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VARIETIES WITH MODULAR SUBALGEBRA LATTICES

TREVOR EVANS AND BERNHARD GANTER

A classification is begun of varieties of algebras with the
property that each algebra in the variety has a modular lattice
of subalgebras. This turns out to be a very restrictive
condition. Such a variety is hamiltonian. If the algebras in it
are idempotent, then it is a variety of sets. A variety is
subalgebra-modular if and only if it is hamiltonian and satisfies
certain conditions on the terms in its three generator free

algebras.

The lattice of subalgebras of an abelian group is modular, the lattice
of subalgebras of any unary algebra is distributive, and there are
varieties ¥ of algebras, for example, semigroups satisfying xy = * and
natural central groupoids [1], [5], where the lattice of subalgebras of any
V-algebra is a boolean algebra. On the other hand, for the variety of
groups, no non-trivial identity is common to all lattices of subalgebras.
Is it possible to classify those (finitary) varieties in which every
algebra has a modular lattice of subalgebras? In this paper, we take a
first step towards such a classification by showing that subalgebra-
modularity is indeed a very restrictive condition on a variety. Our main

results are

(i) a subalgebra~modular variety is hamiltonian (hence, a
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subalgebra-modular variety of loops is a variety of

abelian groups),

(ii) a subalgebra-modular variety of idempotent algebras is a

variety of sets,

(iii) a variety is subalgebra-modular if and only if it is
hamiltonian and satisfies certain "Malcev-type"

conditions.
We remark that, where necessary, we allow the empty subalgebra.

LEMMA. Let (4; Q) be an algebra with a modular lattice of sub-
algebras, let B be a subalgebra of A and y an element such that
A =<(B u {yh .

Then, for every element p € A, we have
p € (B Alp, y)) viy).
(Here (X)) denotes the subalgebra generated by the subset X .)
Proof. Consider the subalgebras
A, B,{p,y), BALp,y), (B Alp, y)) viy)

They form a sublattice of the lattice of subalgebras, which cannot be the

nonmodular lattice IV5 . Thus (p,y) = (B Alp, y)) v{y) , which proves

the lemma.

, y?

(B Alp, y)) viy

B Alp, y)

A variety is hamiltonian if every nonempty subalgebra is a class of

some congruence.

THEOREM 1. If the lattice of subalgebras of every free algebra in a
variety V¥V <is modular, then Y is hamiltonian.

Proof. Klukovits [3] has characterized the hamiltonian varieties as
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the varieties satisfying the following conditions: for every (n+l)-ary

term p[xl, x2, cens xn, y) there exists a ternary term cp(x, Y, z) such
that
cp(f(xl, Tps vevs T, z), 2, y) = p(xl, ey T, y) .
We construct such a cp(x, Yy, 8) , given p(m s oeees Ty y) , by
applying the lemma to Fh+l(¥) = (ml, cees T, y) , where
B = (x s aens xn> . Since p € (B Afp, y?) v {y} , there are finitely
many terms 4, ..., 4, in B A{p, y) and an (m+l)-ary term g such
p=qfla, ...oa,y) .
Each a, is in {(p, y) , thus we find binary terms Ays -oos dy such that

a; = qi(Ps y) . More precisely, we have

0oy, onm) =Bl oz )L )

and since the ai do not depend on Yy , we get

ai(xl’ xz, ey xn) = qi(p(xl, x2, cees Ty z), z]
Now let
ez, 2, ¥) = qlay(=, 2), ...y q (2, 2), 4)
then
cp(p(x s oeees T z], z, y) = p(xl, ey xn, y]

COROLLARY. A subalgebra-modular variety of loops is a variety of
abelian groups.

This follows from the fact that every hamiltonian variety of loops is

a variety of abelian groups; Evans [Z2].

A direct proof of the corollary may be easily obtained. Let YV bea
subalgebra-modular variety of loops and consider the following forbidden

subalgebra lattice diagram.
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F¥) =<z, y, 2)

F
G 3
{x, 3)
(y?

{1}

F

Here (y) 3 genotes the normal closure of {y) in F3 . Since

F
(y? 3. {y) , both xy/x and xy°*z/x*yz belong to {y) . The commutative
and associative laws follow immediately.

Not every hamiltonian variety is subalgebra-modular. Consider the

variety of groupoids with operation x o ¥ , defined by the identities

rozx=2x,

xey=yozx,

xo(xoy =y,

(x o 2) o (y o w)

(x oy) o (2 0w
The algebras in this variety are obtained from vector spaces over GF(3)
where x oy = 2x + 2y (see, for example, Ganter and Werner [3]). The
variety is hamiltonian, but the free algebra on three generators is not
subalgebra-modular.
Idempotency in an algebra is in fact an obstacle to subalgebra

modularity and the example of semigroups satisfying xy = x reflects the

general situation.

THEOREM 2. The only subalgebra-modular varieties of idempotent
algebras are varieties of sets (that is, varieties where the only

operations are projections).

Proof. Let V be a subalgebra-modular variety of idempotent algebras
and let F2(l) ={zx, y) be the free V-algebra on two generators. If

Fz(l) contains an element other than z and y , say p(x, y) , then the

impossibility of the diagram below implies that F2 is generated by y
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F2
&y, p)
{x}
{y}
¢
and p . Hence, F_, is generated by any two elements in it.

2

If p #q are in F2 , then the endomorphism 2 *>*p , Yy * g must

have all of its congruence classes singletons [otherwise, one would be all

of F2 ) and so the endomorphism is actually an automorphism.

Continuing under the assumption that Ié contains an element

p(z, y) # , ¥y , the invertibility of the automorphism & * p(x, y) ,

y >y implies that p(r(x, y), y) =x , r(p(x, y), y) = & for some
r{(xz, y) . Similarly, there is an element s(x, y) such that

p(m, s(zx, y)) =y, s(x, plzx, y)] =y . Thus the derived operation

p(z, ¥) 1is a quasigroup operation on each algebra in ¥V and so
congruences on V-algebras are regular; that is, congruence classes have

the same cardinality.

Now consider the congruence on F3(l) ={x, y, 2) induced by the
endomorphism x> x , ¥y *& , 2 > 2 . The congruence class containing
is the subalgebra generated by x and ¥y and the congruence class

containing 2 consists of one element only.

This is a contradiction and so we conclude that Fé(l) contains only
x and Y .

It is now easy to prove that |Fh(l)| =n by induction. If

P oY) ={z, z,, ..., xn+l) , map Fh+ onto Fé =(x, y) by

n+l = 1 1
Ty Loy -uey z, > x, xn+l + Y . The congruence classes are the sub-
algebras (xl, x2, ey xn> and {xn+l} . Any element in Fn+l must lie

in one of these two classes.
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It follows that the only operations in ¥ are projections and so y

is a variety of sets.

We conclude with a theorem giving, in terms of Malcev-type conditions,
a sufficient condition for a hamiltonian variety to be subalgebra-modular.
We need the following property of hamiltonian varieties (the 2-generation

property) implicit in Winkler [é, Theorems 1, 4].

PROPOSITION. If B, C are non-empty subalgebras of an algebra in a

hamiltonian variety and x € B v C, then there are elements bl’ b2 €B,

e)» ¢, € C such that « € ({bl, b2’ ey 02}) .
THEOREM 3. For a variety Y, the following conditions are
equtvalent:

(%)

<t

is subalgebra-modular;

(1) ¥ is hamiltontan and satisfies the following condition:

for every termary term t(x, y, z) ¢ {z) (that is, which
involves essentially at least one of x, y ) in Y, there

are binary terms bl’ b2, e, e, and a ternary term q

1 2

such that, for i =1, 2,

tlz, y, 2) = q(bl(x, y)s bylzx, y), z) ,
bz, y) = e, (tz, y, 2), 2
hold in X .

Proof. Let V¥V be a subalgebra-modular, thus hamiltonian, variety,
and let t(z, y, 2) € F3(l) . By the lemma,
t € ({x, y) alt, 2)) viz) ,
and by the 2-generation property there are elements

bl’ b2 €z, y>» nt, 2}

such that ¢ € (bl, b2, z) .

Now assume V 1is hamiltonian and satisfies the property stated in the
theorem. Let B, C, €' be subalgebras such that CCS ', BAC =B AL’
and Bv C=B v C'" . Vehave to prove that C=C’' . Let p €'
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Since C' € B VvV C , we can apply the 2-generation property to find
elements bl’ b2 €B , ;s ¢, € C such that
p € (bl, b2, e, 02) = (bl’ b2, cl) v (02).

Using the property again, we obtain elements dl’ d2 € (bl’ b2, cl) such
that p € (dl, d2> v (02> . Now we apply the condition in the theorem to
obtain e, e, in <d . d2> such that p € (el, 62) v (02) and
e; € {p» c2) for ¢ =1, 2. Note that e, ¢ c'

Since e, € (d , d2) g_(bl, b2) v (cl) , We can use the property in
the theorem again to find elements fil’ fég € (bl’ b2> such that
e; €<fi1’ 7;z)v(cl) and <fil’ iz)g_(cl,ei)g_c’ , £ =1,2 . Thus

fij € BACCcC , and since cl, 02 € ¢ we have

e; €{f510 Fa) V() =€
Hence,
p € (el, e2) v (02) cc,

and so p € C and C=C'
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