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Abstract

Let p > 2 be prime. We use purely local methods to determine the possible reductions of certain
two-dimensional crystalline representations, which we call pseudo-Barsotti—Tate representations,
over arbitrary finite extensions of Q,. As a consequence, we establish (under the usual Taylor—
Wiles hypothesis) the weight part of Serre’s conjecture for GL(2) over arbitrary totally real fields.

2010 Mathematics Subject Classification: 11F33 (primary); 11F80 (secondary)

Overview

Let p be a prime number. Given an irreducible modular representation o : Gg — GL, (E,), the
weight part of Serre’s conjecture predicts the set of weights & such that p is isomorphic to the
mod-p Galois representation p ,,, associated to some eigenform of weight k and level prime to
p. The conjectural set of weights is determined by the local representation p|g, . In recent years,
beginning with the work of [BDJ10], generalizations of the weight part of Serre’s conjecture have
become increasingly important, in particular because of their importance in formulating a p-adic
Langlands correspondence (see [BP12]).

The weight part of Serre’s original conjecture was settled in the early 1990s (at least if p > 2;
see [CV92, Edi92, Gro90]). The paper [BDJ10] explored the generalization of the weight part of
Serre’s original conjecture [Ser87] to the setting of Hilbert modular forms over a totally real field '
in which p is unramified. Already in this case even formulating the conjecture is far more difficult;
there are many more weights, and the conjectural description of them involves subtle questions in
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integral p-adic Hodge theory. The conjecture was subsequently extended to arbitrary totally real
fields in [Sch08, Geella, BLGG13]; see [BLGG13, Section 4] for an extensive discussion. The
present paper completes the proof of this general Serre weight conjecture for GL(2) (under the
assumption that p > 2 and that a standard Taylor—Wiles hypothesis holds).

Work of [BLGG13, GK, New14] has reduced the weight part of Serre’s conjecture for GL(2) to
a certain statement about local Galois representations: namely, two sets of Serre weights associated
to amod p local Galois representation, each defined in p-adic Hodge-theoretic terms, must be seen
to be equal. It is this problem that we resolve in this paper. In our earlier paper [GLS14] we proved
the same result for totally real fields in which p is unramified, by establishing a structure theorem
for Kisin modules which slightly extended Fontaine—Laffaille theory in this case. In contrast, in
this paper we must work over an arbitrarily ramified base field, and the proof requires a delicate
analysis of the Kisin modules associated to a certain class of crystalline representations, which
we call pseudo-Barsotti-Tate representations. To the best of our knowledge, these are the first
general results about the reductions of crystalline representations in any situation where arbitrary
ramification is permitted.

1. Introduction

We begin by tracing the history of the work on the weight part of Serre’s
conjecture over the last decade. The first breakthrough towards proving the
conjecture of [BDJ10] was the paper [Geellb], which proved the conjecture
under a mild global hypothesis as well as a genericity hypothesis on the local
mod- p representations. The global hypothesis comes from the use of the Taylor—
Wiles—Kisin method, which is used to prove modularity lifting theorems; the
modularity lifting theorems used in [Geellb] are those of [Kis09, Gee06]
for potentially Barsotti-Tate representations. The genericity hypothesis was
needed for a complicated combinatorial argument relating Serre weights to
the reduction modulo p of the types associated to certain potentially Barsotti—
Tate representations. The natural output of the argument was a description of
the Serre weights (in this generic setting) in terms of potentially Barsotti—
Tate representations, while the conjecture in [BDJ10] is in terms of crystalline
representations, and the comparison between the two descriptions involved
a delicate calculation in integral p-adic Hodge theory. It was clear that the
combinatorial arguments would not extend to cover the nongeneric case, or to
settings in which p is allowed to ramify.

All subsequent results on the problem have followed [Geel1b] in making use
of modularity lifting theorems, and have assumed that p > 2, which we do for
the remainder of this introduction. The next progress (other than special cases
such as [GS11]) was due to the work of [BLLGGT14], which proved automorphy
lifting theorems for unitary groups of arbitrary rank, in which the weight of the
automorphic forms is allowed to vary. As the conjectural description of the set of
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weights is purely local, there is a natural analogue of the weight part of Serre’s
conjecture for inner forms of U(2), and the paper [BLGG13] used the results
of [BLGGT14] to prove a general result on these conjectures. Specifically, given
a global modular representation p associated to some form of U(2), the main
results in [BLGG13] show that p is modular of all the weights predicted by the
generalizations of the weight part of Serre’s conjecture. The problem is then to
prove that p cannot be modular of any other weight.

This remaining problem is easily reduced to a local problem. To describe this,
let K /Q, be a finite extension with residue field k, and let7 : Gy — GL, (Fp) be
a continuous representation. In this local context a Serre weight is an irreducible
Fp—representation of GL,(k) (see Definition 4.1.1). Associated to r there are
two sets of Serre weights WPlicil(7) € Weis(7), defined in terms of p-adic
Hodge theory. The set W (7) is defined in terms of the existence of crystalline
lifts with certain Hodge-Tate weights, and We®licl(7) is defined as a subset
of W(7) by explicitly writing down examples of these crystalline lifts (as
inductions and extensions of crystalline characters); see Definitions 4.1.3 and
4.1.4 below for precise definitions. These definitions are then extended to global
representations p by taking the tensor products of the sets of weights for the
restrictions of p to decomposition groups at places dividing p. In the case that
p is unramified or 7 is semisimple, WePlit(7) is the set of weights predicted by
the conjectures in [BDJ10, Sch08].

If p is a global modular representation for U(2), then it is almost immediate
from the definition that the set of weights in which p is modular is contained in
Weris(p). The main result in [BLGG13] shows that the set of weights contains
wewlicit 5y - Therefore, to complete the proof of the weight part of Serre’s
conjecture for U(2) (that is, to prove that WPl () is the set of weights
in which p is modular) it is only necessary to show in the local setting that
Wexplicit(f) — WcriS(f).

In the case that K/Q, is unramified (that is, the setting of the original
conjecture of [BDJ10]), this was proved by purely local means in our earlier
paper [GLS14]. That work uses the second author’s theory of (¢, é)-modules
to prove a structure theorem for the Kisin modules associated to crystalline
representations (over an unramified base) with Hodge—Tate weights just beyond
the Fontaine—Laffaille range. A careful analysis of this structure theorem, and
of the ways in which these Kisin modules can be extended to (¢, G)-modules,
allowed us to compute the possible reductions of the crystalline representations,
and explicitly check that they were all of the required form.

Until the present paper, the equality WePiit(7) = W (¥) was not known
in any greater generality. However, in the paper [GLS12] we were able to
show that if p is totally ramified, then the set of modular weights for U(2)
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is exactly WePlcit(5), by making a rather baroque global argument using the
results in [BLGG13] and a comparison to certain potentially Barsotti—Tate
representations, motivated by the approach in [Geellb]. This approach did
not show that WePlci(7) = WeiS(7); as in [Geellb], this approach relies
on combinatorial results that do not extend to the general case, although
generalizations subject to a genericity hypothesis (and other related results) were
proved using these techniques in [DS].

The results in [BLGG13, GLS14, GLS12] only concerned the analogues
for U(2) of the conjecture in [BDJ10] and its generalizations, which were
formulated using modular forms on quaternion algebras over totally real fields.
The quaternion algebra setting in [BDJ10] is a more natural generalization of the
original conjectures in [Ser87], but it is harder, because of a parity obstruction
coming from the units of the totally real field: algebraic Hilbert modular forms
necessarily have paritious weight. This means, for example, that there are
mod- p Hilbert modular forms of level prime to p and some weight which cannot
be lifted to characteristic zero forms of the same weight, and is one of the reasons
for studying potentially Barsotti—Tate lifts instead (which correspond to Hilbert
modular forms of parallel weight two).

The papers [GK, New14] independently succeeded (by rather different means)
in transferring the results for U(2) described above to the setting of quaternion
algebras over totally real fields. In particular, [GK] defines a set of weights
WBT(7), and shows (by global methods, using the results in [BLGG13]) that
there are inclusions

Wexplicit(’;) C WBT(f) C WcriS(F)'

The definition of WBT(7) can again be extended to global representations in
exactly the same manner as before, and (in either the U(2) or quaternion algebra
settings) the set of weights in which 7 is modular is always the set WBT(p). In
particular, this shows that the set of weights is determined purely locally, and in
order to complete the proof of the weight part of Serre’s conjecture, it would be
enough to solve the purely local problem of showing that WBT () = Wexplicit(5),

Unfortunately, the definition of WBT(7) is rather indirect, being defined as
a linear combination of the Hilbert—Samuel multiplicities of certain potentially
Barsotti-Tate deformation rings. These rings have only been computed when
K = Q, [Sav05] or when K /Q, is unramified and 7 is generic [Brel4, BM12],
and they appear to be extremely difficult to determine in any generality.

The main local result of this paper (see Theorem 6.1.18) is that
wesplicit(7) = Weis(7) in complete generality (provided that p > 2). The proof
is purely local, and will be described below. As a consequence, we deduce that
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WBT(7) = WePlicit(7) when p > 2, and thus we obtain the following theorem
(see Theorem 6.2.1).

THEOREM A. Let p > 2 be prime, let F be a totally real field, and let p : G —
GL, (F,,) be a continuous representation. Assume that p is modular, that mcm,,)
is irreducible, and if p = 5 assume further that the projective image of Pl6r,
is not isomorphic to As.

For each place v|p of F with residue field k,, let o, be a Serre weight of
GL,(k,). Then p is modular of weight ®,,,0, if and only if o, € WeXp'iCit(ﬁlcFv)
forall v.

In particular, this immediately implies the generalizations of the weight
conjecture in [BDJ10] proposed in [Sch08, Geella].

We remark that Newton and Yoshida [NY14, forthcoming] have also
established Theorem A for many weights ®,,0, by methods that are rather
different from ours, namely via novel arguments involving the study of the
special fibres of integral models for Shimura curves.

We now turn to an outline of our approach. To prove that We®Plict(7) —=
Weis(F), it is necessary to study the possible reductions of certain two-
dimensional crystalline representations. The Hodge-Tate weights of these
representations (which were first considered in [Geella]) have a particular
form, and we call these representations pseudo-Barsotti—Tate representations,
because most of their Hodge—Tate weights (in a sense that we make precise
in Definition 2.3.1) agree with those of Barsotti-Tate representations. In the
case that K/Q, is unramified, these are exactly the representations considered
in [GLS14], and our techniques are a wide-ranging extension of those of that
paper to a setting where p may be arbitrarily ramified.

The equality WePlcit(7) = W (7) is by definition equivalent to the statement
that the possible reductions of pseudo-Barsotti—Tate representations with given
Hodge-Tate weights are in an explicit list, namely the list of representations
arising as the reductions of pseudo-Barsotti-Tate representations (of the
same Hodge-Tate weights) which are extensions or inductions of crystalline
characters. The most obvious way to try to establish this would be to classify
(the lattices in) pseudo-Barsotti—Tate representations (perhaps in terms of their
associated (¢, G)-modules), and then to compute all of their reductions modulo
p. Experience suggests that this is likely to be a very difficult problem, and this
is not the approach that we take. Instead, we proceed more indirectly, guided by
the particular form of WePlicit(5),

Our first step is to make a detailed study of the filtrations on the various
objects in integral p-adic Hodge theory which are attached to lattices in pseudo-
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Barsotti—Tate representations. This study, which is a considerable generalization
of much of the work carried out in [GLS14, Section 4] in the unramified case,
culminates in Theorem 2.4.1, which classifies the possible structures of their
underlying Kisin modules in terms of their Hodge-Tate weights. It is then
relatively straightforward to determine the possible characters that can occur in
the reduction modulo p of such a representation, and comparing this to the form
of WePlicit(7) " we prove the conjecture in the case that 7 is a direct sum of two
characters (see Theorem 3.1.4).

We next turn to the case that 7 is irreducible. In this case, we know that r
becomes a direct sum of two characters after restriction to the absolute Galois
group of the unramified quadratic extension, and applying the previous result
in this case gives a constraint on the form of r. It is not at all obvious that
this constraint is sufficient to prove the conjecture in this case, but we are
able to establish this by a somewhat involved combinatorial argument (see
Theorem 3.1.5).

At this point we have established the conjectures in [Sch08], which treat the
case that 7 is semisimple. There is, however, still a considerable amount of work
to be done to deal with the case that r is an extension of characters. It is not
surprising that more work should be needed in the nonsemisimple case. For
example, if the ramification degree of K is at least p and r is semisimple, then the
inclusion W (7) € Welicit(7) is essentially trivial, because the set WePlicit(5)
consists of all the weights satisfying a simple determinant condition. On the other
hand, when 7 is not semisimple, the definition of WePlci'(7) which is given in
terms of certain crystalline Ext' groups, only becomes more complicated as the
ramification index increases.

In the remaining case that 7 is an extension of characters, the result that
we proved in the semisimple case shows that the two characters are of the
predicted form, and it remains to show that the extension class is one of the
predicted extension classes. We again proceed indirectly. From the definition of
Wweslicit(7) " we need to show that 7 has a pseudo-Barsotti—Tate lift of the given
weight and which is an extension of crystalline characters. An approach to this
problem naturally suggests itself: we could compute the dimension of the space
of extensions in characteristic p that arise from the reductions of extensions of
crystalline characters, and try to use our structure theorem to prove that the set
of extensions that can arise as the reductions of possibly irreducible pseudo-
Barsotti-Tate representations is contained in a space of this same dimension.

This is in effect what we do, but there are a number of serious complications
that arise when we try to compute our upper bound on the set of extension
classes coming from pseudo-Barsotti—Tate representations. It is natural to return
to our structural result Theorem 2.4.1, and this gives us nontrivial information
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on the possible Kisin modules, which we assemble with some effort. We would
then like to compare these Kisin modules with those arising from extensions of
crystalline characters. It is at this point that two difficulties arise. One is that the
functor from lattices in Galois representations to Kisin modules is not exact (see
Example 5.2.1 and the discussion that follows it), which means that the Kisin
module corresponding to the reduction of such an extension need not correspond
to an extension of the corresponding rank-one Kisin modules. The other related
difficulty is that when the ramification degree is large, there are many different
crystalline characters with different Hodge—Tate weights to consider, and it is
necessary to relate their reductions. We are able to overcome these difficulties
by showing that there is a ‘maximal’ pair of rank-one Kisin modules for the
representation 7 and the Hodge—Tate weights under consideration, and reducing
to the problem of studying their extensions. This is done in Sections 5.2-5.4.

The second complication is that Kisin modules do not completely determine
the corresponding G g-representations, but rather their restrictions to a certain
subgroup G . If 7 is an extension of X, by x, with ¥,%,' not equal to
the mod-p cyclotomic character, it turns out that the natural restriction map
from extensions of G g-representations to extensions of Gg_ -representations
is injective (Lemma 5.4.2), and we have done enough to complete the proof.
However, in the remaining case that X, ! is the mod-p cyclotomic character,
we still have more work to do; we need to study the uniqueness or otherwise of
the extensions of the Kisin modules to (¢, G)—modules. We are able to do this
with the aid of [GLS14, Corollary 4.10], which constrains the possible G-actions
coming from the reductions of crystalline representations.

1.1. Notation

1.1.1. Galois theory. If M is a field, we let G, denote its absolute Galois
group. If M is a global field and v is a place of M, let M, denote the completion
of M at v. If M is a finite extension of QQ, for some ¢, we let M, denote the
maximal unramified extension of Q, contained in M, and we write I, for the
inertia subgroup of Gy,. If R is a local ring, we write mg for the maximal ideal
of R.

Let p be a prime number. Let K be a finite extension of Q,, with ring of
integers Ok and residue field k. Fix a uniformizer = of K, let E(u) denote the
minimal polynomial of = over K, and set e = deg E (u). We also fix an algebraic
closure K of K. The ring of Witt vectors W (k) is the ring of integers in K.

Our representations of G will have coefficients in subfields of @p, another
fixed algebraic closure of Q,, whose residue field we denote . Let E be a finite
extension of @, contained in @P and containing the image of every embedding
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into @p of the unramified quadratic extension of K; let O be the ring of integers
in E, with uniformizer @ and residue field kg C F,,.

We write Artg: K* — W for the isomorphism of local class field theory,
normalized so that uniformizers correspond to geometric Frobenius elements.
For each A € Hom(k, Fl,), we define the fundamental character w, corresponding
to A to be the composite

. Art}l A =X
Ix — WP — O — k* —F,.

We fix a compatible system of p”th roots of 7 that is, we set 7y = m, and for
all n > 0 we fix a choice of 7, satisfying w” = m,_;. Define K = UZO:() K (m,).

1.1.2. Hodge-Tate weights. If W is a de Rham representation of G over @p

and « is an embedding K < @p, then the multiset HT, (W) of Hodge—Tate
weights of W with respect to « is defined to contain the integer i with multiplicity

=~ Gk
dim@p<W B K(—i)) ,

with the usual notation for Tate twists. (Here, K is the completion of K.) Thus
for example HT, (¢) = {1}, where ¢ is the cyclotomic character. We will refer to
the elements of HT, (W) as the «-labelled Hodge—Tate weights of W, or simply
as the «-Hodge—Tate weights of W.

1.1.3.  p-adic period rings. Define & = W (k) [u]. The ring S is equipped with
a Frobenius endomorphism ¢ via u +— u” along with the natural Frobenius on
W (k).

We denote by S the p-adic completion of the divided power envelope of
W (k)[u] with respect to the ideal generated by E(u). Let Fil" S be the closure
in S of the ideal generated by E(u)'/i! for i > r. Write Sk, = S[1/p] and
Fil" S, = (Fil" S)[1/p]. There is a unique Frobenius map ¢: S — S which
extends the Frobenius on &. We write Ng for the Ky-linear derivation on Sk,
such that Ng(u) = —u.

2. Kisin modules attached to pseudo-Barsotti—Tate representations

2.1. Finer filtrations on Breuil modules. Let V be a d-dimensional E-
vector space with continuous E-linear Gg-action which makes V into a
crystalline representation of Gg. Let D := D;(V) be the filtered ¢-module
associated to V by Fontaine [Fon94]. Recall that we have assumed that the
coefficient field E contains the image of every embedding of K into @p.
Since V has an E-linear structure, it turns out that the filtration on the Breuil
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module D attached to D in [Bre97, Section 6] can be endowed with finer
layers that encode the information of the «-labelled Hodge—Tate weights of D.
As we will see in later subsections, these finer filtrations play a crucial role
in understanding the structure of Kisin modules [Kis06] associated to pseudo-
Barsotti—Tate representations (Theorem 2.4.1). In this subsection, we construct
such finer filtrations and study their basic properties.

2.1.1. Let f = [Ko: Q,], and recall that e = [K : K,]. Fix an element «, €
Homg, (Ko, E), and recursively define x; € Homg, (Ko, E) for i € Z so that
icl."H = k; (mod p). Then the distinct elements of Homg, (Ko, E) are o, ...,
Kk r_1, while Ky = ky. Now we label the elements of Home (K, E) as

Home(K,E)z{Kij i=0,...,f—1,j=0,...,e—1}

in any manner so that «;;|x, = «;.

Let & € W(k) ®z, Op be the unique idempotent element such that
(x ® D& = (1 @ ki (x))e; for all x € W (k). Then we have ¢;(W (k) ®z, Op) ~
W (k) @w . Ok.

Write Ko g = Ko®q, E and K = K ®q, E. We have a natural decomposition
of rings Ko p = 1—[{:—01 & (Ko p) = lf:_ol E;,where E; = ¢;(Kor) ~ Ko®g, ., E.
Similarly, we have Ky = ]_[i’j E;; with E;; = K Qg ,,; E. We will sometimes
identify an element x € E with an element of E; via the map x — 1 ® x, and
similarly for E;;.

2.1.2. Recall that D is a finite free K, g-module of rank d (see [BMO02,
Section 3.1], for example), so that Dx := K ®g, D is a finite free Kg-module
of rank d. In particular, we have natural decompositions D = ifz_ol D; with
D; = &(D) ~ D ®,, E;, and Dx = EBM Dk with Dg ;; = D Qk, Ej;.
Note that Fil” Dy and gr” Dg have similar decompositions, though of course
they need not be free. Given a multiset of integers {m;;} with0 <i < f — 1 and
0<j<e—1,wedefine
f—1 e—1
Fil") Dy := @) @) Fil"" Dy i; C Dx.

i=0 j=0

If m;; = m forall i, j, then of course Fil™i! Dy = Fil" Dg.

2.1.3.  Let A be an G-algebra. We write Ap, := A®z, Og. Thisisa W (k) ®z,
Op-algebra, so that Ap, =~ [/ Ao, with Ao, = &(Ao,) ~ A Qwaw. Ok.

Similarly, we write Ag 1= A ®z, E, so that we have Ap ~ ]_[f:ol Ag; with
AE,i = A ®W(k),Ki E.
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Let us write ¢ for the isomorphism G, =~ ]—[lf:_ol So,.; and (; for the projection
So, - So,.i.. Note that S, ; = G Qwa).; Or = O, [u], where Op, denotes
the ring of integers in E;.

Recall that 7 is a fixed uniformizer of K, with minimal polynomial E (u) over
Ko. Write 7;; = k;;(;w) € E. For each «;, we define E(u) = ]_[j;é(u — mij)
in E[u], so that E“(u) is just the polynomial obtained by acting by k; on the
coefficients of E (u); note that identifying E; with E will identify ¢; (E (1)) with
E“(u).

Let f; be the map S — Oy induced by u —> 7. We will also write f; for the
map fr ®z, E : Sg — (Ok)g. We have surjections (;; : (Ox)g — Kg — Ej; for
all i, j, and composing with f; gives E-linear maps f;; :=(;; o fr : Sg = Ejj.
Restricting f;; to &¢, gives an Og-linear surjection o, — O, that we also
denote f;;. (Here, Of, denotes the ring of integers in E;;.) Set Fil}j Sg =
ker(f;;) and Fil' So, = 6p, N Fililj Se. Let E;;(u) be the unique element in
So, such that 1, (E;j(u)) =u —m;; if £ =17 and 1, (E;;(u)) = 1if £ # i. We see
that E(u) ® 1 = ]_[i’j E;j(u) in Sp,.

LEMMA 2.1.4. (1) E;(u) € Fil}; S.

) N, Fil}; Sz =Fil' S ®, E.

(3) Fil}; 6o, = E;j)So,.

Proof. Note that Sg; C Ko[u] ®x,., E =~ E;[u], so that elements in Sg; can be
regarded as power series with E;-coefficients.

Unwinding the definitions, we see that f;; : Sp — E;; is the E-linear map
sending u to 7r;;. In fact the map f;; can be factored as

r-1 f-1
fij © Se l_[SE,i’ — H(OK)E,N — Ejj,
i'=0 i'=0

where the second map is the product of the maps sending u to m ® 1, while the
third map is the map Ok ®ww ., E — Ok ®0y.«; E on the ith factor and is zero
on the remaining factors. Now (1) is clear, and moreover an element 4 € S £ lies
in Fil}j Sg if and only if & = (u — m;;)h’ for some b’ € E;[u]. (We caution the
reader that 4’ need not be in Sg;.) Then (2) and (3) follow easily. O]

For 0 < ¢ < f — 1, define Fil}; Sy, := Fil}; Sg N S, and Fil;; &g, :=
Fill.lj G0, NSp,,. Note that unless £ = i we have Fil}j Sg.¢ = Sk.¢, and similarly
for GE,Z-
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2.1.5. Let N be the W (k)-linear differential operator on & such that N(u) =
—u, and extend N to &, in the unique E-linear way. It is easy to check that
N is compatible with ¢ in the following sense: if N is the Og-linear differential
operator on O ;[u] such that N(u) = —u, then ¢;(N(x)) = N(y(x)) for any
X € GOE-

Let D := S Qww D be the Breuil module attached to D (see for
example [Bre97, Section 6]). We have a natural isomorphism Dx >~ D®s , Ok;
therefore, we also have a natural isomorphism Dy ;; =~ D ®s, . E;;. We again
denote the projection D — Dk by f;, and the projection D — Dy — Dy ;;
by fij.

REMARK 2.1.6. Since Dx = ®; ;Dg ;;j, it is easy to check that f; = @;; fi;.
This is a useful fact in the Q,-rational theory. Unfortunately, this fails in general
in the integral theory (unless ¢ = 1), essentially because the idempotents in
K ®q, E may not be contained in Og ®z, Or. While it is not hard to see that
1ij(&0,) = Og,;, the map f; : Gp, — @;;Op, in general is not surjective:
indeed f;(Sp,) = Ok ®z, O, and this need not equal @; ;Op,; unless e = 1.

2.1.7. Let {m;;} be a collection of integers indexed by i =0, ..., f — 1 and
j=0,...,e— 1. We recursively define a filtration Fil™} D C D. We first set
Fil"#) D = D if m;; < 0 for all i, j. Then define

Fil""'D = {x € D : f;;(x) € Fil"V Dy ; foralli, j, and N(x) € Fil"~" D}.
This is a direct generalization of the usual filtration Fil" D on D defined
in [Bre97, Section 6], and evidently Fil" D = Fil"™#! D when m; ; = m for all
i,J.

2.1.8. Letus discuss a slight variation of the filtration Fil""/! D defined in 2.1.7.
Recall that S =~ ]_[2:01 Sg.. ThenD = @‘L,:Ol D, with D, = D®g, Sk, We also
have Fil"™/! D = @/_, Fil"™' D, with Fil"#! D, = Fil" D®g, Si,. Note that
N(D,) C D, (because N is E-linear on D). We see easily that Fil™! D, depends

only on the my; for 0 < j < e — 1, and we can define Fillmeos-mee-} D, .=
Fil"™i! D,. Note that Fil":™.-1) D; also has the recursive description

{x € D; : fi;(x) € Fil™ Dg; forall j, and N(x) € Fil"0~ b=l Dy},
The following proposition summarizes some useful properties of Fil™! D and
Fillmio--mie—1} D,.

PROPOSITION 2.1.9. With notation as in 2.1.7, the filtration Fil"} D has the
following properties.

(1) Ifmy; > m}, forall i, j then Fil""#) D € Fil"s) D.
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(2) N(Fil"#' D) C Fil"™i~! D,
(3) Fil"' D is an Sg-submodule of D;
4) fr(Fil" D)y = @, ; Fil™ Dg ;.
(5) (Fil" S) Fil"™i ="' D < Fil"™#' D for all r > 0.

(6) We have (Fill,;, Sg)Fil"™")D < Fil") D with m/,,, = my; + 1 and
my; = my; if (i, j) # @, j').

(7) Suppose that E(u)x € Fil"/' D with x € D. Then N*(x) € Fil"™i~'"9D
forall £ > 0.

(8) Suppose that E; y(u)x € Fil"#) D with x € D. Then x € Fil"' D with
my, =myy — Landm;; =m;; if (i, j) # (@', ).

Analogous statements hold for the filtration Fil"0-™=13 D, of 2.1.8, replacing

D by D; and Sg by Sg;. (Note that we have defined Fill.l,j, Se.i below

Lemma 2.1.4.)

Proof. The proofs for Fil":0-™11 D, are essentially the same as those for
Fil"™7 D, so we will concern ourselves exclusively with the latter case.

(1) This is a straightforward induction on m' = max;, j{m;_i}, with the case
m’ < 0 serving as the base case. Let us suppose that the statement is true for
m’ — 1, and consider the situation for m’. If x € Fil"' D, we certainly have
fi;(x) € Fil"i Dy ;; € Fil™i Dy ;. so it suffices to show that N (x) € Fili =" D.
But N(x) € Fil"~"D, and Fil"~" D < Fil™:~" D by induction, which
completes the proof.

(2) This is immediate from the definition.

For each of items (3)—(6), we proceed by induction on m = max; ;{m;;}. These
statements are all trivial if m < 0, except for (6), where we take m < 0 as the
base case. For each of these items in turn, let us suppose that the statement is
true for m — 1, and consider the situation for m.

(3) Pick s € Sg and x € Fil™# D. It is clear from the definitions that
fij(sx) = fi;(8) fij(x) € Fil" Dg ;; for all i, j, so it remains to show that
N(sx) = N(s)x + sN(x) is inside Fil™7 =" D. Since N(x) € Fil"~" D, and
Fil" =" D is an S;-module by induction, we see that s N (x) € Fil™7 =" D. For
the other term, we know from (1) that Fil”/! D C Fil"i~! D. Therefore x, and
hence N (s)x, is in Fil™~" D (again using the induction hypothesis).
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‘We now prove (6), (5), and (4) in that order.

(6) Let x = sy with s € Fill, . Sg and y € Fil™/) D. We note that f;;(sy) €
Fil" D ;; if (i, j) # @', j), and fiy(sy) = 0 e Fil"" "+ Dy irj7. It remains
to show that N(x) = N(s)y + sN(y) lies in Fil”i~" D. We have N(s)y €
Fil"#) D < Fil™~" D by (3) and (1). On the other hand, N (y) is in Fil™“~!' D
by definition, and so by the induction hypothesis we have sN(y) € Fil":~" D.
This completes the induction.

(5) This follows by an argument essentially identical to the proof of (6), using
fij(s) =0foralli, jif s € FiI" S, and that N(Fil" §) C Fil' ' S forr > 1.

(4) Pick x = (x;;) € @, Fil"¥ Dy ;. Since x;; € Fil"™ Dg,; C Fil""' Dy ;;,
by induction there exists £ € Fil"7~" D such that f;;(X) = x;; for all i, j. Note
that N (E (u)) is relatively prime to E(u), so there exists R(u) € Ky[u] such that
E(u) divides 1 + R(u)N(E(u)). Set H(u) := R(u)E (1), and write N(H (1)) +1
= E(u)Q(u). Define

m—1

H (u)‘N "’(x)
=0
It is easy to check that f;;(J) = f;;(X) = x;; for all i, j. Now, we have

m—1
NG = N@) + ) S CHW ™ NH@HN' @) + Hw' N ()
=1

m—1 m—1 =1 A1l /2
H (u) Nm(A)+Z(1+N(H(u)))H(u) N'(x)

Tmon YT A €—1)!
H(u)'" - — Q)R E) N (%)
= N (x )+Z T .

Since % € Fil™~" D, repeated applications of (2) and (5) show that E (1) N*(%)
is in Fil™7 =1 D for all £. Since E (1) divides H (u), we also have H (u)"~'D C
Fil"~" D c Fil"~" D. By (5) we conclude that € Fil"#! D as required, and
the induction is complete.

(7) First we show that f;;(N‘(x)) € Fillmi—1=4 Dy ;; for all i, j, proceeding
by induction on £. Note that N(E(u)x) = N(Eu))x + E(u)N(x) lies
in Fil""""D, and so f;;(N(E))x) € Fil"" ' Dy, for all i, j. Since
fii(N(E(u))) # 0, we see that f;;(x) € Fil™i~! Dy ;; for all i, j. This proves
the case £ = 0. In general, we have

+1
1
NN E@x) =) (E * )N“l—"(E(u))N"(x) e Fil"i~'=9D,
n

n=0
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using (2) to deduce the containment. After applying f;; to both sides of the above
equation, each term on the right-hand side with n # £ will be known to belong
to Fil"s =178 D, ;. For n < £, this follows from the induction hypothesis, while
the term with n = £ + 1 vanishes because f;; (£ (u)) = 0. We conclude that the
same is true for the term with n = £, and so (again using that f;; (N (E(u))) # 0)
we deduce that f;;(N*(x)) € Fil"™~'=% Dy i

Now, the claim N‘(x) € Fil"~'""Y D is automatic for £ > max; iimy;}.
Suppose that we have N(x) € Fil"~'=% D, or in other words N(NZ‘1 (x)) €
Fil" ==Y D, Since we also have f;;(N“"'(x)) € Fil"i~'=“"VI D .. from
the previous paragraph, we deduce that N*~'(x) e Fil"7~'"=“"Y'D_Now (7)
follows by (reverse) induction on £.

(8) Again we proceed by induction on m = max;;{m;;}. Since Ey;(u)x €
Fil") D, we have fi;(E;;(u)x) € Fil"/ Dg ;. Then f;;(x) € Fil™ Dy ,; for
any (i, j) # (i, j'), because f;;(Ey;(u)) # 0 in that case. Note that

N(E;j(u)x) = N(Ej(u))x + E;;(u)N (x) € Fil"i~1 D, (2.1.10)

Applying f;; to (2.1.10) and noting that fi/; (N(E;(u))) # 0, we see that
firi(x) € Fil™ ! D j. Thus f;;(x) € Fil"i Dy ;; for all i, j. It remains
to show that N (x) € Fil"i~"D. Note that E; ; (u)x € Fil"¥' D implies that
E(u)x € Fil"™# D, and (7) with £ = 0 shows that that x € Fil™7~!"'D. Hence
N(E;;(u))x € Fil"~" D, and then (2.1.10) gives E;;(u)N (x) € Fil"™~" D.
By induction, we see that N(x) € Filt—1 D, and we are done. O

REMARK 2.1.11. An argument analogous to the proof of Proposition 2.1.9(1)
shows that Fil"#! D = Fil™>-01 D,

The next proposition shows that the filtration Fil"/!'D is essentially
characterized by certain of the properties listed in Proposition 2.1.9.

PROPOSITION 2.1.12. Fix elements n;; € 7Z.U {oo} indexed byi =0, ..., f —1

and j = 0,...,e — 1, and let S be the set of collections of integers {m;;}
with m;; < ny; for all i, j. Suppose that we have another filtration of D by

additive subsets Fil"" ”]D, defined for all {m;;} € S and satisfying the following
properties.

(1) FE1"'D = D ifm;; < 0 forall i, j.

(2) For each {m;;} € S there exists r > 0 such that (Fil" §)D C Fi"'p.
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(3) The filtration "D satisfies properties (2) and (4) of Proposition 2.1.9,
as well as E(u) - " "p c E"'p, forall {m;;} € S.

Then for all {m;;} € S we have Fi1"7'p = il p,
An analogous statement holds for the filtration Fil'™0"10 D, of 2.1.8,
replacing D by D;.

Proof. The proof for D; is the same as the proof for D, so again we concentrate
on the latter case. As usual, we proceed by induction on m = max;;{m;;}, with
the base case m = 0 coming from (1). Suppose that the claim holds for m — 1,
and consider the situation for m.

Pick x e Fil"'D. By hypotheses 2.1.9(4) and 2.1.9(2) respectively, we
have f;;(x) € Fil" Dg,; and N(x) € Fil™~"'D. By induction, Fil"" "D =
Fil"i=%D, so x € Fil"™i! D by definition, and we have shown that "' p -
Fil" D.

Conversely, pick x € Fil"' D. By hypothesis 2.1.9(4), there exists y €

Fil"'D such that fii(y) = fi;j(x) for all i, j. We can (and do) modify y so

that x = y + E(u)z with z € D and y still in Fil"'D. This is possible because
any s € Fil' S can be written as E (u)s' +s” with s’ € S[1/p] and s” € Fil" S for
r > 0; now use hypothesis (2).

Now E(u)z = x — y € Fil™ D (from the second paragraph of the proof),
so z € Fil" =D by Proposition 2.1.9(7). Then z € F"p by induction,
and hypothesis (3) wrth r = 1 shows that E(u)z € Fil"'D. We conclude that
x=y+Euze ST D, as desired. O

2.2. Some general facts about integral p-adic Hodge theory. Suppose in
this section that the Hodge—Tate weights of V lie in the interval [0, r]. Let T C V
be a G-stable Og-lattice, and let 9% be the Kisin module attached to T by the
theory in [Kis06, Liu08]; see the statements of [GL.S14, Definition 3.1, Theorem
3.2, Definition 3.3, Proposition 3.4] for a concise summary of the definitions and
properties that we will need. The object 91 is a finite free S, -module with
rank d = dimg V, together with an Og-linear p-semilinear map ¢ : 91 — M
such that the cokernel of 1 ® ¢ : 6 ®, ¢ M — M is killed by E(u)". As in
[GLS14, Section 3], we use the contravariant functor Tg to associate Galois
representations to Kisin modules.

Set M* = R, &M, which by [Liu08, Corollary 3.2.3] (or [GLS14, Theorem
3.2(4)]) we can view as a subset of D. Define

Fil" s 9 := 9" N Fil"! D,
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and Mg ;; = f;;(ON*) C Dg;;. Similarly, we define M = M* g, G, and
Fillmi0mieth g)pe .= v N Fil0-+"-1) D, Note that 1 ® ¢ : M* — M is an
G-linear map. By [Liu08, Corollary 3.2.3] one also has that

Fil' " = {x e M* | (1 @ ) (x) € E(u)" MN}. (2.2.1)

LEMMA 2.2.2. Let {m;;} be nonnegative integers indexed byi =0, ..., e—1and
J=0,..., f =L Fixapair (i, j), and define m;; = m;; + 1if (i, j) = (@’, j')
and mj; = m;; otherwise. Then we have the following.

(1) Mg ;; is an Og-lattice inside Dy ;.

(2) Fil"™a) o0+ ) Fil"™s) ON* is a finite free O g-module.

(3) IfFil""/*' Dy ;v = 0, then Fil™) 9% = E,.; (u) Fil ™ 9,
Moreover, the natural analogues of (2) and (3) hold for the filtration on M.

Proof. (1) Note that Mg := f,(9*) C Dy is a full Og-lattice. Indeed, Mg ~
O/ E (u)9* is a finite free Ox ®z, Op-module of rank d because 9N is finite
G, -free of rank d. Then (1) follows quickly from this fact.

As usual, the proofs of (2) and (3) will be the same for 9t} as for 9%, and so
we concentrate on the latter case.

(2) It is clear from the definition of Fil™! 90 that Fil™} o+ / Fil! on*
injects into Fil"! D/ Fil"i! D. By Proposition 2.1.9(6), Fil™! D/ Fil™! D is
an Sg/ Filil, i Sg = Eyy-module. In particular, it is p-torsion free, so the same
is true of Fil"™ 90t*/ Fil™i! 9. On the other hand, Fil™' 90t*/ Fil"' 9* is
an Gp,/ Fill?, I Go, = (’)Ei,j,-module. Since it is p-torsion free and finitely
generated (note that 01" is finite S, -free and G, is noetherian), we see that
Fil"™s) 90t / Fil™i) 9% is a finite free O z-module.

(3) Let S be the set of tuples {n;;} with n;; < mj/ for all i, j. Fix any r >
max; ;{m;;}, define

Fil"'D = (Fill,, $p) il D + (Fil’ $)D,
and define Fil""'D = Fil" D for all other tuples {n;;} € S. (Itis easy to check

using (1) and (5) of Proposition 2.1.9 that the above definition does not depend

on the choice of r.) Our first goal is to show that Fil"s! D = F1"™9D. This will
follow from Proposition 2.1.12 once we can show that the following hold.
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) N(F1"'D) c Fil"i - D,

~ (m

(i) fx(Fil ’ D) = @i,j Fil" Dy ;.
(iii) E) - Fil" "D < Fl"'p.

To check (i), let s € Fil;,, Sz and x € Fil”# D. Then N(sx) = N(s)x +
sN(x). We have N(s)x € Fil"™/D < Fil"s~"D. Similarly, N(x) €
Fil™i~1D; by Proposition 2.1.9(6), we have sN(x), and so also N(sx) in
Fil"i~"D. Since N((FiI' $)D) < N(Fil”' D) < Fil"s~"D as well, this
checks (i).

Now let us check property (ii). Certainly f, does map (Fil}, 7 SE) Fil"! D
into €, ; Fil"i Dy ;» and we have to check that this map is surjective. (Since
f(Fil" ) = 0, the (Fil" S)D term does not affect the statement.) Choose an
element (x;;) € @;; Fil! Dk ;j. Note that x;; = 0 by our hypothesis that
Fil™i+! D iy = 0. By Proposition 2.1.9(4), there exists y € Fil"i} D such
that f;;(y) = x;; if i #i"and fi;(y) = (1/(mwir; — 7wij))xir if j # j'. We see
that f;;(Eyj(u)y) = x;; for all i, j, and this checks property (ii).

Finally, property (iii) is an immediate consequence of the factorization E (1) =
[1., Eij(w) together with Proposition 2.1.9(6) applied to E(u) - Fil" =1 D
repeatedly at all pairs other than our fixed (i, j').

Now turn to the statement we wish to prove. It is clear from the definitions
and Proposition 2.1.9(6) that E; ; (u) Fil"™s) o0t < Fil™i} 9t*. Conversely, take
x € Fil™i) 9+, By the first part of the proof, we can write x = sy + s'y’ with
s € Fil},, Sp,s' € Fil' S,y € Fil"# D, and y’ € D. Since 9" is finite S, -free,
we can choose ey, . .., e; € MM* that are an G, -basis of MM* (and hence also an
Sg-basis of D). We write x = ) a,e, in terms of this basis, with a, € S, for
all n. The expression x = sy + s’y shows that a, € Fil},j, Sg+Fil" S = Fil},j/ S
as well. Hence a, € Filil,j, SeNGp, = Evy(u)Sp, by Lemma 2.1.4(3). Now
x = Eyj(u)y” with y” € 9t*. To conclude, we need to show that y” Fil"™i D,
and this follows from Proposition 2.1.9(8). O]

As an application, we describe the Kisin modules of crystalline characters.

LEMMA 2.2.3. Suppose that V is a crystalline character such that HT,,, (V) =
{rij} withr;; > 0 for all i, j. Choose basis elements e; € M} for all i. Then we
have (e;_1) = «o; ]_[;7%) Ei;(u)" - e; witho; € Ogllu]* forall i.

Proof. Choose r > max; ; r;;. We claim that Fil” 0t = j;é) E;j(u) " -0t for
all i. It is immediate from the definition that Fil""! D = D, so that Fil"#! o* =

M* as well. Now the claim follows by repeatedly applying Lemma 2.2.2(3).
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Recall that we have IM* = & ®, s M, so that e;_; (and not ¢;) is a generator
of M. Also recall from [GLS14, Lemma 4.3(1)] that we have Fil" 9t' =
(x e @ (1 @ p)(x) € Ef5(u) M;}. Writing ¢(e;_1) = aje;, we see that
Fil" 9t = {Be;—; : E“(u)" | Ba’}. From the shape of Fil" 9" we deduce that

e—1 . . .
ol =« ]_[;:0 E;;(u)" for some unit o;, as desired. O

2.3. Pseudo-Barsotti-Tate representations

Definition 2.3.1. Fix integers r; € [1, p] for all i. We say that a two-dimensional
crystalline E-representation V of G is pseudo-Barsotti—Tate (or pseudo-BT) of
weight {r;} if forall 0 <i < f — 1 we have HT,, (V) = {0, r;}, and HT,,, (V) =
{0, 1} if j # 0. (Strictly speaking, we should say that V is pseudo-BT with
respect to the labelling «;; of the embeddings Homg, (K, E).)

Equivalently, a two-dimensional crystalline representation V is pseudo-BT if
and only if the following hold.

o dimg gr’ Dy ;; = 1 forall i, j.
e dimg gr'i Dg ;o = 1 with r; € [1, p] for all i.
o dimg gr' Dy ;; = 1forall j # 0.
Note that a pseudo-BT representation is actually Barsotti—Tate if and only if

r; = 1 for all i. For the remainder of this section, we assume that V' is pseudo-BT.

2.3.2. Asinthe previous subsection, we let T C V be an G g-stable O-lattice,
and let 901 be the Kisin module attached to T'. Write My ;; = f;;(9*) C D ;;.
Note that 91" is a rank-two finite free S ,-module. Set Fil” Mg ;; := Mg ;; N
Fil" D ;;. By definition, we have the following.

e Fil' M k.ij is a saturated rank-one free Og-submodule of My ;.
e Fil" My ;o = Fil' My ;o and Fil"*' My ;o = {0).
e Fil> My ;; = {0} if j # 0.

In the next few pages, we will establish several results about the structure
of the submodules Fil"%% M of M, following roughly the same strategy as
in [GLS14, Section 4]. We remark that until Corollary 2.3.10, none of these
results will actually use the pseudo-BT hypothesis, only that the crystalline
representation V has nonnegative Hodge—Tate weights and HT,, , (V) = {0, r;}.

We begin with following proposition, which should be compared with
[GLS14, Proposition 4.5].

https://doi.org/10.1017/fmp.2015.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2015.1

The weight part of Serre’s conjecture for GL(2) 19

PROPOSITION 2.3.3. Suppose that there exists an Gp, ;-basis {¢;, f;} of M}
such that §; € Fil'"-0--0 M and f; o(f:) generates Fil" My ;o. Then for any n > r;
we have

Fil" 00 M =Co,.iu—m0)"e ®So, i (u—mio) "
Proof. We first prove by induction that for 0 < n < r; we have
Fil" %9 D, = Sp i (u — m:0)"¢; ® Sg.if: + (Fil" Sg.)D;. (2.3.4)

The case that n = 0 is trivial, as {e¢;, f;} is a basis of 9. Suppose that
the statement is valid for n — 1, and consider the statement for n Define
Fl o D to be equal to the right-hand side of (2.3.4), and set " O}Di =
F11 m0--00D, for m < n. The conditions of Proposition 2.1.12 for this filtration
are straightforward to check: use f; € Fil""*~%D, to see that N(f;,) e
ST O}D Fil""~1%-%'D; “so property (2) of 2.1.9 holds; then, to verify
property (4) of 2.1.9, note that for 1 < n < r;, Fil" Dg ;o = Fil" Dg o is
generated by f;o(f;) by hypothesis. By Proposition 2.1.12, we deduce that
Fi "o Di = Fil" %% D, as desired.

Now, by Lemma 2.2.2 for D;, it suffices to show that

Fil""O- 9 90 = G, i (u — m10) e ® Go,.ifi

Evidently Gp, ;(u — m0)"¢; ® So,.ifi < Fill7i:0--0) M*. For the converse, let
x € Fil"" %% 9% Then, by (2.3.4) we have x = (s(u — 1;0)" +1)¢; + (' +1)f;
withs, s" € Sg; and ¢, ¢’ € Fil" Sg ;. Since x € M}, we see that s(u — 1, 9)" +1 €
Gp, and s’ +t' € Sp,. Note that s(u — 7, 9)" + ¢ is in Fil” Sg; N Sp,, and
since this is just (4 — 7; )" Sp,, we are done. ]

Via the identity 9" = 6 ®, s M, we can regard M;_; as a ¢(6)-
submodule of 91 such that & ®,@) M;—; = M. (Note that the analogous
statement immediately preceding the published version of [GLS14, Theorem
4.22] contains a mistake. See Appendix A for a correction.) The following
proposition is our key result on the structure of Fil'"** M, and may be
compared with [GLS14, Proposition 4.16].

PROPOSITION 2.3.5. (1) There exists a basis {¢;_y,fi—1} of My such that
fio(i—1) generates Fil'"" My ;0.

(2) Suppose that p > 3. There exists a baszs (e}, 1;} of M such that ¢; —e;_; and
fi —fi—1 are in mgO* and Fil{r-0- smj Go,.iu—mip)e ®Gp, (u—
i o)
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Proof. (1) We know by Lemma 2.2.2(1) that f; o(90t}) is an Og,-lattice inside
Dk o, so there exists an Op,-basis f{e, f} 0£ Mg ;o such that f is a basis
of Fil" Dk ;0. Pick any ¢(&p, ;)-basis {¢;_y, fi_1} of 9M,;_;. Then {f;o(ci1),
fi o(f 1)} forms a basis of f; o(9MM7). Let A € GL,(Op) be the matrix such that
(fio@1)s froGi-1)A = & 9. Then (e; 1, fi-1) = Gi_1,Fi-1)A is the desired
basis.

(2) The proof is a minor variation of the proof of [GLS14, Proposition 4.16].
Let e :=¢;_; and § := f;_; be a basis of 2;_; as in part (1). In this proof only,
we will write m := m; ¢ and r := r;, to avoid too many subscripts and to make
the discussion easier to compare with the proof of [GLS14, Proposition 4.16].
We consider the following assertion.

(x) Foreachn = 1, ..., r there exists f € Fil"*"% 901* such that

n—1
O =f+) 7 =) @"e+a"f)

s=1

with a™,a™ € Op,. Once the assertion (x) is established, the proposition
follows from Proposition 2.3.3, taking ¢, = ¢ and f; = §*).

We prove (x) by induction on n. From the definition of Fil'"*-% D, and the
defining property of § from (1), we see that § € Fil'":*-~" M, so that for the base
case n = 1 we can take fV = f.

Now assume that (%) is valid for some 1 < n < r, and let us consider the case
n+1.Set H(u) = (u —m)/m and

Foh Z H@'N' (")

!
P 14

As in the proof of [GLS14, Proposition 4.16] (and the proof of
Proposition 2.1.9(4) of this paper), one computes that

(1+ N(H@)H )" 'N(G™)

H
N(f(nﬂ)) (”) Nnﬂ(f(n)) Z =1

=1

Then, using 1+ N (H (u)) € Fil!, S;,;, one deduces that N (7*+1) € Fil"*~% D,
and so f+V e Fil""™"%% D_Now, by induction, we have

?(n+l) — = Z (un% )’ (f+ an S —7)° (a(n)e +a(")f)>

=1 s=1

= Z (” =) e
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RS ()

=1 s=1 t=0

x N ((u — ) )@ N'(e) + a” N' (f))) (2.3.6)

Write

N'(@ =Y w-m"(e+d,f) and N'§ =) (u—m)"@C,e+d,p
m=0 m=0
~ (2.3.7)
with ¢!, d;, ¢!, d! € E. After substituting (2.3.7) into (2.3.6) and expanding

the terms N*~'((u — 7)*) using [GLS14, Lemma 4.13], we can collect terms and
write

?(nJrl) — f(n) + Z(u — n—)m(bme —+ l’;lmf) (238)

m=1

with each b,,, Zm € E. Now we delete all terms of (u — )-degree at least n + 1
from this expression, and define

foD = f<"> + Z(u — )" (bme + 5mf)'

m=1

It remains to show that 77~ | b,,, bm, or in other words that if m < n then every
occurrence of (u — )™ in the terms collected to form (2.3.8) has coefficient
divisible by w77". A direct examination of these terms (just as in the last part
of the proof of [GLS14, Proposition 4.16]) shows that this comes down to the
claim that 77~ | ¢t , d’, ", 21:‘;1 forall1 < ¢ < pand0 < m < p. By [GLS14,
Corollary 4.11], this follows from Lemma 2.3.9 below (applied at a; = ¢!, df,
etc.), which generalizes [GLS14, Lemma 4.12]. (We remind the reader that,
except for [GLS14, Lemma 4.12], in the results in [GLS14, Section 4.2] our
ground field was an arbitrary finite extension of Q,.) The application of [GLS14,
Corollary 4.11] is where we use the hypothesis that p > 3. O

Define ' = W (k)[u?, u?/p][1/p1N S, and set Z, = anzl pcmurmS C S
LEMMA 2.3.9. Suppose that y € L, for some 1 <€ < p. Writey = .~ a;(u—
) with a; € Ko. Then we have gP+=Dmin(.e) | g0 gpd qrre-i+E-bminp.e) | g

inOgforl <i<p—1

Proof. For any nonnegative integer n, let e(n) = [%]. Note that any x € S can
be written uniquely as x = Zfio a;(u'/e(i)!) with a; € W (k).
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By hypothesis, we have y = Zﬁlzl pt"ubmz,, with z,, € §'. We can write
Im = Z;’OZO (bjmu?’ Je(pj)!) with b;,, € W (k). Then

y = ipz_m <ibjmm>

!
— ‘= e))!
B L PR (7R IR S A
_ZZP bjm e(pj)!
m=1 j=0 pj:
¢ o0 p(j+m) .
bin +m o )
— Zzpﬁ—m ],. ' < Z <P(J . )) (u — 7_[)17.[17(j+m)—1)
m=1 j=0 e(pj)! i=0 !
= bj st PITM T M (p(j 4 m) ;
Y (3 3y e (2 ) ) oy
i=0 m=1 j=Si pm e(p‘]) !

where s; , ,» = max{0,i/p — m}. Since we only consider a; for 0 < i < p, we
have s; , » = 0 in all cases. Note that P je(pj)! € Ok for all j > 0. Let v,
denote the valuation on Ok such that v, (;r) = 1. We first observe that v, (ay) >
min guge(pm+e( —m)) =p+ (€ —1)min(p,e). If 1 <i < p—1, thenp
divides (” u :'m)), so we get

ve(a;) 2 1I<nir<1€(pm —ite(—m)+e)=p+e—i+ (£—1)min(p,e)
instead. OJ

In what follows, when we write a product of matrices as ]_[';:1 A;, we mean
AlAy - A,

COROLLARY 2.3.10. Suppose that p > 3, and let 9N be the Kisin module
corresponding to a lattice in a pseudo-BT representation V of weight {r;}. There
exist matrices Zlfj € GL,(Og) for j = 1,...,e — 1 such that Fil”"?? MF =
G0;.itie—1 ® Goy,iBie—1 With

(ate 1:,316 1)—(e,7f)Alo(1_[Z/ A/)
j=1

where ¢}, f; are as in Proposition 2.3.5(2), A, = ((ufgi"’)p 0 ), and Aj; =

(u—mi )P "

(u—mij)P
( o (u,,,[_/.)p—l)fO”J =1,...,e—1.
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Proof. Defineyp,, :={p, ..., p,0,...,0}, where the tuple contains exactly m+1
copies of p. We prove by induction on m that there exist matrices Z}; € GL,(Ok)
for j =1, ..., m such that

File m;k = 6(95,1‘051‘,m @ 6OE,iﬁi,m

with (Qim, Bim) = (€ )AL, ([T7=) Z;A};). If m = 0, then this is
Proposition 2.3.5(2).

Suppose that the statement holds for m—1, and let us consider the statement for
m. We first show that My, := fi,,(Fil"~' 90t¥) is an O, -lattice inside Dk i,
or equivalently that { fi,, (@i m—1), fim(Bim—1)} 1s an E;,-basis of Dg ;,. Since
{e], f/} is a basis of 90, it suffices to check that ﬁm(Ag,O(]_[';;ll Z[;A};)) is an
invertible matrix in GL,(E). This holds because Z;; € GL,(Op) and f;,,(A! ;)€
GL,(E) for j < m.

The fact that M, is an O, -lattice inside D ;,, implies that there exists
an Og,-basis y’, 8 of My ;,, such that 5 generates Fil! Dy im. Write @, :=

Jim(ctim—1) and Bn_i = fim(Bim-1)- Let Z!, € GL,(Og) be the matrix such
that (17,’ 8/) = (&i,m—la ,Bi,m—l)Z,{m’ and define (yma 6171) = (ai.m—]a ,Bi.m—])Z,{m-
Letq, :={p,..., p,1,0...,0}, where the tuple contains exactly m copies of

p. We claim that
Fil" M = Go,.i( — Tin) Vi ® S0y, 8. (2.3.11)

We first show that (4 — 7;,,) ¥, 8, are in Fil®™ 91F. Note that y,,, §,, generate
FilP»~' d1* by construction, so by Proposition 2.1.9(6) for D; it suffices to show
that §,, € Fil™ D Note that f,m(8 ) = 4§ € Fil' Dk im, SO We just need to check

superscript (see Remark 2.1.11). But this follows from the fact that ¢; ,,_; and
Bim—1 are in Fil’*= D;. Therefore, So, , (U — i) Vi ® So, i, S Fil™" M.

Now pick x € Fil* 9t* C FilP~! 9t*. We have x = ay,, + b3, witha, b €
Go,.;. It suffices to show that (u — 7;,,,) | a. Note that f;,,(x) = Sim (@) fim (Ym) +
Sin(D) fin(8u) € Fill D i BUE (i (). fin () i ust (7,8"), which is a
basis of Dg ;,, and 8 generates Fil! D im. This forces f;,,(a) = 0, and then
(u — ;) | a by Lemma 2.1.4. This completes the proof of (2.3.11).

Finally, recall that Fil* D ;,, = {0} since V is pseudo-BT, so the equality
(2.3.11) together with Lemma 2.2.2(2) implies that

Fllpm m:‘ = 6(’)5,1‘(“ - nim)pym ® (Lt - nim)p_IG(’)E,i(Sm-
That is, Fil™ 907 is generated by (¢}, f;) A}, ([T, Z{;A};). This completes the

induction on m and proves the proposition. O
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2.4. The structure theorem for pseudo-Barsotti-Tate Kisin modules. In
this subsection, we prove our main result about Kisin modules associated to
pseudo-BT representations. We retain the notation from the previous subsection.

THEOREM 2.4.1. Suppose that p > 3, and let I be the Kisin module
corresponding to a lattice in a pseudo-BT representation V of weight {r;}. Then
there exists an Og[u]-basis {¢;, f;} of M; for all 0 < i < f — 1 such that

e—1
p(ei—1, fi1) = (&, f)X; (1_[ Ai,e—jZi,e—j) Ai oY,

j=1

for X;, Y; € GLy(Og[u]) with Y; = I, (mod mg), matrices Z;; € GLy(Og) for
all j, and Ayy = (b - oyi) and Ay; = (64 "%,;) for j=1,...,e — 1.

Proof. Forall i, we let {e;, f;} be the O [u]-basis of 91; in Proposition 2.3.5(1),
and write ¢(e¢;_1, fi—1) = (e;, §;)A;, where A; is a matrix with coefficients in
Og[u]. From (2.2.1), we see that Fil” 917 is generated by (¢;_, fi—1) B;, where B;
is the matrix satisfying A; B; = (E" (#))? I,. On the other hand, Corollary 2.3.10
shows that Fil” 90t* (which by definition is equal to Fil'”~?' 9t*) is generated by

e—1 e—1
@iets Bre-t) = (&), F) AL (H Z;jA;_,) = (eion, FiD Y AL (1_[ z;_,A;,) .
j=1 j=1

Here, Y; is the matrix such that (¢},§)Y; = (e;i_1,fi—1), which by
Proposition 2.3.5(2) is congruent to the identity modulo mg. Therefore there
exists an invertible matrix X; € GL,(Og[u]) such that (¢;_y, f;i_1)Bi = (i1,
,B,»,e,l)lel. Hence we have

e—1
—1 A/ / l -1 _
Yi Ai,O (l | Ziinj) Xi = B;.
j=1

Then the relation A; B; = (E* (u))” I, proves that

e—1
A =X, (]_[ Ai,ejz,«,gj> AoY;

j=1

with Z,/ = (Z[/j)_l and A,‘j = E,](M)p(A;J)_l O
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3. Semisimple reductions modulo p of pseudo-BT representations

3.1. In this section, we use Theorem 2.4.1 to study the semisimple
representations that can be obtained as the reduction modulo p of pseudo-
BT representations. We begin with the following notation.

Definition 3.1.1. Suppose that sy, ..., s,_; are nonnegative integers and that
a € ky. Let M(so, .-, sy_1; a) be the Kisin module with natural kg-action (in
the sense of [GLS14, Section 3]) that has rank one over S, ® 0, k¢ and satisfies
the following.

° ﬁ(so, ..., Sp_1; a); is generated by e;.
o plei_y) = (a)u’e;.

Here, (a); = aifi =0 (mod f) and (a); = 1 otherwise. All Kisin modules of
rank one have this form (see, for example, [GLS14, Lemma 6.2]).

Write k; for the embedding k — Fp induced by «;; (this is independent of j).
For brevity we will sometimes write w; for the fundamental character wx, .

We refer the reader to [GLS14, Section 3] for the definition of the
contravariant functors T that associate a representation of Gk, to each
torsion or finite free Kisin module.

LEMMA 3.1.2. We have Tg(ﬁ(so,...,sf l,a)) : 7|Gz<m for a unique
character 'y : Gx — kg, and ( satisfies X |1, ~ ]_[ —o w;

Proof. Choose any integers r;; > 0 such that Z rij = ;. By Lemma 2.2.3
(together with [GLS14, Lemma 6.4] and an analy51s of the Kisin modules
associated to unramified characters as in the proof of [GLS14, Lemma 6.3]),
we see that M(so, .. ., sy_1; a) is isomorphic to M ®p, kg for a Kisin module
N corresponding to a lattice 7 in a crystalline character V with Hodge—Tate
weights HT,; (V) = {r;;}. Then X = T ®o, kg. The character ¥ is unique,
since K.,/K is totally wildly ramified, so that restriction to Gg_, is faithful on
characters of Gg.

For the last part of the statement it suffices to check that W,-_, |;, = w;, where
¥;; is a crystalline character whose «;;-labelled Hodge-Tate is 1 if (i’, j') =
(i, j) and is O otherwise. For this, see [Con11, Proposition B.3] and the proof of

[GLS14, Proposition 6.7](1). O
We write A(Ay,...,A;) for the diagonal matrix with diagonal entries
My ovns Ag.

PROPOSITION 3.1.3. Assume that p > 3, let M be the Kisin module
corresponding to a lattice in a pseudo-BT representation V of weight {r;},
and write M = M Qp,, kg.
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Suppose that 0 C M is a sub-g-module such that M /N is free of rank one as
an So, R, kg-module. Then N >~ M(so, ..., S;_1; a) for some a € kg, with
si=r;+x;ors; =e—1—x; for some x; € [0,e — 1] foralli.

Proof. Choose a basis {¢;, f;} for 9; as in Theorem 2.4.1. Since we will work in
M for the remainder of the proof, no confusion will arise if we write {e;, f;} also
for the image of that basis in 91.

A generator e;_; of M, has the form (eiz1, fie1) - (v, w)T for some v,
w € kg[u], by hypothesis at least one of which is a unit. We know from
Theorem 2.4.1 that

e—1
pleis) = (e, f) Xi (1_[ Ai,ejZi,ej> Ao - (p(v), (/’(w))T,

j=1

where X; and 7 are the reductions modulo mz of X; and Z;;, where Zi,o =
A(l,u'), and where A,J =A(l,u)yforl < j<e—1.

Observe that each entry of (¢(v), (w))” is either a unit or divisible by u?,
and at least one is a unit. Since we have r; < p for all i, it follows that the largest
power of u dividing the column vector Z,»,O (@), (w))" is either u" or u°.

For any s > 0, if y is a column vector of length two that is exactly divisible by

, it is easy to see that that A(1, u) - y is exactly divisible by either u* or u**!.
On the other hand, if Z is invertible, then Z - y is still exactly divisible by u*
Applying these observations iteratively to the invertible matrices X; and Z; i d
to the matrices A =A(,u)forl < j<e—1,weseethat p(e;_)is d1V1s1b1e
exactly by u*, where s; =ri+xlors; = x/and 0 < x] < e — 1 is the number of
times that we took #**! rather than u* when considering the effect of the matrix
A; ;. Setting x; = x/ in the first case and x; = e — 1 — x] in the latter case, the
proposition follows. O

ijs

If V is a pseudo-BT representation of weight {r;} and A = k; € Hom(k, F,,),
we write r; 1= r;.

THEOREM 3.1.4. Assume that p > 3. Let T be a lattice in a pseudo-BT
representation V of weight {r;}, and assume that T = T o, kg is reducible.
Then there is a subset J € Hom(k, F,) and integers x, € [0, e — 1] such that

rat+Xi e—1—x
T|1 (erj wy H,\y w, . 1 )
ra+x; e—1—x .
0 wa w;’ HAEJ w,

Proof. Let 9 be the Kisin module associated to the lattice 7. We have Tlc,( ~

Ts (9. From (the proof of) [GLS14, Lemma 5.5], we see that M is reducible
and has a submodule 91 as in Proposition 3.1.3 such that 7 has a quotient
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character ¥ with |, >~ Ts (). Take J = {ic; : s; = e—1—x;}. (In particular,
if it happens that e — 1 — x; = r + x;, then we have i € J.) The result follows
from Lemma 3.1.2 (and a determinant argument to compute the sub-character
of T). O

We now give the analogue of Theorem 3.1.4 when T is absolutely irreducible.
Let k, denote the unique quadratic extension of k inside the residue field of K.
We say that a subset J/ € Hom(k,, Fp) is balanced if for each . € Hom(k,, Fl,)
exactly one of A and A? lies in J, with ¢ = p/. If » € Hom(k,, F,), write r, for
ry,- The result is as follows.

THEOREM 3.1.5. Assume that p > 3. Let T be a lattice in a pseudo-BT
representation 'V of weight {r;}, and assume that T = T ®o, kg is absolutely
irreducible. Then there is a balanced subset J C Hom(kz,F,,) and integers
x; € [0, e — 1] so that x; depends only on \|; and

Tl > [ o™ [Tes" ™ @ Jer™ [ o (3.1.6)

red Agd AT red

Proof. Note that V restricted to the unramified quadratic extension K, of K
remains pseudo-BT, and for each embedding «" : K, — Q,, extending « : K —

@p we have HT(Vlg,,) = HT (V). Applying Theorem 3.1.4 to the lattice

T |GK2 shows that 7| 1. has the form (3.1.6), except that J need not be balanced,
nor must x; = Xx;¢. It remains to be seen that these additional conditions may
be taken to hold. Assume that ¥ : Ix — F; is a character of niveau 2 f such
that ¥ @ x? is equal to a representation as in the right-hand side of (3.1.6); to
complete the proof, we wish to show that x & x? is also equal to a representation
as in (3.1.6) with J balanced and x; = x;,. We apologize to the reader for the
argument that follows, which is entirely elementary but long and unenlightening.

It follows from [BLGG13, Corollary 4.1.20] that, if ¢ > p, then as J varies
over all balanced sets and the x, € [0, e — 1] vary over all possibilities with
X; = X4, the right-hand side of (3.1.6) exhausts all representations ¥ & x? of

niveau 2 f with determinant [ [, o« 7)) @', The theorem is then automatic

in this case, since T| 1, must have this determinant as well. For the remainder of
the argument, then, we assume thate < p — 1.
Fix a character k, extending k', and define k; fori € Z by (k,,)” = k. Write
x; for x¢; fori € Z. Similarly, define r; for all i € Z so that r;; = r;. Define
Ji=JIN(f+JT)
L=JN(f+JI)
Jri=JIN(f+J)
Ja=JN(f+T)
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so that J is balanced if and only if J; = J, = &. To simplify notation, we will
for instance write i € J; in lieu of ¥, € J;, and we will write w; for W (We
stress that the symbol w; here denotes a fundamental character of level 2 f, and
that the symbols w; and x; are indexed modulo 2 f.) The condition that the two
summands on the right-hand side of (3.1.6) are gth powers of one another is
equivalent to

l_[ w;’i“‘Xi +xipp—(e—1) l—[ wi(e—l)—ri —Xi =Xi+[ 1_[ wjfi—xi+_f 1_[ w;iﬂ‘—x,' -1

ieJy ie iels i€y

Write y; for the exponent of w; in the above expression. Since r; € [1, p] for all
iande < p — 1, we have

yi€l-p+3,2p—2] ifielJ
vie[2p+2,p-—3] ifiel,
yiel-p+2,p-2] ifielJs
yiel-p+2,p—21 ifie .

Note that y; = y;; ¢ for all i, so we can consider the y; as being labelled cyclically
with index taken modulo f. As in the proof of [GLS14, Lemma 7.1], one checks
that, since ]_[i a)f =1 withy; € [-2p +2,2p — 2] for all i, the tuple (y,, ...,
vr—1) must have the shape

a()(pyoa""oa_1)+al(_lspaoy'-'ao)+"'+af—1(oy'~'ao7_1ap)

with |a;| € {0, 1, 2} for all {, and in fact either a; = 2 for all i, or a; = —2 for all
i,orelse a; € {0, +1} foralli. Butif ¢q; = 2 for all i, so that y; = 2p — 2 for all
i, we would have to have J/ = {0, ...,2f — 1} withr;, = pande=x; = p — 1
for all i. But then x? = ; that is, ¥ has niveau f rather than niveau 2 f, which
is a contradiction. The case where a; = —2 for all i is similarly impossible. So
in fact we must have a; € {0, £1} for all i. We now consider separately the case
where some ¢; is equal to 0, and the case where a; = %1 for all i.

First let us suppose that at least one a; is equal to 0. The cyclic set of those i
with y; # 0 (with index i taken modulo f) must break up as a disjoint union of
sets of the form (i,i +1,...,i + j) with y; = £1, y;1; = £p, and y;14, ...,
Yi+j—1 € {&p £ 1}. For every such interval [i, i + j], choose a representative of i
modulo 2 f (that we also denote i), and perform the following operation (noting
thatsince y; € [-p+2, p—2]fori € J5UJy,wehavei+1,...,i+j € J;UL):

e replace J with JA{i, ..., i+ j}ifi € JJUJp, orelsewith JA{i+1,...,i4+ ]}
ifi € J3 U J4;

e replace x, with x,, , foreach £ € [i,i + j].
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Here, A denotes symmetric difference. It is easy to check that this operation does
not change 7, and that for the new choice of J and the x; we have y; = 0 for
all i. We now have r; +x; = e — 1 — x;;. for each i € J; U J,, so for each
pair {i,i + f} € J; U J, we can again replace J with JA{i} and x; with x;
without changing . When this operation is complete, our new set J is balanced.
Furthermore, y; = O forall 7, and so x; = x; for all i, and this case is complete.
Finally, suppose that a; = £1 for all i. Then J;UJ, ={0,...,2f —1},and in
facti € Jyifa; = 1 whilei € J,ifa; = —1. Note thatif i € Jyandi+1 € J, or
vice versa, then r; +x; +x;4 y — (e — 1) = p+1 (so in particular both x;, x; ; are
nonzero), whileif i, i+1 € Jyori, i+1 € J,, thenr;+x;+x;4 s —(e—1) = p—1.
By symmetry, we can suppose without loss of generality that J, # @.If J, =
&, then some x; is not equal to e — 1 (otherwise we have x; = ¢ — 1 for all 7,
so that r; = p — e for all i, and ¥ has niveau f); changing our choice of ¥, (if
necessary), we suppose that xy_; # e — 1. On the other hand, if J, # &, then by
changing our choice of k' (if necessary) we suppose that0 € J, but f — 1 € J,.
Take J' =1{0,..., f —1},and foreach 0 <i < f — 2 we set

Xi ifie]l,i+1€J1
, , .X','—l ifie.]],i+1€.12
'xi :xi+_f 1 F e .
Xipf — ifield,, i+1el
Xitf ified, i+1el.
We take x| = x5, =x; +1if f—1€ Ji,orx) | =x5, | = x5 if

f — 1 € J,. (In other words, if i = f — 1 we take the common value of x_/f—l’
x5 ¢, to be one more than the value that would otherwise have been given by the
above table.) Note that we have x| € [0, e — 1] for all i by the observations and
choices in the two preceding paragraphs.

f—1 r,-+x{ e—1—x!

We claim that ¥’ := [[_, o ]—[Z;l ; " is equal to ¥. Since J' is

balanced and x; = x/, , for all i, this will complete the proof. Checking the
claim is somewhat laborious, and we only give an indication of the argument.
We wish to show that X' " is trivial. Write X' ' = [[, ;" using the defining
formulae for ¥ and . The values of the z; are calculated by considering eight
cases, depending on whether or noti € {0, ..., f — 1}, whether or noti € J,
and whether or not i + 1 € J; (as well as making an adjustment by 1 when
i=f—1,2f—1). Forinstance, ifi € {f,...,2f —1},i € Ji,andi + 1 € J,

then we have
zZi=(—1—(ip—1))—(ri+x)=-p,

whileifi € {f,...,2f —1},i € Ji,andi +1 € Jithenz; =1 —pifi #
2f —land z; = —p if i = 2f — 1. (In all cases one finds that |z;| € {0, 1,
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p — 1, p} and z; depends only on i, J;, and J,, not on the r; or the x;.) It is then
straightforward to check that [[, ;" = 1 (one just has to ‘carry’ by replacing
every ;7 with ot!)). O

4. The weight part of Serre’s conjecture I: the semisimple case

For a detailed discussion of the weight part of Serre’s conjecture for GL(2),
we refer the reader to [BLGG13, Section 4]. In this section, we will content
ourselves with a brief explanation of the consequences of the results of the
previous sections for the weight part of Serre’s conjecture for (definite or
indefinite) quaternion algebras over totally real fields; we note that the analogous
results for compact at infinity unitary groups U(2) over CM fields follow
immediately from [BLGG13, Theorem 5.1.3], together with the discussion here.

4.1. Local Serre weights. In order to make our various definitions associated
to Serre weights, it will be convenient to work in the local setting of the previous
sections.

Definition 4.1.1. A Serre weight of GL,(k) is by definition an irreducible FP—
representation of GL,(k), which is necessarily of the form

. b —by 1,2 in
Oy i= ®}\EHOm(kﬁ,,) det™ ® Syma‘ k ®k,k va

for some (uniquely determined) integers a;, b, with b,, a; — b, € [0, p — 1] for
all A, and not all b, equal to p — 1.

Note that o, ;, has a natural model ®; crom k) det” ® Sym* ™ k2 ®, , kg, and
it will sometimes be convenient for us to think of o, as being defined over kg
(or rather, it will be convenient for us to identify Hom(k, k) with Hom(k, IF,)).

4.1.2. Suppose that7 : Gg — GLZ(FP) is continuous. In [BLGG13] and [GK]
there are definitions of several sets of Serre weights We®lict(7) WBT(7), and
Weis (7). We now recall the definitions of WePlci'(7) and Ws(7); see [GK,
Definition 4.5.6] for WBT (7).

Write a;, b; in place of ag,, bz,. We say that a de Rham lift r of  has Hodge
type o, if for all 0 < i < f — 1 we have HT,,,(r) = {b;, a; + 1}, and if
HT,,, (r) = {0, 1} when j # 0. Note that a crystalline representation of Hodge
type 0,0 is pseudo-BT of weight {a; + 1}.

Definition 4.1.3. [BLGG13, Definition 4.1.4] W (7) is the set of Serre weights
04 for which r has a crystalline lift of Hodge type o, 5.
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As in the previous section, let k, denote the unique quadratic extension of k
inside the residue field of K.

Definition 4.1.4. [BLGG13, Definition 4.1.23] If r is irreducible, then
Wwerplicit () ig the set of Serre weights o, such that there is a balanced subset
J C Hom(k,, Fp), and for each A € Hom(k, F,,) an integer 0 < x; < e — 1 such
that if we write x, for x;, when A € Hom(k;, Fp), then

a)+14x;, b +e—1—x;
~ (l_[w ), H,\y ) 0 )

f'll( - ay+14x;, by+e—1—x;
0 HA¢J ), [Lics @

If 7 is reducible, then WePlit(7) is the set of weights o, for which 7 has a
crystalline lift of type o, of the form

X' x
0x)/)°
In particular (see the remark after [BLGG13, Definition 4.1.14]), if o, b €

Werplieit (7) then it is necessarily the case that there is a subset J € Hom(k, F,),
and for each A € Hom(k, F,,) there is an integer 0 < x; < e — 1 such that

ay+14x; Dy 4
~ (nAeJ ;! H,\gj w;, * >
b

;|1K == a; +e—x;, by +e—1—x;
0 nxgj w; HAEJ w;,

and when 7 is a sum of two characters this is necessary and sufficient.

4.1.5. The inclusion WePlclt(F)y < Weis(F) was proved in [BLGG13,
Proposition 4.1.25] and was conjectured there to be an equality [BLGG13,
Conjecture 4.1.26]; this equality is the main local result of this paper.

The definition of WBT(#) is unimportant for us in this paper; the only fact
that we will need is that, by [GK, Corollary 4.5.7], the inclusion WePlicit(7) C
Wes (7) can be refined to inclusions

Wexplicit(f) g WBT(’:) g WCriS(f)’

so that our main result will show that both these inclusions are equalities.

Observe that the definitions of the sets W(#) and WP'(7) involve our
fixed choice of embeddings ;. We will prove that these sets in fact do not
depend on this choice. Indeed the definition of WBT(7) does not involve any
choice of embeddings «; ¢, so that once we have proved the equality WPl (7) =
Weris(7) it follows automatically that We®licl(7) and W () do not depend on
any choice of embeddings either. On the other hand, this will also follow easily
and directly from the arguments in this paper, and so we will give a direct proof
as well.
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In the above language, the main local result of this section is the following.

THEOREM 4.1.6. Suppose that p > 3 and that r is semisimple. Then we have
Welid () = WeiS(7). Moreover, these sets do not depend on our choice of
embeddings k; .

Proof. Suppose that o, ;, € W(7). Twisting, we may assume that b, = 0 for
all A. If r : Gx — GL,(Ok) is a pseudo-BT lift of 7 of Hodge type 0,9, we can
freely enlarge the coefficient field E so that it satisfies our usual hypotheses, and
so that » ®, kg is either reducible or absolutely irreducible.

Now for the first part of the result it remains to show that Wes(r) C
weslicit(7):  this is immediate from Theorems 3.1.4 and 3.1.5 and
Definitions 4.1.3 and 4.1.4, taking r; = a; + 1 for all i. The second part is
automatic, since the definition of WePicit(7) when 7 is semisimple does not
depend on the choice of embeddings «; o. O

4.2. Global Serre weights. Let F be a totally real field, and continue to

assume that p > 2. Letp : G — GL, (Fp) be continuous, absolutely irreducible,
and modular (in the sense that it is isomorphic to the reduction modulo p of a p-
adic Galois representation associated to a Hilbert modular eigenform of parallel
weight two). Let k, be the residue field of F, for each v|p.

A global Serre weight is by definition an irreducible representation of the
group ]_[v| » GL,(k,), which is necessarily of the form ¢ = ®,,0, with 0, a
Serre weight of GL,(k,) as above. Let D be a quaternion algebra with centre F,
which is split at all places dividing p and at zero or one infinite places. Then
[GK, Definition 5.5.2] explains what it means for p to be modular for D of
weight o. (There is a possible local obstruction at the finite places of F' at which
D is ramified to p being modular for D for any weight at all; following [GK,
Definition 5.5.3], we say that p is compatible with D if this obstruction vanishes.
Any p will be compatible with some D; indeed, we could take D to be split
at all finite places of F.) The following is a theorem of Gee and Kisin [GK,
Corollary 5.5.4].

THEOREM 4.2.1. Assume that p > 2, that p is modular and compatible with D,
that Pl s irreducible, and if p = 5 assume further that the projective image
0fﬁ|Gm,,) is not isomorphic to As.

Then p is modular for D of weight o if and only if o, € W' (plg,,) for
all v|p.

The main global result of this section is the following (which is an immediate
consequence of Theorem 4.1.6 in combination with the above result of Gee and
Kisin).
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THEOREM 4.2.2. Assume that p > 2, that p is modular and compatible with D,
that p|g Fiep IS irreducible, and if p = 5 assume further that the projective image
ofﬁlcmp) is not isomorphic to As.

Assume that p|g,, is semisimple for each place v|p. Then p is modular for D
of weight o if and only if o, € WP (B¢, ) for all v|p.

Modulo the hypotheses on the image of p (the usual hypotheses needed in
order to apply the Taylor—Wiles—Kisin method), Theorem 4.2.2 is the main
conjecture of Schein [Sch08].

Note that we have thus far said nothing about the case where p|g,, is reducible
but nonsplit, where Wi (5]; ) will depend on the extension class of p|g,, .
Our treatment of this more delicate case will occupy the remainder of the paper.
REMARK 4.2.3. If ﬁ|GF“ is generic in a suitable sense, then [DS, Theorem 4.5]
implies that Wi (p|5 ) = W8T (plg, ) N We"p“m(mszﬂv). On the other hand,
we have inclusions

WP (Blos) € W (Bloy,) € WEB(plS, ) = W (a3, ),

where the equality is an application of Theorem 4.1.6, and so we see in this
case that WP(p|;, ) = WBT(p]g, ). In particular, we can already extend
Theorem 4.2.2 to the case where p|g,, is either semisimple or generic for all
v|p.

(We refer the reader [DS, Definition 3.5] for the definition of genericity that
we use here, but note that genericity implies thate < (p — 1)/2.)

5. The weight part of Serre’s conjecture I1: the noncyclotomic case

In this section, we make a detailed study of the extensions of rank-one Kisin
modules and use these results to prove that if p > 3 then WPlcit(7) = Weris ()
for reducible representations r =~ @ ;) with ¥ '’ # & (see Theorem 5.4.1
below).

5.1. Extensions of rank-one Kisin modules. We begin with some basic
results on extensions of rank-one Kisin modules, mildly generalizing the results
in [GLS14, Section 7]. We begin with the following notation.

Definition 5.1.1. If 9t = M(so, ..., s;_;; a), define

f

— 1 .

) = —— > p' s
p =

It is immediate from the definition that these constants satisfy the relations
o; (N +s; = pa;_ (M) fori =0,..., f — 1, and indeed are uniquely defined
by them. We have the following easy lemma.
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LEMMA 5.1.2. Write @ = M(so, . .., Sf_1;a) and N = ﬁ(s(’), ...,s}_l; a).

There exists a nonzero map N — n if and only if oa; (M) —; (ﬁ,) € Zx for alli,
anda =a'.

Proof. Such a map, if it exists, must take the form ¢; > cu® - e/ forall i,
where e] is the basis element for ﬁi as in Definition 3.1.1, and ¢ € kj. O

We can now check the following analogue of [GLS14, Proposition 7.4].

PROPOSITION 5.1.3. Let M = M(so, ..., s, 1; a) and B = M(ty, ..., t7_1; b)
be rank-one Kisin modules, and let I be an extension of M by BP. Then we can
choose bases e;, f; of the M, so that ¢ has the form

p(ei—1) = (b)u"e
o(fi-1) = (@u” fi + yie;
with y; € ke[u] a polynomial with deg(y;) < s;, except that when there is a

nonzero map N — P we must also allow y; to have a term of degree s; +
a; N — a; (ﬁ) for any one choice of j.

Proof. The proof is essentially identical to the proof of [GLS14, Proposition
7.4] except for the analysis of the exceptional terms. Namely, it is possible to use
a simultaneous change of basis of the form f/ = f;+z;e; fori =0,..., f—1to
eliminate all terms of degree at least s; in the y;, except that if there is a sequence
of integers d; > s; satisfying

di = p(di—y —si-1) +1 (5.1.4)

for all i (with subscripts taken modulo f), and if a = b, then for some j the term
of degree d; in y; may survive. (Note that taking z;_; to be a suitable monomial
of degree d;_ — s;_; will eliminate the term of degree d;_; in y;_; but yield a
term of degree d; in y; instead. This is more or less what we called a loop in the
proof of [GL.S14, Proposition 7.4].)

Comparing with the defining relations for ¢; M), (f), we must have

di = pa; (M) —a;(P) = ;M) — o; (P) + 53,

and these are integers greater than or equal to s; provided that ; (D) — o; (P) €
Z> for all i. The result now follows from Lemma 5.1.2. ]

Next we combine Proposition 5.1.3 with Theorem 2.4.1 to study the
extensions of Kisin modules that can arise from the reduction modulo p of
pseudo-BT representations; this is our analogue of [GLS14, Theorem 7.9].
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THEOREM 5.1.5. Suppose that p > 3. Let T be a Gg-stable Og-lattice in a
pseudo-BT representation of weight {r;}. Let I be the Kisin module associated
to T, and let M := M ®o, kg.

Assume that the kg[G g ]-module T = T ®o, kg is reducible, so that there exist
rank-one Kisin modules N = ﬁ(so, ..., Spo1;a) and @ = ﬁ(to, o tpms b)
such that M is an extension of N by V. Then for all i there is an integer x; € [0,
e — 1] such that {s;, t;} = {r; + x;, e — 1 — x;}.

We can choose bases e;, f; of the ; so that ¢ has the form

@(ei_) = (b)u"e;
o(fi-) = (@)u” fi + yie;,

where the following hold.
o i € kg[u] is a polynomial with deg(y;) < s;.
e Ift; < r; then the nonzero terms of y; have degrees in the set {t;} U [r;, s; — 1].

e Except that when there is a nonzero map Nt — B we must also allow yj fo
have a term of degree s; + «; N — o (E) for any one choice of j.

Proof. The fact that 901 is an extension of two rank-one Kisin modules follows
for example from [GLS14, Lemma 5.5], and the fact that {s;, #;} = {r; + x;,
e — 1 — x;} is an immediate consequence of Proposition 3.1.3 and determinant
considerations. After applying Proposition 5.1.3, it remains to check that if
t; < r; then the nonzero terms of y; have degrees in the set {;} U [r;, s; — 1]
(except possibly for an exceptional term arising from the existence of a nonzero
map N — P).

It is an immediate consequence of Theorem 2.4.1 that (p(ﬁi,l) contains
a saturated element (that is, an element not divisible by u in (p(ﬁ,-_l)) that
is divisible by u"* in M. Such an element must be a saturated ¢(6)-linear
combination of ¢(e;_1) and ¢( f;_); that is, we must have y, §, at least one of
which is a unit, such that u”" divides

o(y) - ((@);u’ fi + yie;) + @(8) - (b)iu'e;.

The assumptions on {s;, #;} imply that one of them is at least ;. Suppose, then,
that #; < r;. It follows that s; > r;, so we have to have

u | o(y)yi + @) (b);u".

If y were a nonunit, then we would have u?” | ¢(y), so that u" divides both
terms in the above sum separately. But #; < r;, and so § must also be a nonunit,
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which is a contradiction. It follows that y is a unit. Replacing § with §y !, we
can suppose that y = 1, and we must be able to choose é so that u" divides
vi + @(8)(b;)u". That is, all terms of y; must have degree at least r;, except for
terms that could be cancelled by the addition of ¢ (8)(b;)u". These are the terms
of degree t; + pn withn € Z,. Butt; + p > r;, so the only extra term we may
get this way is a term of degree ;. O

Definition 5.1.6. Fix integers r; € [1, p]. Suppose that N = M(so, ..., Spo1;a)
and 2]_3 = ﬁ(to, ..., ty_1; b) are rank-one Kisin modules with {s;, t;} = {r; +x;,
e—1—x}. Welet Eypr N, f) denote the subset of Ext' (91, q_s) defined by the
conditions of Theorem 5.1.5. (The integers {r;} will be implicit in the notation.)

From the proof of Theorem 5.1.5 we see that £y pr (ﬁ, f) can be characterized
as the set of classes 9t € Ext' (ﬁ, ﬁ) such that each <p(ﬁi,1) contains a saturated
element that is divisible by u’" in 9.

In the remainder of Section 5, we prove that if p > 3 then WePlicit(F) =
Wers(7) for reducible representations 7 =~ (% *) with X'’ # . We follow the
same basic strategy as in [GLS14, Sections 8-9], which relies on (but, as we will
explain, is necessarily somewhat more complicated than) a comparison between
the dimension of the space EWBT(ﬁ, P) and the dimension of an appropriate
local Bloch—Kato group H } (G, —). Perhaps the main difference between the
arguments here and the arguments in [GLS14, Sections 8-9] is that certain
combinatorial issues which we were able to address in ad hoc ways in the
unramified case (particularly those in [GLS14, Section 8.2]) are rather more
involved in the ramified case, and so have had to be addressed systematically
(see Section 5.3).

5.2. Comparison of extension classes. We give a simple example that
illustrates why the proof that Wit (7) = Wi (7) in the indecomposable case is
more complicated than one might initially expect, and in particular cannot follow
immediately from comparing the dimension of the space &,pr(0, P) with the
dimension of an appropriate local Bloch—-Kato group H }(G K> —)-

Example 5.2.1. Take K = Q,. The group H;(Gq,, Or(e'~")) is torsion (since
H[(Gq,, E(¢'77)) is trivial) and its @ -torsion has rank one, corresponding
to the congruence ¢'"7 = 1 (mod w). It follows that the subspace of
ExtiE[G@p](T, 1) arising from crystalline extensions of &”~' by 1 is one
dimensional. (This extension comes from the reduction modulo z of a nontrivial
extension T of Oz(e?~') by O inside the split representation £”~' @ 1.) By
Lemma 5.4.2 below, the subspace of ExtiE[GKm](T, 1) arising from crystalline
extensions of Oz (eP~!) by O is also one dimensional.
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On the other hand, by Proposition 5.1.3 there are no nontrivial extensions of
M(0; 1) by M(p — 1; 1) at all. Why is this not a contradiction, given that the
Kisin modules corresponding to 1 and ”~! reduce to M(0; 1) and Mi( p—11)
respectively? The point is that, although the functor T is an equivalence of
categories, the inverse functor from lattices to Kisin modules need not be exact;
and indeed the reduction modulo @ of the Kisin module corresponding to the
lattice T of the previous paragraph turns out to be an extension of M(p — 1; 1)
by M(0; 1) rather than the reverse.

5.2.2.  Suppose that 7 is the reduction modulo @ of an Og-lattice in a pseudo-

BT representation V' of weight {r;}, so that by Theorem 5.1.5 there exist n
and ‘B such that 7lg, =~ Ts (90) for some M € &;,BT(‘)‘I, ‘]3). To prove that
Wweslicit(7) = Weris(7), we wish to show that there exist crystalline characters
X', x : Gk = Of and an extension T of Og(x) by Og(x') such that T[1/p] is
pseudo-BT of weight {r;} and ¥ =~ T ®0, kE

It is natural to try to argue by choosing x’ and x so that their corresponding
rank-one Kisin modules 91, ‘,B are lifts of 1, ‘,B respectively, and then comparing
the spaces H'! +(Gk, Or(x~'x")) and ngT(m P) by a counting argument.
Unfortunately, Example 5.2.1 shows that the Kisin module corresponding to an
element of the first group may not reduce to an element of the latter set, and so
an additional argument is needed.

We consider instead all pairs of crystalline characters ', X : Gx — O} with
reductions ¥’, ¥, and such that X" @ ¥ is pseudo-BT of weight {r;}. We will
show that there is a preferred choice ., Xmax (With Kisin modules DMyin, Pmax
respectively) with the property that the reduction modulo @ of any element
of any H}(G x» Op(X~'X")) can be shown to occur as the image under Tg of

an element of EV,BT(‘)_?min, fmax). Then we can proceed by comparing H } (Gg,

Ok i Xomin)) With Eypr(Miminy Prnan)-

The construction of x, .. . Xmax can be found in the proof of Theorem 5.4.1. In
the rest of this subsection we begin to carry out the above strategy by proving
the following proposition, which will allow us to compare the spaces &,pr (91,
P) (or at least the generic fibres of the Kisin modules in those spaces) for certain
varying choices of 91 and ‘L.

PROPOSITION 5.2.3. Suppose that we are given Kisin modules

N = M(so, . . ., Sp_1;a) and % = Mo, ..., tr_1; b)
as well as /

N = M(sg, - -, s}._l; a) and ‘B/ = ﬁ(té, e t}._l; b)
such that the following hold.
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— — —
e There exist nonzero maps B — B and N — N.

o5, +1t, =5+t =ri+e—1and max{s;, t;}, max{s;, t/} > r; forall i.

1

12

For each M € E¢,BT(ﬁ, P) there exists M e Eypt (ﬁ/, f/) such that Te (ON)
Ts ().

Proof. The proof has two steps. First, we construct M e Ext' (FI/, ‘f/) such that
Ts (M) = Ts(ON), and then we check that in fact 9 € E,pr (N, ﬁl).
We can choose bases ¢;, f; of the 9; so that ¢ has the form

p(ei—1) = (b);u"e
o(fiz1) = (@)u” fi + yie;

with the elements y; as in Theorem 5.1.5. First we define the Kisin module m e
Ext' (M, °P) by the formulae

o(el ) = (b)u"e]
o(f) = @’ f/ + y/e!

with y/ = uP@-1=ai-1M) . Tt is easy to check that there is a morphism g :
M — M sending ¢/ > ¢; and £ > u* =« £ for all i, and since g
induces an isomorphism ﬁ”[l Ju] — 9[1/u] of étale p-modules, it induces an
isomorphism Tg M) > Ts (ﬁ”).

Next, define the Kisin module M e Ext' (ﬁ/, ﬁ/) by the formulae

p(el_) = (b)u'e,
o(fl) = (@ f + e,

with y/ := u* @)y Again, it is easy to check that there is a morphism
g M — M sending e/ > uP==F)e’ and f/ > f/, and that g’ induces
an isomorphism Tg (ﬁ/) S Ts (ﬁ//). Combining these calculations shows that
indeed T (D) = T ().

It remains to check that 9% e SwBT(ﬁ,, ‘J_3/). Using the characterization
following Definition 5.1.6, we wish to show for each i that there is a saturated
element of w(ﬁ;_ ,) that is divisible by u" in ﬁ; When ¢ > r;, this is obvious
(since @(e;_,) will do), so we can suppose that ¢/ < r; and so s > r;.

Recall that y/ = y® @) pe(-ai)y. If o, (W) > oy (M) then
we are done, since #” (and hence also u'") divides y/. We may therefore assume
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that or; _ (ﬁ/) =o;_1 (). Since s;+1; = s+t forall i, it follows that o;_; (E/) =
a;_1(P) as well. Note that whenever there is a map o — ‘E/ with a,»,l(q_s/) =
ai,l(ﬁ), we must have #; < ¢/. Indeed we have 1, = pai,l(ﬁ) — (ﬁ) and
1/ = pa;_1 (R ) — a:(P). so that 1/ — 1; = &;(F) — o, (P) > 0 by Lemma 5.1.2.

In particular, we also have #; < r;, and the assumption that M e Eypr (ﬁ, ‘f)
implies that every term of y; has degree at least r; except possibly for a term of
degree ;. (Note that in the case that there is an extra term of degree d;, we have
d; > s;, which is at least ; since t; < r;.) Since y; divides y!, we see that every
term of y; has degree at least r; except possibly for a term of degree

i+ () — o (F) + pley 1 ) — a1 () = t; + o (F) — i (F).
This quantity is easily seen to be congruent to #; (mod p), so is either equal to

¢/ or is at least r;, and we are done, because we can subtract a constant multiple
of p(e;_,) from ¢(f/_,) to obtain an element divisible by u"". O

5.3. Maximal and minimal models. We now construct the maximal and
minimal Kisin modules to which we alluded in 5.2.2.

LEMMA 5.3.1. Fix integers r; € [1, p]. Suppose that ¥ : Gx — kg is a
character, and let S be the space of rank-one Kisin modules B = M(to, . ..,
ty_1; b) such that the following hold.

o Ts(B) = Xlox.-
e t;€[0,e—11U[r, r, +e— 1] foralli.

If § # @, then S contains a maximal model. That is, there exists PBooax € S such
that there is a nontrivial map 3 — P, for all P € S.

Proof. Assume that S is nonempty. Then there exists some ﬁ(t(’), ot 3b) €
S, and every other element of S has the form M (4, ..., ¢ 7—1; b) (that is, the b is
the same).

Write x|, = [[; " with m; € [0, p — 1] and not all equal to p — 1. For
0<i< f—2,lety; bethe f-tuple (0, ..., —1, p,...,0) with the —1 in the ith
position (where the leftmost position is the zeroth), and similarly let v,_; be the
f-tuple (p, 0, ...,0,—1). It is straightforward to see from Lemma 3.1.2 that, if
ﬁ(l‘o, ey tf_l; b) € S, then

-1
(fo,...,tf_l):(mo,...,mf_])+ZCiUi (532)
i=0

with ¢; € Z>0 for all i.
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If we have m; € Z; := [0,e — 1] U [r;, r; + e — 1] for all i, then it is clear
that fmax = ﬁ(mo, ...,my_y; b) is a maximal model, for example because
o (P < @;(P) for all P € S. This always holds for instance if e > p, or if
X 1s unramified, so let us assume for the rest of the proof that e < p — 1 and that
X is ramified, so that not every m; is equal to 0.

With these additional hypotheses, we have r; + ¢ — 1 < 2p — 2 for all i, and
also the integers ¢; in (5.3.2) must all be 0 or 1. If% =M, ..., ty_1; b) with
integers ¢; as in (5.3.2), write J (ﬁ) :={i : ¢; # 0}. To complete the proof,
it suffices to show that there exists a subset J C {0, ..., f — 1} such that the
following hold.

o If B € Sthen J C J(P).
e There exists f/ € Ssuchthat J = J (‘J_3/).

For then, fl is 9B, ... We construct the set J as follows. Note that if x is a
nonnegative integer with x € Z;, then x > e, so that also x + p ¢ Z;.

Let K C {0, ..., f — 1} be any set with the property that if ‘J_3_e S then K C
J(P). Write (mg, ..., m'; ) = (mo,...,mp 1)+ vi. Let P = M, ...,
ty_1; b) be any element of S (here, we use our assumption that S is nonempty).
Suppose first that i € K. Observe that t; € {m, m; + p}, and since t; € Z; it
follows by the last sentence in the previous paragraph that m; € Z;. Now suppose
instead that i ¢ K. Observe that t; € {m;,m; + p,m; —1,m; + p — 1} N I,.
If in fact m; & Z,, it follows by the last sentence in the previous paragraph that
t; # m;, m; 4+ p, and therefore i € J(P). Write A(K) = {i € K : m; & 1;}; it
follows that K U A(K) is another set that is contained in J (@) for all f eS.

Set Jo = @, and iteratively define J; = J;_{UA(J;_;) fori > 1. Eventually this
process stabilizes at some J,. By construction, J, C J () for all B € S. Again
write (mg, ..., m'’s_}) = (mo, ...,mp1) + Y, vi. We claim that m; € Z; for
all i, so that J, is the desired set J; this is automatic if i € J, (by the first
observation in the previous paragraph), and if i & J, follows from the fact that
A(J,) = 2. O

Evidently we must also have the following lemma, which essentially is dual
to the previous one.

LEMMA 5.3.3. Fix integers r; € [1, pl. Suppose that ' : Gy — kg isa
character, and let S be the space of rank-one Kisin modules 91 = M(s, .. .,
S¢_1; a) such that the following hold.

e TeM) = ¥lo.-

e 5, €[0,e—11U[r;,r; +e— 1] foralli.
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If § # &, then S contains a minimal model. That is, there exists Noin € S such
that there is a nontrivial map My, — N forall N € S.

Proof. Indeed, if ¥ : Gx — kj is a character such that 3%, =[], @™~ and

ﬁ(to, ..., ty_1; b) is the maximal model for ¥ given by the previous lemma,
then the desired minimal model is given by MM (so, ..., sy_1; @) with s; = (r; +
e—1)—1. O

Combining Proposition 5.2.3 with the above lemmas, we obtain the following
result, which was promised in 5.2.2.

PROPOSITION 5.3.4. Fix characters_f’, X :Gg — kg and integers r; € [1, p].
There exist rank-one Kisin modules W, and *3.,.,, with the following property: if
re Ext,lE[GK](Y, X) is the reduction modulo w of an Og-lattice in a pseudo-BT

representation of weight {r;}, then Flog, = Ts (ﬁ) for some M e ngT(ﬁmim
‘pmax)- _ _ _ _

Moreover, if we write Ny = M(so, ..., Sp15a) and P, = M, ...,
tr_1y b), then Ny and *B,,. can be chosen so that for all i we have s; + t; =
r,-—{—e—lands,-,ti € [O,e— l]U[ri,r,-—i—e— 1]

Proof. If no such extensions r exist, then the Proposition is vacuously true, so
we may suppose that some 7 exists as in the statement of the Proposition. As
in the proof of Theorem 3.1.4, there exist rank-one Kisin modules 71, ﬁ such
that |G, ~ Ts (M) for some M € E,pr(N, P). In particular, the set S of
Lemma 5.3.1 is nonempty (it contains 3, or possibly I if 7 |Gk, 1s split), and
similarly the set S of Lemma 5.3.3 is nonempty. Let ﬁmax and D, be the
maximal and minimal models given, respectively, by those lemmas. (Note that
these depend only on x, X', and the integers {r;}, and not on r.)

The fact that s;, #; € [0, e — 1]U[r;, r; +e — 1] is given to us by Lemmas 5.3.1
and 5.3.3, and the equality s; + #, = r;, + e — 1 comes from the proof of
Lemma 5.3.3. Now an application of Proposition 5.2.3 gives the claim in the
first paragraph of the Proposition when 7|, is nonsplit, while if 7|, is split
we can take I = %max ® Monin- O

5.4. The noncyclotomic case of the weight part of Serre’s conjecture. We
are now ready to prove the following result.

THEOREM 5.4.1. Suppose that p > 3 and that r : Gg — GL,(kg) is reducible,

and write 7 ~ (70 ;) If X 'X' # € then W () = WS (7). Moreover; these
sets do not depend on our choice of embeddings «; .
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Proof. Suppose that o € W(7). We may freely enlarge E so that 7 has a
crystalline lift of Hodge type o defined over E. After twisting, we may assume
that o has the shape ®; Sym”*1 k2 k. x; F,, with integers r; € [1, p], and the
hypothesis that o € W*(7) means that 7 is the reduction modulo p of a lattice
in a pseudo-BT representation of weight {r;}. Let Ny = ﬁ(so, coSpo1sa)
and ‘Tﬁs’max = ﬁ(z‘o, ..., ty_1; b) be the rank-one Kisin modules given to us by
Proposition 5.3.4 applied to ', ¥, and {r;}.

We construct a pair of crystalline characters /. , xmax : Gx — Op as follows.
If t; > r;, we take the ordered pair (HT,, , (Xmax), HT«, , (X;in)) = (i, 0); and for
J > 0 we take the pair (HT,,; (Xmax)> HT,;; (X)) to be (1, 0) for exactly #; — r;
values of j and to be (0, 1) for exactly s; values of j. On the other hand, if ¢, < r;,
we take the pair (HT,, ; (Xmax)» HTx, ,(Xpin)) = (0, r7); and for j > 0 we take the
pair (HT,; (Xmax)>» HT«;; (X)) to be (1, 0) for exactly #; values of j and to be
(0, 1) for exactly s; — r; values of j. It is then possible to choose the unramified
parts of x/. ., Xmax SO that they reduce to " and ¥ respectively.

Let us consider the extensions T’ of Og(Xmax) by Ok (x,,,) such that T'[1/p]
is crystalline. Each of these is pseudo-BT of weight {r;}, and so (by the defining
property of Min, ﬁmax from Proposition 5.3.4) we must have T|G,(oo ~ Ts (D)
for some M € SwBT(ﬁmin, %max).

The space of crystalline extensions of xm.x by X, Which we identify with
H }(G ks E(Xs X1in)), has dimension equal to the number of labelled Hodge—
Tate weights of /. that exceed the corresponding weight of xm.. This is

precisely
d = Z s; + Z(1+s,~—r,~).

itz itp<r;

It follows as in [GLS14, Lemma 9.3] that the image of H}(Gx, Or (X Xmin))
in H'(Gk, X '%’) has dimension d if ¥ # ¥ and dimensiond + 1 if ¥ = ¥'.

By Lemma 5.4.2 below, the restriction map H'(Gg, X %) - H' (Gk.,
X 'x) is injective. (The application of Lemma 5.4.2 is the only place in the
argument that we need our assumption that ¥ '’ # &.) It follows that the
number of elements of H'(G,_,x '%’) that come from a crystalline extension
Of Xmax BY XL, is exactly |kg|9", where § = 0if ¥ # X" and § = 1 otherwise.

On the other hand, we know from Proposition 5.3.4 that the number of
elements of H'(Gg_, X~ 'x’) that come from the reduction modulo p of some
pseudo-BT representation of weight {r;} is at most #ngT(ﬁminv ‘fmax). One
easily checks by counting, in the explicit description of the extensions in
Theorem 5.1.5, the number of terms in each y; that are permitted to be nonzero
(and noting that if ¥ = % there must exist a map Mpin — Ppae bY the
maximality of 3,,.) that #SWBT(‘J?mm, PBna) = k|9 as well.
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In particular, every element of H'(G Kaor X 15") that comes from the reduction
modulo p of some pseudo-BT representation of weight {r;} must in fact come
from a lattice in a crystalline extension of )max by x,.:,- Applying Lemma 5.4.2
again, the same must be true of every element of H (G, 7‘17/) that comes
from the reduction modulo p of some pseudo-BT representation of weight {r;}.
Since in particular 7 is such an element, we deduce that 0 € WPl (7) as
desired.

Finally, note that the Kisin modules My, and P, do not depend on the
choice of embeddings «; . Then the independence of WPl (7) from the choice
of embeddings ;o follows from the characterization that o € Wlcit(7) if and
only if 7lg, = Ts (1) for some M € gx//BT(ﬁmim ‘fmax). O

LEMMA 5.4.2. Lety : Gk — kz be a continuous character. If X # €, then the

restriction map
H'(Gg, %) = H'(Gk,., X)

is injective. If X = €, then the kernel of the restriction map is the tres ramifiée
line determined by the fixed uniformizer 7.

Proof. If ¥ # 1, ¢, this is a special case of [EGS, Lemma 7.4.3]. If ¥ = 1,
then H'(Gg, %) = Hom(Gg, kg) and H'(Gk_, X) = Hom(Gx_, k), so if the
kernel of the restriction map is nonzero, there must be a Galois extension of K
of degree p contained in K. This can only happen if K contains a primitive pth
root of unity, in which case € = 1, so x = &.

Finally, suppose that ) = €. Kummer theory identifies the restriction map with
the natural map

K*/(K*)" = KZ/(KZ)",

and the kernel of this map is evidently generated by . (|

6. The weight part of Serre’s conjecture III: the general case

6.1. (o, G)-modules. In order to complete our arguments in the remaining

case, we will need to make use of the second author’s theory of (¢, é)-modules.
We refer the reader to [GLS14, Section 5.1] (specifically, from the start of that
section up to the statement of Theorem 5.2) for the definitions and notation that
we will use, as well as to [GLS14, (4.8)] for the definition of the operator 7.

6.1.1. Consider a (g, f})-module with natural kz-action O, sitting in an
extension of (¢, é)—modules with natural kg-action
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where the underlying Kisin modules 9%, I8 are given by 9 = M(so, ..., s 15 @)
and P = M, ..., t;_1; b) for some a, b, with {s;, ;} = {r; + x;,e — 1 — x;},
and the underlying extension of Kisin modules is in SwBT(ﬁ, P). We say that
such a (¢, G)-module is of reducible pseudo-BT type and weight {r;} if for all
x € M there exist« € R and y € R ®, s M such that 7(x) — x = ay and
vr(@) = p/(p — 1) + p/e.

LEMMA 6.1.2. Suppose that p > 3, and that v : Gx — GL,(kg) is reducible
and arises as the reduction modulo p of a pseudo-BT representation r of weight

{r;}. Then there is a (¢, G)-module with natural kg-action O such that I is of
reducible pseudo-BT type and weight {r;}, and f’(ﬁ) =r

Proof. Let M be the (¢, G)-module arising as the reduction modulo p of
the (¢, é)-module corresponding to r by [GLS14, Theorem 5.2(2)]. Then the
underlying Kisin module 91 is of the required kind by Theorem 5.1.5, and
this extension can be extended to an extension of (¢, é)—modules by [GLS14,
Lemma 5.5]. Finally, the claim about the action of t is immediate from [GL.S14,
Corollary 5.10]. 0

We have the following generalization of [GL.S14, Lemma 8.1].

LEMMA 6.1.3. Suppose that p > 3, and take I € 8¢BT(‘JI B). Except possibly
for the case thatr; = p andt; =0 foralli =0, ..., f — 1, there is at most one

(p, é)-module_ M of reducible pseudo-BT type and weight {r;} with underlying
Kisin module .

Proof. We follow the proof of [GLSI4 Lemma 8.1]. Since by definition 91 is

contained in the Hg-invariants of M, it suffices to show that the r-action on
R ®,.¢ M is uniquely determined. As usual, we write ¢;, f; for a basis of 90, as
given by Theorem 5.1.5. We can write

t(ei i, fii1) = (i1, fio1) (‘z): ),3/:)

with &;, Bi,y: € (R/pR) ®x, kp C R ®x, kp. If { € R ®p, kp is written
¢ = Zf.':l yi ® z; with z1,...,z, € kg linearly independent over FF,, write
vg(¢) = min;{vg(y;)}. By assumption, we have vg(8; — 1), ve(y; — 1), vr(B;) =

p/(p— 1)+ p/eforalli.
Recalling that M is regarded as a ¢(&)-submodule of R Rp.& M, we may

write @(ei_1, fio1) = (e, f)@(A) with A, = (P @psi)- Since @ and T
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commute, we have

N (96D @B _ (Siv1 Bt '
GO(AI)( 0 (p(yi)) = ( 0 Vm) T(@(A)).

We obtain the following formulae:

u?'@(8;) = S (€)™, u"(y) = (€W yiv (6.1.14)

and

O)iu" p(B) + o(x)e(vi) = 8inT(p(x) + (@)i(€w)™ B, (6.1.15)

where for succinctness we have written (a);, (b); in lieu of 1 ® (a);, 1 ® (b); in
the preceding equation.

Let 7 € R be the element defined in [GLS14, Lemma 6.6(2)], so that ¢/ (1) =
€n. (K/Q, is assumed to be unramified throughout [GLS14, Section 6], but
it is easily checked that [GLS14, Lemma 6.6(2)] remains valid with the same
proof in our setting.) From (6.1.14) we see that ¢/ (§;) = §;€ Y "i+i | and
now [GLS14, Lemma 6.6(2)] together with the requirement that vz(§; — 1) > 0
implies that

5 = ,72,’-;} P @
for all i. Similarly, we must have y; = UZ, 07" Jsiti @ 1 for all i. So at least the

d;, y; are uniquely determined. L
Now suppose that there exists some other extension of 91 to a (¢, G)-module

V. Then the t-action on MV is given by some 8!, B/, and y/ that also satisfy
(6.1.14) and (6.1.15), and indeed we have already seen that §! = §; and y/ = y;.

Let Bi = f; — B!. Taking the difference between (6.1.15) for M and NV gives

B @(By) = (@i (€)™ B,
which implies that

-1 pf T=isivj ~

bui=o" i o’ (B) _a(éu)z’ —ou Bi.
Considering the valuations of both sides, and recalling that vz () = 1/e, we see

that if B; # 0 then

~ 1 _ .
vr(Bi) = m X(; pff/(sH_j —titj). (6.1.16)
j:
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Butsince s; —t; < r;+e—11is at most p+e— 1 with equality if and only if t;, = 0
and r; = p, the right-hand side of (6.1.16) is at most (p/e(p — 1))(p+e—1) =
p/(p — 1) + p/e with equality if and only if # = O and r;, = p for all i. In
particular, since vg(8;), vr(B!) = p/(p — 1) + p/e, either §; = B/ for all i, or
else ; = 0 and r; = p for all i, as required. O

PROPOSITION 6.1.17. Suppose that p > 3, and let Dﬁ be a (p, G) module of
reducible pseudo-BT type and weight {r;} with underlying Kisin module M.
Suppose that we have ‘ﬂ ‘,B as in the statement of Proposition 5.2.3, and let
M be the Kisin module provided by that proposition. Then there is a (¢, G)—

module M of reducible pseudo-BT type and weight {r;} with underlying Kisin
module MM , such that T () = TON).

Proof. From the proof of Proposition 5.2.3, we see that there is a Kisin module
9 and there are morphisms g : m - m, g : m - ﬁ/, both of which
induce isomorphisms after inverting u. Using these isomorphisms, the G-action
on R ®,.¢ M induces a G-action on R Rp.& ﬁ/[l/u], and it is enough to show
that this preserves ﬁ@w,gﬁ/ and makes ita (@, é)—module of reducible pseudo-
BT type and weight {r;}. o

Since H acts trivially on u and 901, and since t(u) = eu and (¢ — 1) € I,
we see that we only need to check that t(ﬁ/) C R Ry, ﬁ/, and that for all

x € M there exists @ € R and Yy € R®ys 9 such that 7(x) —x = ay and
vr(@) > p/(p— 1) + p/e. -
Take bases e;, f; of 9; and e, f/ of 9, as in the proof of Proposition 5.2.3.

Writing
8 B
T fin) = et fin) (0' y;) ,
an easy calculation shows that
8 B!
/ / i /
t(e;_ys fio) = (e;_yy i) (d Vil/ ,
where
§ = & eP@i-1F)—ei1(F))
[ N )
Bl = B (uP @O —ei Mtai (B —eini (F) @) 1) plaizi(T)=ai-1(30)
1 - E)

y = y,€p<a,-4<ﬁ’>—a,-4(ﬁ>)
i = Vs :
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(The factors of p in the above exponents come from the fact that T acts on the
left-hand side of the twisted tensor product R Rp.c ﬁ/.) Now, € is a unit, so it is
enough to check that the exponent of u in the expression for §; is nonnegative;
but this is immediate from Lemma 5.1.2. (|

We are now in a position to prove that WePlicit(7) = W¢is(7) in the reducible
cyclotomic case, and so to deduce this equality in full generality (for p # 2).

THEOREM 6.1.18. Suppose that p > 3 and that v : Gx — GL,y(kg) is a
continuous representation. Then Wl(7) = WBT(7) = Ws(7). Moreover,
these sets do not depend on our choice of embeddings ;.

Proof. Recall that we have inclusions Welicit(7) € WBT () € Wis(7) by [GK,
Corollary 4.5.7], so it is enough to check that W<is(r) € WePlcit(7)  Suppose
that o € W (7). As in the proof of Theorem 5.4.1, we may assume that o
has the shape ®; Sym”'fl k? Rk ; Fp with integers r; € [1, p], and that 7 is the
reduction modulo p of a lattice in a pseudo-BT representation of weight {r;}.
By Theorem 4.1.6, we may assume that 7 is an extension of ¥ by ¥'; by
Theorem 5.4.1, we may assume that ¥ "%’ = .

Suppose first that not all of the r; are equal to p. We may replace the appeals
to Lemma 5.4.2 in the proof of Theorem 5.4.1 with appeals to Lemma 6.1.2,
Lemma 6.1.3, and Proposition 6.1.17; then the count of Kisin modules remains
valid, and the argument goes through as before. (Recall that the only place that
the assumption that 3 ~'%’ # & was used in the proof of Theorem 5.4.1 was in the
appeals to Lemma 5.4.2. In particular, the construction of xm. and x, . carries
over to the case that x '%' = ¢.)

Finally, in the case that all of the r; are equal to p, the same argument applies
unless 7 has a model where all of the #; = 0. In this case, we see that the character
Xmax in the proof of Theorem 5.4.1 is unramified, while HT,, ,(x,,,) = p and
HT,, (x4) = 1if j > 0.

Then every extension of xm.x by an unramified twist of y, . is automatically
crystalline. So, it suffices to show that any extension of ¥ by ¥’ lifts to an
extension of xm. by a twist of x . by an unramified character with trivial
reduction. This may be proved by exactly the same argument as [GLS14, Lemma
9.4] (see [GLS12, Proposition 5.2.9], which proves the claim in the case that
K /Q, is totally ramified). O

REMARK 6.1.19. Suppose that 7 is an extension of x by ', and let xmax, X ., be
the crystalline lifts of 3, X’ constructed in the proof of Theorem 5.4.1. Recall that
there is a choice in this construction, namely xmaxand x, .. are only specified up
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to twist by unramified characters with trivial reduction. It follows immediately
from our arguments that this choice is immaterial, that is, that the image of
the map H}(Gx, Or (X Ximin)) — H'(Gk,x ') does not depend on the
particular choice of xmax, X.,» €xcept for the case where r;, = p for all i and
Xmax 18 unramified (see [BDJ10, Remark 3.10]).

6.2. Conclusion of the proof of the weight part of Serre’s conjecture. We
now extend the results of Section 4, using our analysis of the extension classes
of reducible lifts to complete the proof of the weight part of Serre’s conjecture.

Continue to assume that p > 2, let F be a totally real field, and let p : G —
GL, (F,,) be continuous, irreducible, and modular. Again, let D be a quaternion
algebra with centre F, which is split at all places dividing p and at at most one
infinite place. The main global result of this paper is the following.

THEOREM 6.2.1. Assume that p > 2, that p is modular and compatible with D,
that plG,,, is irreducible, and if p = 5 assume further that the projective image
0f5|cmp) is not isomorphic to As.

Then p is modular for D of weight 0 = ®y,0, if and only if o, €
WP (5], ) for all vl p.

Proof. The result is immediate from Theorems 4.2.1 and 6.1.18. O

6.3. Dependence on the restriction to inertia. We conclude the paper by
checking (when p > 3) that the local weight set WPlcit(7) = WS () depends
only on the restriction to inertia 7|, . This statement is part of the formulation of
some versions of the weight part of Serre’s conjecture. For instance, when K /Q,
is unramified, the definition of the weight set WBP(7) in [BDJ10] is modified
in certain cases to ensure that W8P’ (¥) depends only on 7|, (see the definition
immediately preceding [BDJ10, Remark 3.10]). An immediate consequence of
the following result (and its proof) is that the local weight set defined in [BDJ10]
is equal to the local weight set considered in this paper (again, when p > 3).

PROPOSITION 6.3.1. Suppose that p > 3. Let v, 1’ : Gx — GL,(kg) be two
continuous representations with r|;, =~ r'|;,. Then WPt (F) = Wexplicit 5y,

Proof. When K /Q, is unramified, the corresponding statement for the weight
set WBPY(7) is proved in [BDJ10, Proposition 3.13]. The proof carries over to
this context nearly word for word, except that in the special case where % ~
X @ X is scalar and the class in H!(Gg, kz) defining 7 as an extension of ¥ by
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% is unramified it is built into the definitions that WBP'(7) = WBP! (3 @ ¥). (In
the notation of [BDJ10], this is the containment L, C L, in this case.) In our
context, it remains to show that WePlicit () = yexplicit(5r gy 57y

We must prove that, if ¥ & ¥ has a pseudo-BT lift of weight {r;}, then so
does 7. Let My and fmax be the rank-one Kisin modules given to us by (the
proof of) Proposition 5.3.4, with corresponding parameters sy, ..., sy—; and f,

., tr_1 as in that Proposition. In the special case where r; = p and ; = 0 for
all i (which is only possible when € = 1 on Gg), the proof of Theorem 6.1.18
already shows that every extension of ¥ by x has a pseudo-BT lift of weight {r;},

so for the rest of the proof we assume that we are not in this case.

Write € for the set pr(Mmin, Puay)- Note that by construction (since P,
and M, have the same generic fibre ) there exists a nonzero map N —
‘Bmax We can therefore define a nontrivial element 9t € £ by taking y; = 0 for
all i (in the notation of Theorem 5.1.5), except that yj is taken to have a nonzero
term of degree d := sy + g M) — ao(ﬁmax). Indeed we obtain a line’s worth
of such elements.

Let K, be the unramified extension of K of degree p, with residue field k,,, and
suppose without loss of generality that k,, embeds into k. Define m = k, QuIM,
with ¢ extended k,-semilinearly to M. 1t is straightforward to check that the
Kisin module 91 is split. We briefly indicate how to see this. Write the Kisin
module M as an extension as in Proposition 5.1.3. The field K, has inertial
degree pf. The extension parameters y; defining M are all zero, except for
terms of degree d in y, ..., y(/pfl) e all with the same coefficient. Since terms
of this degree are part of a loop (in the terminology of the proof of [GLS14,
Proposition 7.4]), there is a change of variables which replaces y;, with O for
each 0 < i < p and replaces y, with y; + ... y(, 1, = pyy = 0.

Let T be a lattice in a pseudo-BT representation of G ¢ of weight {r;} such that
Tlg ko = T (9). Since Tg is faithful on &, the representanon T is nonsplit.

By Lemmas 6.1.2 and 6.1.3, there is a unique (¢, G) module zm of reducible
pseudo-BT type and weight {r;} with f(ﬁ) ~T. Evidently we have T|G(Kp>% ~
Ts (ﬁ/). Since Tlc;Kp is still pseudo-BT but M is split, another application of
Lemma 6.1.3 shows that T'|g,, itself must be split. (We remark that, if € 7 1 on
G, the fact that T'|g,, is split can be deduced more easily from Lemma 5.4.2.)

It follows that the extension class in H!(Gg, k) defining T as an extension of
X by X lies in the kernel of the restriction map H'(Gg, kg) — H'(G,. kg):
that is, it is unramified. Since the unramified subspace of H' (G, k) is a line,
we have T ~ 7, and 7 has the desired pseudo-BT lift (namely T'). (|
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Appendix A. Corrigendum to [GLS14]

We take this opportunity to correct a minor but unfortunate mistake in
[GLS14]. In the sentence preceding the published version of [GLS14, Theorem
4.22], we write that when we regard 21 as a ¢(&)-submodule of 9*, we
are regarding My, as a submodule of M. As noted in Section 2.3 of the
present paper, this should be 2t,_; rather than 9, ;. Although the main results
of [GLS14] about the weight part of Serre’s conjecture are unaffected, the
statement of [GLS14, Theorem 4.22] and many of the ensuing Kisin module
and (¢, G)-module formulae in [GLS14, Sections 6—8] have some indices that
are off by one. (This issue does not affect the structure or content of any of the
arguments in the paper, only the statements.)

For instance, where we write in [GLS14, Theorem 4.22] that

(0(31,5, ey ed,s) = (el,s+17 ey ed,s+l)XsAsYS7

we should instead have

¢(el,s—la ceey ed,s—l) = (el,sa ) edﬁs)XsAsYs’

and the other corrections are all of a similar nature. Corrected versions of the
paper are available on our websites and on the arXiv. (Alternately, many of the
calculations in [GLS14, Sections 6-8] are generalized by results in Sections 3,
5, and 6 of the present paper.)
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