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In this paper we are concerned with the uniqueness of solutions of
functional equations of the form

(1) g(Flxy) = H{f@), {(¥); = v),
(@) HFx ) = H{ (), [{y); = y).

Some conditions for (1) or (2) to have at most one real continuous solution
/ which satisfies two given initial conditions are contained in [2], [3], [4]
and (7]. Conditions sufficient for the equation

fz+y) = G(/(=), /()

to determine at most one continuous solution f/ with values in a Banach
algebra are contained in [5]. It is well known (see [1] ch. 2) that one initial
condition suffices for Cauchy’s equation

Hae+y) = H@)+/ ()
or two for Jensen’s equation
fGr+3y) =3 @)+ 3 @)

to uniquely determine a real solution f which is bounded on an interval or
majorized on a set of positive measure by a measurable function. We place
conditions on F and H so that similar statements can be made about
solutions of (1) or (2). The corresponding results for solutions which are
functions of many real variables follow as for Cauchy’s and Jensen’s
equations (see [1] ch. 5).

In the following (4, 4) is a metric space; D C 4; C is the complex plane;
R is the real line; R" is n-dimensional Euclidean space; I is a real interval
or a convex set in R™ If f : I — A is bounded in a neighbourhood of each
point of I we say f is locally bounded in I. If D = R or C we take
d(#,v) = |[u—v|, u,ve D. We use a square (round) bracket to denote a
closed (open) end of an interval.

TuroreM 1. Let I be an interval. Let F : I xI — R be continuous and
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strictly increasing (or decreasing). Let H : DX DXIXI — A be such that
(H,) H(wu,v;x,y) =HU,v;z,y) iff u="0U,
or
Hu,v;z,y) =Hu,V;z,y) iff v="V;
(Hy) corresponding to every bounded set J CI there exists v f4,1) and s > 0
such that in DX DX J X J
(3) A{H(wu,v;z,y), HU,V; 2, y)} < rs{d(u, U)+d(v, V)},
(4) A{H(u, w; z,x), H(v, v; ®, z)} = sd(u, v).
Let a,bel and a < b. Then corresponding to any given f(a) and f(b)

there is at most one pair of functions f: 1 - D and g : {F(x,y) :2,yel} > 4
such that f is locally bounded in I and (1) holds.

Proor. Let z = G(z, y) be the unique solution of F(z, 2) = F(z, y).
If F(x,z) =«(F is reflexive), then G = F. Let «(x) = G(a,x) and
as(®) = G(z, b), x €I; then «, and «, are continuous, strictly increasing,
a, (@) = a, 4,(b) = ay(a), ap(d) = b. Hence «, and «, together map [a, b]
onto [a, b].

Let H(u, u; x, x) = h(u; ). If (1) holds in I the substitution of G(z, y)
for both 2 and y shows that

WG, 9)); Gl 9)} = H(f@), f(¥); %, v), z, y e L.
If f(a) = A and f(b) = B then
(6) hf(a(®)); (@)} = H(4, f(@); 2, 2), 2 €1,
(6) h{f(ay(z)); asl@)} = H(f(x), B; 2, b), z el.
Let f, and /, satisfy (5) and (6) and be locally bounded in I. If %, € [a, b]
and # is a positive integer there exist p,, -, p, € {1, 2} and #,,+-, z, € [a, 8]
such that z, = a, (z,), 2, = %y, (@), B=1,--+,n—1, and hence (5),
(6) and (H,) imply that there exist € [, 1) and s > 0 such that
sd{f,(x,), (o)} = d{”(l‘x(“’oﬁ ), h(f2(,); %)}
= rsdify (@), fo(my)}
é 7"Sd{f1(x"), fz(xn)}

which decreases to 0 as n — oo since f, and f, are bounded on [, 4]. Hence
fi = f5 in [a, b]. As in [7] the condition (H,) ensures that f; = f, in I.

REMARKS. If I = [a, b] the condition (H,) is unnecessary; and if also
F is reflexive then F need only be non-decreasing (or non-increasing).
On the other hand if (1) is replaced by (2) and & # F(a, 4) €I then the
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condition f(b) = B is redundant (cf. [4], [6]) — this remark also applies
to the next theorem. If H(u, ; x, ) = u then (3) and (4) are equivalent
to (3) with s = 1.

THEOREM 2. Let I be an interval. Let F satisfy the hypotheses of Theorem 1
and corresponding to each bounded set J C I let there exist positive constants
k, K such that in J < J

(7) Rz—y| = |F(z, 2)—F(y, z)| = Klz—y|.
Let D= R or C. Let H: DXDXIXI — D be continuous, satisfy {H,)
and

(Hj,) there exists a continuous function G: DX D XIXI — D such that
G(u, H(u, v; x, y); 2, y) =v.

Let a,bel and a < b. Then corvesponding to any given f(a) and f(b)
there is at most one pair of functions f : 1> D and g: {F(x,y) :x,yel} > D
such that |f| has a measurable majorant on a subset of I of positive measure

and (1) holds.

Proor. Let f and g satisfy the given hypotheses. If SCJ7 and ¢ €1 let
F(S,t) = {F(x, t) :x €S} and mS denote the Lebesgue measure of S (if
measurable). There exists a closed and bounded set £ C I such that mE > 0
and f is bounded on E. Let I, be a closed interval such that ECI, CI.
Then F(E,a)C F(I,,a) and mE(E, a) > 0. Hence there exists a closed
interval I, C I, such that

(8) m{F(E, a) n F(I,, a)} = 3mF(I,, a) > 0.

Let J be a closed interval, I, u [a, b] C J CI; then there exists K > 0
such that (7) holds. Also there exists S C I such that SO E, S is a finite
union of disjoint closed intervals, and

(9) m(S—E) < 2K ImF(E n 1, a).
If x € [a, b] then (7) and (9) imply

mE(S nly, 2)—mF(E nl,,z) < Km{(S—E) 1}
< tmF(E n1,,a),
mFE(Enly,z) Z2mF(Snl,, z)—gmF(E n I, a).
But since F(S n I, z) is a finite sum of closed intervals, mF (S n I, x) is

continuous at x = a. Hence there exists &, € (0,5—a) such that if
z € [a, a+9,] then
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F(Snl,,z)=mF(Snl,,a)—gmF(E n1,,a)
= 3mF(E n 1, a),
(10) mF(E n1,,x) = 2mF(E n I, a).

Similarly there exists 4 e (0, §;) such that if z e [a, a+6] then
F{l,, z) n F(I,, a) is not empty and

m{F(l,, ) u F(I,, a)} < *2mF(I,, a),

(11) m{F(E nI,,2) U F(EnI,,a)} <imF(I,, a).
Let z € [a, a+6). If F(E N1y, a) n F(E n1,, x) is empty then from (10)
and (8)

m{F(E nly,a) v F(Enl,, )} =mF(Enly,a)+mF(E nl,, x)
=3mF(Enly, a)
=0 F(1,, a)
which contradicts (11). Hence the intersection is not empty and there exist
s,t€ E n Iy such that F(s, a) = F(¢, «); (1) and f(4) = A then imply
H(f(s), A; s, a) = H([(2), f(x); ¢, x),
fx) = G{f(t), H(f(s), 4; s, a); t, x}.
The continuity of H and G imply that f is bounded on [a, a44]. Also
from (5)
Hos(@)) = G(4, h{f(FH(x)); b ()} 4, (), xel, k=01,---
Hence f(z) can be expressed as a continuous function of x and f(«f(x)),
n =1, 2, ---. Since (b)) — a as n — o0, there exists an integer » such that

o3([a, 8]) C [a, a-+6]. This implies that f is bounded on [a, b] which is
sufficient for the proof of the theorem.

THEOREM 3. Let I be a convex subset of R*. Let H: DxDxIXI — A be
such that (H,) and (H,) hold.

Let o,feR, «f >0, and ye R". Let a,, -+, a, be the vertices of a
non-degenerate simplex in I. Then corresponding to any given f(ay), - - -, f(a,),
there 1s at most one pair of functions f : I — D and

g {w+pyt+y:myell—~4
such that f is locally bounded in I and

(12) glax+-py-+v) = H(f(x), [{y); =, y).

Proor. Let f and g satisfy the given hypotheses. Let S be the set of
points in I where f is uniquely determined; then a,, - -+, 4,€ S. Let 2,y €S
and zy denote the straight line through « and y:
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2y = {&g+s(y—=x) : s € R}.
Then there exists a real interval .# such that
2y nl = {x+sly—zx) :se S}
Let f,(s) = f(z+s(y—=x)), se 2,

g1(as+pt) = gl(as+pt) (y—a)+oax+pa+yl, s, t € S.
Then
g1(as+pt) = Hf,(s), L(¢); v+s(y—=), z+t{y—)].

But £, is locally bounded in .#, f,(0) = f(z) and f,(1) = f(y). By theorem
1 f, is uniquely determined in .#. Hence 2y n I C S and in particular S is
convex. Let z € I and M be the linear manifold spanned by S. Then M = R"
and ze M. Hence (see [6] p. 16, Ex. 1.5.1) some straight line through z
meets S in a non-degenerate segment, hence in at least two points. Hence
zeSandl =S.
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