thus (A2, 1C) — § is a locally stable family of klt singularities at Og since every fiber
(Af, ACy) is klt at Og by (1), and KAg/S + AC is R-Cartier (see [15, Def. 4.7]). The function

s > vol(0y; A2, ACy) (5.51)

is lower semi-continuous by [5, Thm. 1.1], and is constant on S (k) with the value given by Lemma 5.7.
Hence it is a constant function on S.

(3). The existence of the K-semistable degeneration (X, Ag) — S follows from Corollary 5.4, since
the family (A2, 1C) — S has constant local volume at Os. Moreover, the fiber (X s, Ag.s) at s € S(k)
is the K-semistable degeneration of 0 € (A2, AC). They are all isomorphic by Lemma 5.7. O

A. A valuative criterion for sections

Lemma A.1. Let S be a locally Noetherian semi-normal scheme, and n: Z — S be a morphism that is
separated and of finite type. Suppose |o|: |S| — |Z| is a map between underlying sets that is a section
of the map |n|: |Z| — |S|, such that for every morphism g: T = Spec(A) — S, where A is a DVR, there
exists a morphism f: T — Z such that o f = g and | f| = |o| o |g|. Then there is a sectiono: S — Z
of m whose underlying map between sets is |o|.

Moreover, if S is locally essentially of finite type over a field k, then it suffices to consider A that are
also essentially of finite type over k.

Proof. We may assume S is affine. If T is the spectrum of a DVR, we write { € T for the generic point,
and t € T for the closed point. For s € S with residue field x = x(s), let A be a DVR with residue field
k, say, A = k[@] (), and consider the map

T = Spec(A) — Spec(x) - . (A.1)

Then we conclude that |o7|(s) € |Z;| is a k-point of Z. In particular, it is a closed point of |Z].

Let |S’| = |o|(|S]) € |Z]| be the image of |o-|. Note that |o|: |S| — |S’| is a bijection, and the
restriction of || is the inverse. Suppose x’ € |S’| specializes to y’ € |Z|, and y” # x’. Let x = m(x”) and
y = n(y’). Since x” = |o|(x) is a closed point in Z, we have y # x. Then there exists a DVR A with
fraction field K = «(x) and a morphism f’: T = Spec(A) — Z suchthat f'({) = x’,and f’(¢t) = y’ (see
[26, Tag O0OPH]), and we may assume that A is essentially of finite type over k if S is so. By assumption,
there exists a morphism f: 7 — Z suchthat m o f = wo f’, f({) = |o|(x) = x’, and f(t) = |o|(y).
Since T has function field K = «(x), we must have flspec(x) = f”Ispec(k)- Since 7 is separated, we
conclude that f = f’ by the valuative criterion. Thus y’ = f(¢) = |o|(y) € |S’|. So |S’| is stable under
specialization.

Letny,...,1m, € S be the generic points, and n; = [o7|(1;) € |S’|. Then U}, FL’} c |S’]. Conversely,
if x” € |S’|, then x = n(x”) € § generalizes to some 7;. Let A be a DVR and g: T = Spec(A) — S be a
morphism such that g({) = n; and g(¢) = x. By assumption, there is a lifting f: T — Z of g such that
f(Q) =lol(n;) =n}and f(t) = |o|(x) = x". Hence x” € {n/}. Thus we conclude that )", m =1|5'|.
Hence |S’| C |Z| is closed. Let S C Z be the corresponding reduced closed subscheme.
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By the valuative criterion, 7r|s/: S” — S is proper. Moreover, it is bijective and induces isomorphisms
on residue fields. Since S is semi-normal, we conclude that r|g-: S’ — S is an isomorphism. Therefore
we get asectiono: S =S — Z. m]
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