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Abstract. Let p be a prime number, Qp the field of p-adic numbers, K a finite field
extension of Qp, K̄ a fixed algebraic closure of K and Cp the completion of K̄ with
respect to the p-adic valuation. We introduce and investigate an equivalence relation
on Cp, defined in terms of field extensions and metric properties of Galois orbits
over K .
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1. Introduction. Let p be a prime number, Qp the field of p-adic numbers, K a
fixed finite field extension of Qp, K̄ a fixed algebraic closure of K and Cp the completion
of K̄ with respect to the p-adic valuation. Here and in what follows we denote by |.| the
p-adic absolute value on Cp, normalised by |p| = 1

p . We also denote by OCp the ring of
integers of Cp and by GK the group of continuous automorphisms of Cp over K . The
group GK is canonically isomorphic to the Galois group Gal(K/K), see [1], [2] and [6].
By the Galois orbit over K we mean a set of the form CK (T) := {σ (T) : σ ∈ GK}, with
T in Cp. Associated to each such Galois orbit CK (T), we have the Haar distribution (in
the sense of Mazur and Swinnerton-Dyer [7]) on CK (T), call it πK,T , which is a unique
distribution on CK (T) with values in Qp, normalised by πK,T (CK (T)) = 1, which is
GK -invariant, in the sense that for any ball B in CK (T) and for any σ ∈ GK one has
πK,T (σ (B)) = πK,T (B).

Our goal in this short paper is to introduce an algebraic-metric equivalence relation
on Cp, which appears to have some nice properties. We establish a few of them in the
present paper. This equivalence relation is defined in terms of field extensions of K and
metric properties of Galois orbits over K . Our starting point is to consider the following
natural question: Given two elements T and U of Cp, under which circumstances is
there a canonical way to define a map from the Galois orbit CK (T) to the Galois
orbit CK (U)? The existence of such a map would have useful implications in questions
related to integration along Galois orbits with respect to the Haar distribution, and to
the problem of the existence of trace over K of transcendental elements over K (see [3],
[5] and [11]). Given two elements T and U of Cp, the obvious choice for the definition
of a natural map from CK (T) to CK (U) would be to take each element z in CK (T), write

https://doi.org/10.1017/S0017089512000468 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089512000468
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it in the form z = σ (T) with σ ∈ GK and then send it to the element σ (U) of CK (U).
In general, this is not a well-defined map. In order for this map to be well defined, the
following condition is necessary and sufficient: For any σ ∈ GK for which σ (T) = T ,
one also has σ (U) = U . The automorphisms σ ∈ GK that satisfy the equality σ (T) = T
form a closed subgroup of GK , call it HK,T , and similarly the automorphisms satisfying
σ (U) = U form a closed subgroup HK,U of GK . The above condition then asks for the
inclusion of HK,T ⊆ HK,U . If this condition holds, then one has a well-defined map
from CK (T) to CK (U) given by σ (T) �→ σ (U), σ ∈ GK . We denote this map by hK,T,U .
If the other inclusion also holds so that we have equality, HK,T = HK,U , then we
also have a map hK,U,T : CK (U) → CK (T) given by σ (U) �→ σ (T), and the two maps,
hK,T,U and hK,U,T , are bijections, inverse to each other. By the Galois theory in Cp, as
developed by Tate [9], Sen [8] and Ax [4], we know that the closed subgroups of the
Galois group GK are in one-to-one correspondence with the closed subfields of Cp,
which contain K . Therefore, if we denote by EK,T and EK,U the topological closure
of the fields K(T) and respectively K(U) in Cp, the above condition HK,T = HK,U is
equivalent to the equality EK,T = EK,U . Let us assume now that the elements T and U
of Cp are such that EK,T = EK,U , and consider the maps hK,T,U and hK,U,T . These maps
then may be used to transfer metric information between the Galois orbits CK (T) and
CK (U). The best case, in terms of the accuracy of this transfer of metric information,
is when the maps hK,T,U and hK,U,T are isometries. We take this as our definition of
equivalence. Thus, given two elements T and U of Cp, we say that these are equivalent
over K , and write T ∼K U if and only if EK,T = EK,U and the maps hK,T,U and hK,U,T

are isometries. It is easy to see that ∼K is an equivalence relation on Cp. Let us remark
that in case T and U are algebraic over K , the equality EK,T = EK,U reduces to the
equality K(T) = K(U).

In what follows, we establish some properties of the equivalence relation ∼K defined
above. We focus on three basic questions. The first one asks whether there is any
connection between this equivalence relation and the metric symbol introduced and
studied in [10]. The answer is that there is such a connection. This connection provides
additional motivation for the study of the equivalence relation ∼K , as this equivalence
relation is suitable for addressing phenomena in Cp that are not expressible in terms
of the original metric symbol from [10]. The second question is whether there are any
simple transformations that behave nicely with respect to the equivalence relation ∼K ,
in the sense that many elements T of Cp are sent to elements equivalent to themselves.
We will see that fractional linear transformations of P1(Cp) = Cp ∪ {∞}, z → az+b

cz+d ,
with a, b, c, d ∈ K , send large classes of elements T of Cp to elements equivalent to
themselves. The third problem is to investigate the topological properties of the set of
elements equivalent to a given element T of Cp. We prove that all the equivalence classes
are closed in Cp. The results mentioned above show that this equivalence relation enjoys
some nice properties, and deserves further study.

2. Connection with the metric symbol. In [10] a metric symbol was defined for
pairs of polynomials. Precisely, one considers pairs of monic polynomials f (X), g(X) ∈
K [X ] of degree a prime number q. For such a pair one defines a metric symbol

( g
f

)
by

the following rule:

(g
f

)
=

{
1 if v(R(f, g)) >

q
q−1v(�(f ))

−1 else
, (1)
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where �(f ) denotes the discriminant of f , R(f, g) denotes the resultant of f and g and
v denotes the p-adic valuation. Although the above definition is not symmetric in f
and g, this metric symbol has some nice properties. One has the following result.

THEOREM 1. ([10]). (i) (Irreducibility criterion): If f is irreducible and
( g

f

) = 1 then
g is also irreducible.

(ii) (Transitivity): If f is irreducible and
( g

f

) = ( h
g

) = 1, then
( h

f

) = 1.
(iii) (Reciprocity Law): If f and g are irreducible then

(g
f

)
=

( f
g

)
.

We also need the following lemma (see for example [10]).

LEMMA 1. Let f ∈ K [X ] be irreducible of prime degree q. Then the distance between
any two distinct roots of f is the same.

Let now q be a prime number and let f (X) and g(X) be monic polynomials with
coefficients in K of degree q, irreducible over K , such that

( f
g

) = 1. Then for any root α

of f (X), we claim that there is a unique root β of g(X) in K̄ , which satisfies the equality

|α − β| = min{|α − θ | : g(θ ) = 0}. (2)

Indeed, let us assume that the above equality holds for two distinct roots β and β ′

of g(X). Then from |α − β| = |α − β ′| it follows that |β − β ′| ≤ |α − β|. By the above
lemma, the distance between any two roots of g(X) is the same, so all these distances
are bounded by |α − β|. On the other hand, the distance between any root of f (X) and
any root of g(X) is at least |α − β|. Indeed, via a suitable automorphism of the Galois
group each such distance coincides with the distance from α to a root of g(X), which
in turn is at least |α − β|. Therefore, the geometric mean of the distances between the
roots of g(X) is less than or equal to the geometric mean of the distances between the
roots of f (X) and the roots of g(X). By expressing the above two geometric means in
terms of the discriminant of g(X) and respectively the resultant of f (X) and g(X), one
sees that the above is in contradiction with our assumption that

( f
g

) = 1. Therefore,
the above β is unique, as claimed.

We then have α ∼K β. Indeed, let {α = α1, α2, . . . , αq} and {β = β1, β2, . . . , βq} be
all the distinct roots of f and g in K̄ . We can arrange the set of all distinct roots of g
such that

|α − β| = |αi − βi| = min{|αi − θ | : g(θ ) = 0}. (3)

By (1) and Theorem 1 one has

v(R(f, g)) >
q

q − 1
max{v(�(f )), v(�(g))}. (4)

From (2), (3), (4) and Lemma 1, we have

v(α − β) > max
2≤i≤q

{v(α − αi), v(β − βi)}. (5)

By using (5) and Krasner’s Lemma one obtains K(α) = K(β). It is clear that hK,α,β

and hK,β,α are bijections, inverse to each other. To prove that the above functions
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preserve the distances, it is enough to show that |α − αi| = |β − βi|, for any 2 ≤ i ≤
q. Because |α − β| = |αi − βi| < min{|α − βi|, |αi − β|}, one has |β − βi| = |α − βi| =
|α − αi|, for any 2 ≤ i ≤ q, so hK,α,β and hK,β,α are isometries.

We state the above result in the following theorem.

THEOREM 2. Let q be a prime number, and let f (X) and g(X) be monic polynomials
with coefficients in K of degree q, irreducible over K, such that

( f
g

) = 1. Choose a root α

of f (X) in K̄ and let β be the unique root of g(X) in K̄, which satisfies (2). Then α ∼K β.

3. Special transformations. Here and in what follows, we denote the equivalence
class of an element U ∈ Cp by [U ]K . Thus, [U ]K = [V ]K if and only if U ∼K V . Let

γ =
(

a b
c d

)
be an element of GL2(K). Let us consider the fractional linear transformation

z → γ z := az+b
cz+d of P1(Cp) = Cp ∪ {∞}. We first remark that for any element z of K ,

the equivalence class [z]K of z coincides with K . Here we may extend the equivalence
relation ∼K from Cp to Cp ∪ {∞} by letting the point at infinity be equivalent with any
element of K . Then [z]K = P1(K) for any z ∈ K . The above transformation z → γ z
maps the equivalence class P1(K) to itself. We now fix an element U in Cp \ K , and
denote V = γ U . We want to see that under what circumstances U ∼K V? First of all,
U and V generate the same field extension of K , and hence EK,U = EK,V . Therefore,
the maps hK,U,V and hK,V,U are bijections inverse to each other, and one has U ∼K V if
and only if these maps are isometries. Choose any two elements U ′ and U

′′
of CK (U).

We need to see when one has the equality

|hK,U,V (U
′′
) − hK,U,V (U ′)| = |U ′ − U

′′ |. (6)

Let σ, τ ∈ GK be such that U ′ = σ (U) and U
′′ = τ (U). Then, since

hK,U,V (σ (U)) = σ (V ) = σ (γ U) = γ σ (U),

and similarly

hK,U,V (τ (U)) = τ (V ) = τ (γ U) = γ τ (U),

equation (6) reduces to

|γ τ (U) − γ σ (U)| = |τ (U) − σ (U)|. (7)

On the other hand, using the equalities |cτ (U) + d| = |cσ (U) + d| = |cU + d|, a
straightforward calculation gives

|γ τ (U) − γ σ (U)| = | det γ |
|cU + d|2 · |τ (U) − σ (U)|. (8)

Combining (7) with (8) we derive U ∼K V if and only if | det γ | = |cU + d|2. This
provides a characterisation for the set of elements U , which are equivalent to their
image via γ .

THEOREM 3. Let U be an element of Cp \ K and let γ =
(

a b
c d

)
be an element of

GL2(K). Then γ U ∼K U if and only if | det γ | = |cU + d|2.
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Now, let γ =
(

a b
c d

)
∈ GL2(K) and T, U ∈ Cp such that T ∼K U and |cT + d| =

|cU + d|. By a simple calculation we have

|σ (γ T) − γ T | = |γ σ (T) − γ T | = | det γ |
|cT + d|2 · |σ (T) − T |

= | det γ |
|cU + d|2 · |σ (U) − U| = |σ (γ U) − γ U|. (9)

Since EK,γ T = EK,γ U , which follows from T ∼K U , one has γ T ∼K γ U . We have
the following proposition.

PROPOSITION 1. Let γ =
(

a b
c d

)
∈ GL2(K), and let T, U ∈ Cp \ K be such that T ∼K

U and |cT + d| = |cU + d|. Then γ T ∼K γ U.

4. Topological properties. Let T be an element of Cp. Let {Un}n≥1 be a sequence
of elements of Cp such that Un ∈ [T ]K , for any n ≥ 1. We assume that the sequence
{Un}n≥1 converges to U ∈ Cp. We want to show that U ∈ [T ]K . It is enough to prove
the following.

Claim: The maps hK,U,T and hK,T,U are isometries and EK,T = EK,U .
Since Un ∈ [T ]K , for any n ≥ 1 the maps hK,Un,T and hK,T,Un are isometries. On the

one hand we have that |σ (Un) − Un| = |σ (T) − T |, for any σ ∈ GK and any n ≥ 1. By
passing to the limit one obtains |σ (U) − U| = |σ (T) − T |, so the first part of the claim
is clear. On the other hand, to prove that EK,T = EK,U , by the Galois theory it is enough
to prove that HK,T = HK,U . Let σ ∈ HK,T . One has that σ ∈ HK,Un , for any n ≥ 1, which
means σ (Un) = Un for any n ≥ 1, so σ (U) = U . This implies HK,T ⊆ HK,U . For the
reverse inclusion, let σ ∈ HK,U . Recall that |σ (Un) − Un| = |σ (T) − T | for any n ≥ 1.
Since Un → U and σ (U) = U , we have σ (T) = T and the claim is proved. One has the
following result.

THEOREM 4. Let K be a fixed finite field extension of Qp. Then all equivalence classes
with respect to the equivalence relation ∼K are topologically closed in Cp.
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