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Abstract
In this note, we give an example of a domain whose d-balanced squeezing function is nonplurisubhar-
monic.
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1. Introduction

We present an example of a domain in C> whose d-balanced squeezing function fails
to be plurisubharmonic. Let us first recall some related notions.

For a bounded domain D € C" and z € D, Deng et al. [3] introduced the squeezing
function Sp on D, defined by

Sp(2) := SI}p{r :B"(0,r) € f(D), f € O,(D,B"), f(z) = 0},

where B"(0, r) denotes a ball of radius r centred at the origin and O,(D,B") denotes
the collection of injective holomorphic maps from D to the unit ball B".

Rong and Yang [10] extended this idea by replacing the unit ball with a bounded,
balanced, convex domain. Recall that a domain Q € C" is called balanced if Az belongs
to Q for each z in Q and A in the closed unit disc D of the complex plane. Its Minkowski
function hg on C" is defined by

ho(z) :=inf{t > 0: z/t € Q}

and Q(r) ={z € C" : ho(z) <rjfor0 <r < 1.
For a bounded domain D C C", the generalised squeezing function S% on D is
defined by

S$(2) := suplr : Q(r) € f(D), f € 0D, Q), f(z) = 0}.
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In [5], we introduced the d-balanced squeezing function by replacing a balanced
domain with a d-balanced domain.

Letd = (dy,da, . ..,dy,) € Z},n > 2. Then a domain Q C C" is said to be d-balanced
if (A%1zy, A%z, ..., 2%z,) € Qforeachz = (21,22, ...,2,) € Qand 1 € D.

For a d-balanced domain €2, the d-Minkowski function A, on C” is defined by

. NS Zn
hao(z) = 1nf{t >0 (an 2, E) c Q}.

Let QU(r) ={z € C" : h{(x) < r}for0 < r < 1.

DEFINITION 1.1. For a bounded domain D € C" and a bounded, convex, d-balanced
domain Q, where d = (dy, d,, ..., d,), the d-balanced squeezing function szD is

Sop(@) = sup{r : Q(r) C f(D), f € 0D, Q), f(z) = 0.

We can easily see that if Q is balanced, thend = (1, 1,...,1) and szD reduces to Sg.

In [4], Fornzss and Scherbina gave an example of a domain whose squeezing
function is nonplurisubharmonic. Recently, Rong and Yang [11] gave examples
of domains with nonplurisubharmonic generalised squeezing functions. Here we
consider the same problem for d-balanced squeezing functions and present an example
(see Theorem 3.5).

2. Background and an estimate for a d-balanced squeezing function

Let us first recall the definitions of the Carathéodory pseudodistance and the
Carathéodory extremal maps. For a domain D € C" and z;,7z, € D, a Carathéodory
pseudodistance cp on D is defined by

CD(ZI’ZZ) = Sl}p{P(Osﬂ) : f € O(D’ D)? f(zl) = O’ f(ZZ) = ,U},

where p denotes the Poincaré metric on the unit disc D and O(D, D) denotes the set of
holomorphic maps from D to D. A function f € O(D, D) at which this supremum is
attained is called a Carathéodory extremal function.

We now recall results that will be used in this section. Lempert [8, Theorem 1] and
Kosinski and Warszawski [7, Theorem 1.3 and Remark 1.6] yield the following result.

RESULT 2.1. For a convex domain Q € C", co = ka, where kq denotes the Lempert
function on Q.

Combining Result 2.1 with [2, Theorem 1.6], we get the following result.
RESULT 2.2. For a bounded, convex, d=(d;, d>, . .., d,)-balanced domain Q C C",
tanh™ . 0(2)" < ¢a(0,7) = ka(0,7) < tanh™ h1y0(2),

where L = max <<, d;.
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RESULT 2.3. Let Q € C" be a domain and K C Q be compact such that Q\ K is
connected. Then, each holomorphic function f on Q \ K extends to a holomorphic
function on Q.

RESULT 2.4 (see [9, Proposition 1]). Let Q € C" be a balanced domain and let
hgso be its d-Minkowski function. Then € is pseudoconvex if and only if A,;q is
plurisubharmonic.

RESULT 2.5 (see [6, Remark 2.2.14]). If Q C C”" is a d-balanced domain, then:

(1) Q={z€C": hyalz) <1};

() hio(A%z1,A%2, ..., A%7,) = |Ahya(z) for each z=(z1,22,...,2,) €C" and
1€C;

(3) hguq is upper semicontinuous.

For a bounded domain 2 € C" and a compact subset K of 2, denote

dfﬂ (z) = Inill(l tanh(cq(z, w)).
we

We begin with the following theorem for d-balanced domains, which is analogous
to Theorem 2.1 in [11].

THEOREM 2.6. Let Q C C" be a bounded, d=(d,, d>, . .., d,)-balanced, convex, homo-
geneous domain. If K is a compact subset of Q such that D = Q \ K is connected, then

SN2 < dif () = dfy () < S°(2), @1
where L = maX<<, d;.

PROOF. For z € D, let g € Aut(Q2) be such that g(z) = 0. Using the convexity of Q, we
have {tv+ (1 —nw:0<1< 1, veD,weK°NIK # 0; therefore, d% (v) = dX (v) for
eachv e D.

Clearly, h = glp : D — Qs injective and holomorphic with A(z) = 0. For notational
convenience, let us denote dgz (z) by @. We claim that Q¢(a) C (D). Let hio(v) < a,
which upon using Result 2.2 implies tanh(cq(0,v)) < @. Since g is an automor-
phism, we get tanh(c,)(g(2), g(v'))) < @ for v' € Q. Therefore, tanh(ca(z,V")) < @ =
min,,cx tanh(cq(z, w)). Thus, we get v’ ¢ K and therefore, v = g(v') € g(D). This proves
our claim and hence, we obtain

5@) > @ = dX (2).

For the other inequality, consider an injective holomorphic map f : D — € such
that f(z) = 0. By Result 2.3, there exists a holomorphic function F : Q — C” such
that F|p = f. Using Result 2.4 and following the argument as in [11, Theorem 2.1],
we obtain F(Q) C Q. Observe that F(OK) N F(D) # 0. Let r > 0 be such that Q%(r) C
F(D). If possible, let tanh(cq(0, F(OK)))!/ < r, then upon using Result 2.2, we get
hyo(F(0K)) < r. This implies that F(0K) € Q%(r) € F(D), which is a contradiction.
Therefore, r < tanh(cq(0, F(0K)))!/* which, upon using the decreasing property of cq,
implies that r < tanh(cq(z, dK))'/~. Finally, we can conclude that S%(2)" <dX (z). o
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REMARK 2.7. A careful look at the above proof makes it clear that the left-hand side
of inequality (2.1) holds even if €2 is not homogeneous.

3. Nonplurisubharmonic d-balanced squeezing functions
Let G, C C? be the domain defined by

Gy ={(z1 + 22, 2122) : 21,22 € D}.

The domain G, is called the symmetrised bidisc. Its genesis lies with the problem
of ‘robust stabilisation’ in control engineering. Although it is closely related to the
bidisc, its geometry is very different to that of the bidisc. It is polynomially convex,
hyperconvex and starlike about the origin but not convex ((2, 1), (2i,—1) € G, but
(1 +1,0) ¢ Gy). Another point to note here is that it is not homogeneous (there is
no automorphism of G,, which maps any (a,0) with 0 <a < 1 to (0,0)). For many
equivalent characterisations of G, see [1].

The domain G, has several interesting properties. For example, Lempert’s theorem
holds for G, even though it is neither convex nor can it be exhausted by domains
biholomorphic to convex domains.

We will require Carathéodory extremal maps for G, to prove our result. Agler and
Young [1] proved that for each z;, z, € G», there exists A € C,|4| = 1 such that ¢, is a
Carathéodory extremal function, where ¢, is defined by

20z, — 23
2-Az2
It is easy to check that G, is (1, 2)-balanced. Let us denote by €2 the set of all possible

linear combinations of elements of G, that is, Q is the convex hull of G,. We begin
with the following lemma.

da(z1,22) =

LEMMA 3.1. Let Q be the convex hull of G,. Then:

() Qis(1,2)-balanced;
(2) |z1l < 2 and |z2| < 1 for each point (z;,722) € Q.

PROOF. (1) Let ¥ @iz € @, 3% 0i = 1, @; 2 0 and z; = (21", 2?) € G, for each .
Let |1 < 1. Each z; € G5 so that (/1151), /lzzl(.z)) € G,. Therefore, Zf-‘zl ai(/lzgl), /lzzf.z)) =
1 Zle aizgl) , A2 Zf;l aizgz)) € Q and hence, Q is (1, 2)-balanced.

(2) Follows from the structure of G5. O

Choose r, with 0 <r <1, such that D2(0,r), the closure of the polydisk
in C? of radius r centred at the origin, is contained in Q. Take the point
0=(0,r)eD?20,r)CQ and let e>0 be such that a ball B*(Q,r) of radius
e <r centred at Q is contained in Q. Let us take K = dD*(0,r)\ B*(Q,¢) and
H = {z € C? : 7, = 0}. It can be seen that K is compact and D = Q \ K is connected. We
will show that sz ,, (denoted by S¢ for notational convenience) is not plurisubharmonic.

For this, we will show that 4 = $¢ Ip»0,nne does not satisfy the maximum principle.

https://doi.org/10.1017/50004972722001228 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722001228

468 N. Gupta [5]

In particular, such a restriction is not subharmonic; this, in turn, will imply that S¢ is
not plurisubharmonic. This is proved via the following steps.

+ We begin by showing that $%(0) > %
e We use Theorem 2.6 to show that

d;\2 r =l

R
for z € D"(0,r) N H, z # 0 (observe Remark 2.7).

» We then show that $%(z) < §%(0) for z = (z;,0) € D"(0,7) N H for r > |z| > B, where
B =r(4—r)/(4-7r) (note that 8 < r).

* Now we restrict 4 to A = B(0, 8) to obtain a maximum at some a € A.

* We conclude by combining all these points along with the observation that $¢(z) — 0
as |zl - r.

LEMMA 3.2. §%(0) > 1.

PROOF. Consider the identity map id : D — Q. Clearly, id is injective holomorphic
with 1d(0) = 0. We claim that Q4(r/2) C id(D) = D. To see this, take z such that
hg0(z) < r/2. Upon using Result 2.5, we first get z € Q and then (2z,/r, 4z,/r") € Q.
Now using Lemma 3.1(2), |z1| < r and |z5| < #*/4 < r. Thus, z ¢ dD*(0, r) and there-
fore, z ¢ K. This proves our claim and shows that S¢(0) > 1/2. O

We need the following elementary lemma to prove our next proposition.

LEMMA 3.3. Foreachz = (z1,0),z1 = a+ ibwith0 < |z1| < rand wy = (sz;,0), where

s = r/Va? + b%, we have

¢(2) — P (wo) <= |z1]
1- ¢T(Z)¢T(WO) T 1- r|Z1 | ’

where T € C with |t| = 1.

PROOF. First note that [wo| = r and (2 — 72;)(2 — Twp)| = (2 — r)* > 1. Now consider

i W 2(z1 — wo)
$e(@) = pcwo) | _| 2721 2—71wp | _| (2-720)2 = Two)
1- ¢T(Z)¢T(WO) - <l —WO — < —WO

2-1712—Twy 2—-1712 - 1wy
20z —wol _ r—lzl

T L=lalwol 1=zl

PROPOSITION 3.4. For each z = (z1,0) € D*(0,r) N H, z # 0, we have

r—|zil

$42)? < .
1 - rlz]
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PROOF. Let z; = a +ib. Take wy = (sz1,0), where s = r/Va? + b* so that we K
because Q < r. Now, using Theorem 2.6 and Remark 2.7, we obtain

Sd(Z)z < dfﬂ (Z) = ml]l(l tanh(CQ(Zv W))
we

< tanh(cq(z, o))

< tanh(cg,(z, wp)) (since G, C Q)

[ 4:2) = :(w)

1= 6@ (wo)
r—|zl

- 1 =rlzl

(for some |7] < 1)
(using Lemma 3.3). O

This proposition, in particular, implies $¢(z) — 0 as |z;| — r. We summarise these
results with the following theorem.

THEOREM 3.5. For D and Q as considered above, S? is not plurisubharmonic.

PROOF. It is easy to see that

r—lal

— <
1= r|zy| 4

if and only if |z;| > 8. Using Proposition 3.4 and Lemma 3.2, we get h(z) = S%(z) <
r/2 < 84(0) = h(0) for z = (z;,0) with |z;| > 8. Consider the restriction th and let

h(a) be its maximum for some a € B(0, 8). Then, we have h(z) < max(h(a), h(0)) on
D™(0, r) N H proving that S¢|ps o,z does not satisfy the maximum principle and S¢ is
not plurisubharmonic. ]
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