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Generalized forms of the Series of Bessel and Legendre.*
By Rev. F. H. JAcksox.

§1.
The object of this paper is to investigate certain series and

differential equations, generalizations of the series of Bessel and
Legendre.

Throughout the paper

pu — 1
[r] denotes p o1

reducing, when p=1, to =.

The series discussed are the following : —

w Pl n-11 o o [#]e-1][n-2][n-3] . |
-A{ e B s )

a generalized form of P, (x),

the relation between coefficients of z in successive terms being

,,'_H['n 2r+ l][n 2r+ 7]
[27][2n - 27+ 1] ;
1fn+2]
z{—»—l] [n + 3, [-'n-—sl
= a{a e+l 2°
[n+l][n+2)n+3)n+td] o .5 1

YA+ 3] Pty O

a generalized form of Q,(x),

the relation between successive coefficients being

AL=-Ap

_a pln2r=1]n4+ 2]
A=A P T 2 1)

* A short paper containing some of the results in this paper was read at
the November meeting of the Society ; the paper, in its present form, is dated
January 1903.
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[ 2n+2) gintd
v=Al pmr A T )

a generalized form of J () ;

_ ’ a:[l] @{2]
R Y O CACA T R 1 0y s e rem R L
If y =

dy ;
T [r]ad
= [m a1,
Now differentiate, regarding x* as the independent variable;

denoting the result by (—% ;

d2./ d f Y n—
(m d(a,‘p) l J' = ["L][?l - l]m“ { 2].
Similarly,
dy d [dy
da® d(w"‘)ld (%

and generally

} [n]n — 1][n - 2]

jr = =[n][n-1)...[n - r+ 1]t
that is Llrld—a,‘_’ [n)[n = 1]...[e = 7+ 1]a.
\3.
Denote Coy + Clw— + C.,:l:ﬂ]t% +.0 +Cal %Y ;i 3(/.,
o o]
Then if ?/=A,w[m”+A,m(m‘2] bt AL

and ¢[m] denote
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Co+Cy[m]+Cm]m~1]+...+C[m][m~1]...[m ~s+ 1],
4)[ Z—Z = Ald)["ll]x[mn + A2¢[m2]w[m2] Fonet Ar¢[mr]w[mr] + ...

Now choose m, so as to make ¢[m,]=0.
Let a, b, ¢, etc., be roots of ¢[m,]}=0.

Also choose '
As‘l’l_me] =A, my=m; + 1,

As‘i’[ms] = A,, my=my+1,
etc. ete

Then, giving m, the value q,
¢[m¢%] = A+ Aot 4 Al 4

m[a+‘.!l] ‘,L.[a+3l]
o Ha+ 1) Harlglar2n " )
. Plet gePla+2]
_Axll{xp‘ +¢[ o+ 1] ¢[a+l]qf>[a+‘>l] }
x{a-}-l] x[a+21]
and  y—A{a R PR I e e j

Denoting this series by F(x), we have
d. F(x)] .o
¢[a: —‘—1;:—' = :x:[ F(m"l). - - - (A)

In the particular case when p =1 this equation becomes
,dy]_ :

§4.
)
The series +——w——-—— +onns

(e (o] o]
comes under the preceding form.
If we denote
(5947 = 1) (™4 = D= - 1)... (et~ 1)
(p-1)

by H[u, + m],
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then
Ofa+m]=Ay+ A[m]+Afm][m-1]+..+ A fm][m-1]..[m-n+1},
the coefficients A,, A,, A,, etc., being independent of m and given by
A,=1I[q]
A =Tfa+1]-1[a]

IH[a+2] - ’; =~ rifa+ 1) - piifa]

A=

pPP-1p-1
p-1"p-1
A H[a+7‘] H[“‘+”"’1] H[a+’r—..] .+(_1)rp!r.r—lnla]

G IR e e 1t

. . p-l.pi-1l.p%-1.p°-1.p-1
in which [r}! denotes .
[+] (p-1y

We write

s=r II[a + 7 -3
‘A = 21 - 1) 3s.0-1 . *
LA ( )p [,,. ] [3] ]
'a'{r-H]dmv'H) 4

. = ’ 11[(1 +7r- 8]
o 2 _ Spds.a—1__L_~ =~ " .
Ay being = (= 1yt T

r=0

Now take 4:[ Z

Then if we operate with d)[a.%] on a series of the form

y=Cyml 4+ C™d - ...
¢[m] will be A [m]+ A [m][m-1]+...... to n+ 1 terms
= [m]{A0 +A[m 1]+ oo+ Afm - 1)m = 2)...[m— n]}

=[m]fu+m -1]
¢[{m,] vanishes for the following values of m; :
(U ,
l-a,

l1-a,

1 ~'a,,.

* Vol. XXVIIL., Proceedings London Mathematical Society, p, 479.
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By taking m, =0, {=1, we have

41 i
,Z},A'“'{ 1 ‘r_“)_Ax{l-{‘ m + oeeenen } - (B)
and y= A {1 + [1][%][%] ...... (o] + oo } ’

and similar relations for the other values of m,, viz., for

1-a;, l-a,ete:

ar+y
A ,m(r+11 y

— dz

- Aglr—a) { 14 2o
[1]-[2-a]las—a,+ 1) - oy + 1] [0~y + 1]

P70

[l][’][2 o )[3-0,].[ap-0;+1][@g—a,+2 ]...[a,,—a,+2]
\
+... .. f s

y= Am(l—ax]{ 1+ wpl-“l[ll ]

FR- ,
[1][2 - al][az—ﬂ1+1]...[an—al+ 1] j
and n — 1 similar equations for the values 1 —a,, 1 - a;, ete.

§5.
Two interesting special cases of the equation (B) are obtained by
substituting
(1) =0 =0y =0y =Q,=... =0}

@) a=ay=a,+l=a;+2=q+3=...=a,+n-1.
The series F(x) is in case (1)

o2
A i mmerer -t @

and in case (2)

1, 2 .
AU e O e+ TR T b

the differential equation being

v A 'x[r+l]

r=0

L=aFE@). - - - (0)
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[o+r - s]"
[r-s]![s]!’
mewe® &= F v~

where [a+7 - s],=[a+r-s][a+r -5~ 1][a+r—s- 2]...to n factors.

In case (1) A'E‘S_\:‘r( — l)lph.b—x
=0

In case (2) A, simplifies, for the r 4-1 terms of the summation are
=yp rla—n+r)p" — 1.pm—1..p~t

p~-1.p° 1 -7

The differential equation for series (2) may be written

-1
1L ]"-"

m” r(a n+r)P” 1. p”_l 1. pn—'-H 1 r+1]d'+ »
r=0 _1 P -1.. pr lL ] at dw(r+l)_xF(x ) (D)

§6.
Consider the equation

p.'t‘ ) + {1-[n]-[-=l} w_ + (][ -nly= me(m,ﬁ) (E)

The form of the series F(x) is to be determined.

Assuming g g
Y=Ax V4+Ax T+ ......

a8 a possible form of solution,
$m] =[] - n]+ {1 = [n] = [ - n))(m] + plm][m - 1}
Now p[m]m - 1]=[m]}{[m]-1};
$m] = {[m] - [n]}{[m] - [ -]}

The values of m, for which ¢[m,] vanishes are

my=+n and m;= - n.
Also A L d(m,. ., ]=A,, and m, ,=m, +2.
Therefore, for m, = +n,

Arn{[men] - [n]}Hm, ] - [ - n]} = A,

that is A p{[n+2r]-[n]}{[n+2r]-[-n]} =A,;

A,

e
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ain+2) gint+4l }

and y=F(x)= A{“‘”’ e+ 2 T A2 oen r 4 T

= J ().
We may write the differential equation
2%y dy " e
p ot 1-[n]-[~n] ot [n)[ - nJy =" (=F), (F)

which reduces to Bessel’s Equation when p=1.

§7.
Consider the expression
dy Fy dy
Co:_'/ + Clachr + C«:’L‘m]%@’ —_ W , (1)
dy]_ &y
denoted by ¢[Z(—15 - E;Lﬁ)— .
Then if y= A,x[""] + A.;z:[m’] o+ A,:z;[m'] +...,

performing the operations indicated by (1) we have the expression
Aglml™  ~ A, - 1]
+Am]ed" AP, [, — 1]

+ A3¢[m3],»,;["‘3] _A gﬁm’"ﬂ[ms][ms -1)
+ — eeieees
Choose my=m, —- 2,
‘ My=my — 2,
etc.,
and A dm] = Alm]m, -1}
Write Co=[n][-n-1],
C=1-[n]-[-n-1},
C,=p.

Then ¢[m]=[n][-n-1]+{1-[n]-[-n-1]}{m]+p[m][m -1]
={[m] - [n]}{[m] -[-n-1]}.

The values of m, which make ¢[m,] vanish are
my=n and my=—n-1.
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Giving m, the value n, we have
M, =n—2r,
and the relation between successive coefficients in the series y is
A n{n-2r]-[n}{[n-2r]-[-n-1]}=[n~2r+2][n-2r+1]A,.
which reduces to

_ aan—2r+2]n-2r4+1],
Aen= P a1 A

aln-1] . . [2][n-1][n-2]{n-3 —t
»y=afon- e S - )
=P[,,](:c)
which is a solution of
Py DY (1 [n)-[- - 1)t ] - n- 1y

. =Plusf®) - Plas@®), (G)
P, _s(x) denoting

An][n - 1){a-2 - p? [’E 2'][22]72”_f1?] T

Similarly, giving m, the value —n — 1, we obtain a series in which
the relation between successive coeflicients is given by
A{[-n-1-2~[n]}{[~n~1-2]~[-n-1]}
=[-n-1-2r+2]-n-1-2r+1]A,;
A,.[n+2r][n+2r-1] .
[2r][2n+2r+ 1]17 ’
[n+1][n+2]

from which ;A,_H =

R e
[n+1)n+2][n+3)n+4] , .
[2]4]2n + 3] 2n + 5] Iptaay..|
= Quu(®)-
The equation is

Pt~ T (1= - n- 1) [t [l - Tl

= Qnss(®) - Q'(--+31("5’°2 ) (H)

[n+3]n+4] ,
W?’m‘ o R }

The equations (G) and (H) reduce to Legendre’s Equation when p=1,

Q'i15(%) denoting
Afn+1fn+ 2]{=1+
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