RETRACEABLE SETS
J. C. E. DEKKER axp J. MYHILL

1. Introduction. Let us compare two properties of sets of non-negative
integers: (1) the set « has property T, if there exists an effective procedure
which when applied to any element of « different from its maximum (which
a does not necessarily possess) yields the next larger element of «; (2) the
set « has property A, if there exists an effective procedure which when applied
to any element of « different from its minimum yields the next smaller element
of a. It is readily seen that every recursive set has both properties. Let o be
any infinite set with property T'. We define: f(0) = the minimum of «,f(n + 1)
= the element obtained when the effective procedure is applied to f(#). It is
clear that f(n) is a strictly increasing recursive function ranging over a. The
class of all sets with property T is therefore the same as the well-known
denumerable class of all recursive sets. We now show that there are ¢ non-
recursive sets which possess property A. Let {a,} be any sequence of numbers
chosen from the set (0,...,9), but such that a, # 0. Put

o = (@0, 10-ao + a1, 10°-ao + 10-a1 + as, ... )
(x for0 < x <9,

7o) = 1[%] for x > 10.

We see that f(x) is a recursive function which maps a, onto itself and every
other element of ¢ onto the next smaller element of &. Thus, ¢ is an infinite
set with property A. The sequence {a,} can be chosen in ¢ different ways and
different choices of {a,} yield different sets ¢. Since there are only ¢ sets
(that is, of non-negative integers), it follows that there exist exactly ¢ sets
with property A; only N, of these are recursive, hence ¢ are non-recursive.

It is the purpose of this paper to prove several theorems concerning sets
with property A (henceforth called retraceable sets), in particular:

(1) every degree of unsolvability can be represented by a retraceable set;

(2) every degree of unsolvability which can be represented by a r.e. (that is,
recursively enumerable) set can also be represented by a r.e. set with a retraceable
complement.

2. Notations and terminology. A non-negative integer is called a
number, a collection of numbers is called a set and a collection of sets a class.
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The Boolean operations of union, intersection and complementation are writ-
ten 4, -, ' respectively; C stands for inclusion (proper or not), ¢ for the
empty set of numbers, e for the set of all numbers, éf and pf for the domain
and range of the function f(x) respectively, and fg(x) for the function f(g(x)).
The cardinal of a collection © is denoted by card 6, the minimum of « (in
case a # ¢) by min @ and the maximum of « (in case a # ¢ and is finite)
by max a. We write ¢,(x) for the characteristic function of ¢ and p,(x) for
the function with domain ¢ which maps the minimum of ¢ onto itself and
every other element of o onto the next smaller element of ¢. In the special
case ¢ = ¢ the function p,(x) is nowhere defined; if ¢ = ¢ it is the usual
predecessor function. If « is an infinite set, the strictly increasing function
ranging over « is called the principal function of @ and denoted by k.(x). The
function f(x) is downward if f(x) < x for every x € §f. The sets « and B are
separable (written «|B) if there are disjoint r.e. sets @y and B such that « C ey
and 8 C 6.

We assume the reader to be familiar with the following notions: array,
discrete array, immune set, simple set, hypersimple set (see, for instance
(1)). A set is hyperimmune if it is infinite and its complement includes at
least one row of every discrete array. We shall use the fact due to Rice (7,
Theorem 21) that the infinite set « is hyperimmune if and only if %.(x) is not
bounded by any recursive function. It is well-known that there is an array
in which every finite set occurs exactly once (6, p. 304); {p,} will denote a
specific array of this type which has the additional property po = ¢.

Definition. The set « is retraceable, if p.(x) has a partial recursive extension.
If « is retraceable, every partial recursive extension of p.(x) is a retracing
function of a or a function which retraces a. A function 7(x) is a retracing
function if it retraces at least one infinite set.

Definition. The number a is an initial number of the downward function
f(x) if @ € §f and f(a) = a. The set of all initial numbers of a downward
function is the snitial set of that function.

Definition. A set is introreducible, if it is (Turing) reducible to each of its
infinite subsets.

The notions of retraceability and introreducibility were communicated by
R. S. Tennenbaum.

3. Examples. Many downward functions are conveniently described by a
diagram. Let #z be any number > 1, and let py, 1, . . . be the sequence of all
primes arranged according to size. The following six diagrams (supposed to
be extended indefinitely) are self-explanatory.

We denote the functions described in the six diagrams by 71(x), . . ., 7s(x)
respectively. Each of the functions 7r;(x), ..., 7s(x) is partial recursive and
retraces at least one infinite set; r¢(x) is partial recursive and downward, but
retraces only finite sets. For 1 < 7 < 6, let ¢, stand for the initial set of r;(x)
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and T'; for the class of all infinite sets retraced by r;(x). Knowing the car-
dinality of ¢; does not tell us much about the cardinality of T°; or vice versa.
For the cardinalities of o1, ..., 0s are 1, 1, 1, Ry, Ny, 1 respectively and those
of Ty, ..., Tsare n, N, ¢, No, ¢, 0 respectively. Note that 7,(x) and r4(x) have
the common property that they retrace exactly denumerably many infinite
sets, all of which are recursive; but, while the sets in T4 are mutually disjoint,
the sets in T3 all contain 0, that is, the only initial number of 7, (x). Examples 3
and 5 illustrate the existence of retracing functions which retrace ¢ mutually
almost disjoint infinite sets.

4. Propositions. Let « be an immune, retraceable set and f(x) a retracing
function of @. Then « C §f and this inclusion must be proper, because of is
r.e. In certain cases we can actually find elements in §f which cannot belong
to a. For if f(x) is not downward every element x; such that

1) x1 € 8f and %1 < f(x1)
belongs to o', and if of is not included in éf every element x; such that
(2) %2 € &f and f(x2) ¢ of

belongs to «’. Omitting an element x; from éf which satisfies (1) or an element
x» which satisfies (2) changes f(x), but not the class of all sets retraced by
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f(x). We call a function f(x) special if f(x) is downward and pf C éf. If the
function 7(x) retraces «, the function 7;(x) defined by

(x) = {r(x) ifx € orand r(x) < x,
W=« ifx € 6rand r(x) > «,

is a downward function which retraces «. The subset §* of all elements
x € érysuch thatri(x), ri71(x), . . . are all defined (after finitely many elements
all elements in this sequence are then the same) is r.e. If 7»(x) is the restriction
of 71(x) to &%, r2(x) is a special retracing function of a. Thus, a set is retraceable
if and only if it has a special retracing function.

For every special function f(x) we define

@) =2 @) = (),
®3) n(x) = (a)[f" (%) = f()], .
por = ('), ., ") — (@),

The functions n(x) and g(x) have the same domain as f(x), and if f(x) is
partial recursive, so are n#(x) and g(x). The function g(x) is called the associ-
ated function of f(x) and is denoted by f*(x).

ProrositioN Pl. The set a is retraceable if and only if there is a partial
recursive function t(x) such that

t(x) is defined,
=
@) % Ce {p,@ = {yly € aandy < x).
Proof. We ignore the trivial case a = ¢.
(1) Let the function #(x) satisfy (a). Put

r(x) = {min a, if pyy = ¢, thatis, t(x) = 0,
max pzy, if puzy # @, thatis, t(x) > 0,

then r(x) is a retracing function of « with the same domain as #(x).

(2) Let @ be retraceable. Then a has a special retracing function, say
r(x). If t(x) = r*(x), t(x) is related to a by (a).

In the special case that o has a r.e. complement condition (a) in P1 can
be replaced by

there is a partial recursive function #(x) such that
t1(x) is defined,
ti(x) = card {y|y € aand y < x}.

(b)

x €Ea=

Since (a) obviously implies (b) it suffices to prove the converse. Assume (b).
Let a/(n) be a recursive function ranging over o’ and put u(x) = x — #(x).
Let 6* be the set of all elements x of é¢; such that o’ contains at least u(x)
elements < x. Then 6* is a r.e. subset of 641 and for every x € §* we can

effectively find the #(x) elements b1, ..., b, 4= which are the first %(x)
elements < x which show up in the sequence a’(0), a’(1), . ... Thus there is
a partial recursive function ¢(x) defined on 6* such that

Pg(z) = (Ov cee, X — 1) - (brly e ey b:c,u(z))-
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Now assume x € «. Among the x elements 0, ..., x — 1 exactly #(x) belong
to o’ and exactly £ (x) to . Hence,

x €Ca=ux €86 and py = {¥]y € @ and y < x}.
We call the special function f(x) non-trivial if the function
4) m(x) = card psen

is not bounded. Every non-trivial special function has therefore an infinite
domain (the converse is false as is illustrated by the identity function) and
every special retracing function is non-trivial. The function described in
Example 6 is non-trivial and special, but not a retracing function. Let

®) ™ = {x|m(x) = n}.

The formulas (3), (4), and (5) associate with every special function f(x) a
sequence {r,} of sets; this sequence will be called the sequence associated
with f(x). The sets 7o, 71, . .. are mutually disjoint for any special function
f(x); if f(x) is non-trivial they are non-empty. In the special case that f(x)
is also partial recursive, the associated sequence {r,} is a r.e. sequence of
mutually disjoint non-empty r.e. sets; in that case there is a recursive function
t(n, x) such that 7, = pt(n, x) for every n. Finally, if f(x) is a special retracing
function, every infinite set retraced by f(x) contains exactly one element of
each of the sets 7o, 71, .. ..

ProposiTION P2. Every recursive set is retraceable and every retraceable set
is introreducible.

Proof. The first part is obvious. Every finite set is trivially introreducible.
Let o be an infinite retraceable set, ¢(x) the function associated with a special
retracing function of ¢ and B an infinite subset of @. We claim that « is
reducible to 8. Put

glx) = (uy)[x <y and y € 8],

then 6g = ¢, pg C 8¢ and g(x) is recursive in cg(x). Moreover,
x€Caexe {yly€aand y <gl)} = pyw;
hence, c,(x) is recursive in cz(x).
ProrosiTioN P3. Every introreducible set is recursive or immune.

Proof. Let o be introreducible, but not immune. Either « is finite, hence
recursive, or « has an infinite r.e. subset. In the latter case « also has an
infinite recursive subset, say 5. In that case « is recursive, because it is reducible
to 7.

COROLLARY. Every retraceable set is recursive or tmmune.

ProrosiTiON P4. The family of all principal functions of infinite retraceable
sets is closed under composition.
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Proof. Let v be the range of k.hs, where a and B are infinite retraceable
sets. Since both %, and /s are strictly increasing, so is khohg; thus hy = hohs.
Let f(u) be the function defined on v — (%,(0)) which maps %,(x + 1) onto
hy(x). To prove that # is retraceable it suffices to show that f(%) has a partial
recursive extension. Let ¢(x) be the function associated with a special retracing
function of @ and let r(x) be a retracing function of 3. Put

m(u) = card pyy for u € o,
o = {u|u € 8 and £(w) > 0 and m(u) € or}.

Then m(u) is a partial recursive funcion and ¢ a r.e. set. We write m = m(u),
keeping in mind that m depends on %. For every element « in o the m elements
a,(0),...,a,(m — 1) such that

Piw) = (au(o)» o 1au(m - 1))
a,(0) <a,(1) <...<a,(m—1)

can be effectively found. Let g(u) = a,#(m) for u € o, then g(u) is a partial
recursive function. In the special case # = k,(x + 1) we have:

au(o) = ha(O), cee rau(m - 1) = ka(m - 1);
m = hg(x + 1), r(m) = hs(x),
g(u) = ayr(m) = har(m) = hahg(x) = hy(x) = f(u).

Thus g(u) is a partial recursive extension of f(u).

COROLLARY. Every tnfinite retraceable set has c¢ infinite retraceable subsets.

Proof. Let @ and ¢ be infinite retraceable sets and a, = phah,, then a, is
an infinite retraceable subset of . We know from the introduction that o
can be chosen in ¢ different ways. The desired result now follows from the
fact that different choices of o yield different sets a,.

ProrositioN P5. Every retraceable set with a r.e. complement has a recursive
special retracing function.

Proof. Let a be retraceable and o’ r.e. If « is recursive, the function pe(x)
is partial recursive and the function f(x) such that

flx) = pa(x) for x € a; f(x) = x for x¢q,

is a recursive special retracing function of . Now, assume « is not recursive;
in this case both @ and «’ are infinite. Let 7(x) be a special retracing function
of o and let a’(x) and d(x) be one-to-one recursive functions ranging over
o' and or respectively. Put 5(2n) = a’'(n), 6(2n + 1) = d(n), then every
number occurs at least once in the sequence 5(0), 5(1),.... Let us call the
number x an a’-number, if (un)[x = b(n)] is even, otherwise a d-number.
Observe that every element of « is a d-number, while &’ contains both d-
numbers and a’-numbers. Let
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) = {r(x) if x is a d-number,

x if & is an @’-number.

Since we can effectively determine for every number whether it is a d-number
or an a’-number, we see that f(x) is a recursive retracing function of «. The
function f(x) is downward, because 7(x) is downward; pf C §f since §f = e.
Thus f(x) is a special function.

ProrositioN P6. Two disjoint retraceable sets have a common retracing
Sfunction if and only if they are separable.

Proof. Let a1 and as be disjoint and retraceable, 71(x) and r2(x) retracing
functions of a; and a» respectively. We may assume without loss of generality
that a; and a; are non-empty; put m; = min a1, m, = min ay. Assume a1]as,
say a1 C B1, a2 C Bs, where 8; and B, are disjoint and r.e. Define

__ Jri(x) for x € By - ory,
rs(x) = {7’2(36) for x € By + b7y,

then r;(x) retraces both « and B. To prove the converse, assume o; and ag
have a common retracing function. It is readily seen that this implies that
a3 and e, have a common special retracing function say r(x). Let t(x) = r*(x).
Put

It

B1 = {x|x € 8 and min p,p = m1} + (m1),
B2 = {x|x € 6t and min p,) = M2} + (my),

then a; and a; are separated by the disjoint r.e. sets 8; and B..

5. Theorems.

THEOREM T1. There are exactly c retraceable sets; among these Wy are recursive,
¢ hyperimmune and ¢ immune, but not hyperimmune.

Proof. Let us call a sequence {a,} of numbers decimal if 1 < a9 < 9 and
0<a,<9 for n > 1. In the introduction we defined a one-to-one corre-
spondence between the family of all decimal sequences and a certain class
of ¢ infinite retraceable sets; we denote this correspondence by &. If
o= ®<a, >,

o(n) = 10" - ao + 10" - a1 + . .. + a,.

This implies that & < a, > is a recursive set if and only if a, is a recursive
function of #. There are ¢ decimal sequences {a,} in which &, is not a recursive
function of #; the images of these sequences under ® are therefore retraceable
sets which are immune. None of these ¢ sets is, however, hyperimmune, since
each contains exactly one element of (0,...,9), exactly one element of
(10, ...,99) etc. We proceed to prove that there exist ¢ retraceable sets
which are hyperimmune. It suffices to prove the existence of a single retrace-
able set which is hyperimmune. For if 8 is such a set, 8 has ¢ infinite retraceable
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subsets by the Corollary of P4, and every infinite subset of a hyperimmune
set is again hyperimmune. With every sequence {a,} of numbers we associate
a set

a=V <a, > = (a, a, a1y, . ..).

Let § denote the family of all strictly increasing sequences of primes. If
a =V <gqa, >, where {a,} € §, wecan for every element x € @ — (a,) obtain
pa(x) from x by dividing x by its greatest prime factor. Thus ¥ maps § onto
a class of infinite retraceable sets. Let po, p1, . . . be the sequence of all primes
arranged according to size. Suppose t(%) is the principal function of a hyper-
immune set. Put ¢, = p,, § = ¥ < ¢, >, 7, = the principal function of 6,
then {g,} € § and 6 is an infinite retraceable set. The function #(n) is not
bounded by any recursive function, because it is the principal function of a
hyperimmune set (7, Theorem 21). Taking into account that t(n) < g, < 7a,
it follows that 7, is not bounded by any recursive function. This implies that
6 is hyperimmune.

In the following we write « =, 8 if « and 8 are (Turing) reducible to each
other, that is, if ¢,(x) and ¢s(x) are recursive in each other. We shall use the
well-known functions j(x, ¥), k(2), {(z) defined by

j, ) =x+ 3+ Nk +y+ 1),
k(z) = (ux) Ay)[i(x, y) = 2],
Hz) = (wy)@x)[j(x, y) = z].

THEOREM T2. Every degree of unsolvability can be represented by a retraceable
set.

Proof. Let a be any set. We wish to associate with « a retraceable set 8
such that 8 =, a. If « is finite we can take 8 = «; if 0 € « we can replace
a by a — (0), since a =7a — (0). We may therefore assume without loss
of generality that « is infinite and does not contain 0. Let a, = h.(n), then
a¢ > 0, and hence a, > n. Put

(6) bO = Qo, bn+1 = ](bm an-{»l)y B = an-
Before proving that 8 satisfies the requirements we first observe that
() 0<by<bi<...;b>n

For it follows from the definition of j(x, y) that x < j(x, ) for ¥ £ 0. Thus,
since @ni1 > n+ 1 >0, we have b, <j(by @u1) = byt1; moreover,
bo = ao > 0. Hence the first part of (7) holds and this implies &, > #. The
function

bo for x = b

@) = {k(x) for x # by

is a recursive extension of pg(x) in view of (6). This shows that 8 is retraceable.
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The relation a, > x implies

(8) x€ae=x€ (a,a,...,a),
x €aex € (b, L(by),...,L10)).
The elements by, ..., b, can be found by computing cg(0), cg(1), ... until

the value 1 has shown up x 4+ 1 times. Hence cq.(x) is recursive in ¢z(x) by
(8). From b, > y we infer

(9) yeﬁ‘:)ye(b()vbl)-~-yby)~

In view of (6) the elements by, 81, ..., b, can be effectively computed from
@y, @y, . ...,a,;; but ag, a1, ...,a, can be determined by computing c,(0),
¢a(1), ... until the value 1 has shown up y + 1 times. Thus ¢z(x) is recursive

in ¢.(x) by (9) and B is a retraceable set such that 8 =, a.

COROLLARY. Every degree of unsolvability higher than the lowest degree (that
13, than the degree consisting of all recursive sets) can be represented by an immune
set.

Remark. The proposition that there exist exactly ¢ retraceable steps can
also be obtained as a corollary of T2. For every degree of unsolvability
consists of N, sets and the total number of sets is c. Thus there are ¢ degrees
of unsolvability, hence, at least ¢ (and therefore exactly ¢) retraceable sets.

Among the degrees of unsolvability those which can be represented by
r.e. sets are of special interest. These degrees can, of course, also be defined
as those which can be represented by sets which a r.e. complement, because
a =rpa for every set «. We shall see in T3 that every degree of this type
can be represented by a retraceable set with a r.e. complement. For every
function f(x) we define

¢r= {x|@y)[x <y and f(x) > f(»]}.

The set ¢ is a deficiency set, if ¢ = ¢, for some one-to-one recursive function
f(x); o is a deficiency set of the infinite r.e. set a if ¢ = {, for some one-to-one
recursive function a(x) ranging over a.

THEOREM T3. Every degree of unsolvability which can be represented by a
r.e. set can also be represented by a r.e. set with a retraceable complement.

Proof. Let a be a r.e. set. We wish to associate with « a r.e. set 8 such
that 8 =« and B’ is retraceable. If « is recursive, «’ is also recursive and
therefore retraceable. We may therefore assume that « is not recursive. Let
a, be a one-to-one recursive function ranging over « and let 8 = {,. Then 8
is a r.e. set such that 8 =, a by (2, Theorem 1). We claim that 8’ is retrace-
able. Let us denote the finite sequence {a, ..., a,} by Z(m). Our proof is
based on

(a) a,occursin Z(x — 1), :I
() a, < each of its successors in Z(x)

(10) x € B'=>|:z<xandz € /3'4:){
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To establish (10) assume x € #/, that is, (Vy)[x <y=a, < q,]. If x = 0 we
interpret 2(x — 1) as the empty sequence. In that case (a) is false for every
z and so is 2 < x and z € B’. We may therefore assume x > 0. Suppose
z<x and z € 8. Then 2 < x — 1 and a, occurs in =Z(x — 1). Moreover,
since z € B, a, is less than each of its successors in {a,}, in particular less
than each of its successors in Z(x). Thus z satisfies both (a) and (b). Con-
versely, assume that z satisfies (a) and (b). Then z < x because z satisfies
(a), and

(11) @ < Qo @z < Qagay oo, @; < Ay,
because z satisfies (b). Also
(12) Oy < gy for 2> 1,

in view of x € 8. Combining (11) and (12) we see that z € 8’. This completes
the proof of (10). Whether x € 8 or x ¢ 3, the set

{z|a, satisfies (a) and (b)}

can be effectively obtained from x. Thus there is a recursive function f(x)
such that
pu» = {z|a, satisfies (a) and (b)}.

By (10)
x € B =pun = {2z <x and 3 € §'}.

We conclude by P1 that 8’ is retraceable.

Let a be any r.e., but not recursive set and let 8 be one of the deficiency
sets of a. We have seen in the proof of T3 that 8’ is retraceable and it was
shown in (2) that B8 is hypersimple. The set 8’ is therefore an example of a
hyperimmune retraceable set with a r.e. complement. By P1 there exist
retraceable sets which are immune, but not hyperimmune. The question
arises whether such sets can have a r.e. complement. The answer is negative
according to the following theorem.

THEOREM T4. Every retraceable set with a r.e. complement is recursive or
hyperimmune.

Proof. Let a be retraceable and o' r.e. If « is finite, it is recursive. We may
therefore assume that « is infinite. All we have to show is:

(13) a not hyperimmune = a recursive.

The conclusion of (13) is equivalent to the assertion that « is not immune,
in view of the retraceability of @. Since « is infinite, & is not immune if and
only if « has an infinite r.e. subset. Moreover, « has an infinite r.e. subset
if and only if there is an effective procedure which, given any number £,
enables us to find %k distinct elements of a. Instead of proving (13) we can
therefore prove:
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(14)  If a is not hyperimmune there is an effective procedure such that given any
number k we can find k distinct elements of a.

Assume « is not hyperimmune. Using the fact that « is infinite we infer that
there is a discrete array each of whose rows contains at least one element
of a, say {6,}. Let 2 be any number. Put #, = max (6o + ... + 6;), then
60 + ...+ &, contains at least £ + 1 elements of o which are < #;. Each of
the elements 0,1,...,#n;, — 1 occurs in at most one row of {§,}; thus, at
most finitely many rows of {6,} contain an element < 7; and we can effectively
find the first row of {§,} all of whose elements are > n;, say

8 = (d(0),...,d(s)), where d(0) < d(1) < ... <d(s).

Note that the elements of § and s depend on k. Row & contains at least one
element and at most s + 1 elements of «. Let d(w) = min «-8. The set «
has a recursive special retracing function, since o’ is r.e., say 7(x); the function
t(x) = r*(x) is therefore also recursive. Put

00 = Pa0) "Pea(1)* « «« "Prd(s).
We now infer from
d(w) € a= puw = {yly € @ and y < d(w)}
dw) € §=d(w) > ny=card pyuw > k
that
00 C puw C and card puw) > k.

If card g9 > k we are through, because oo C a. If card o9 < k at least one
of the sets puaoy, P1acr)y - « - » Pracsy does not contain the k smallest elements of
a; since d(0),...,d(s) are all > n; this means that at least one of these
s + 1 elements does not belong to a. Let a’(n) be a recursive function genera-
ting &’; by computing a’(0), a’(1), . . . we can effectively find the first element
of;{a’(n)} which belongs to 8, say d(p). Put

g1 = H Pia)y

1 ranging over (0,...,s) — (p), then o1 C puw C @ and card puw) > k.
Again, if card ¢; > k we are through; if card o1 < k we generate o' = (a’(0),
a’(1),...) until an element of o’ -6 — (d(p)) is obtained, say d(g); we then

define
g2 = H Pa(i)s

¢ ranging over (0,...,s) — (p, ¢), etc. The set § contains only s + 1 ele-
ments, hence the procedure must terminate. This means that after a finite
number of steps we obtain a set ¢, such that o, C pawy C @ and card o, > &.
Then we have found % elements of «, though in general, we don't know
whether ¢, = puw). Thus (14) is proved.

COROLLARY. There exist immune sets which are not retraceable, but have a
r.e. complement.
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Proof. If { is simple, but not hypersimple, {’ satisfies the requirements.

Remark. Let us call a simple set o extendible if there is a simple set 7 such
that ¢ C 7 and 7 — ¢ is infinite. A simple, but not hypersimple, set is always
extendible. For suppose {8,} is a discrete array each of whose rows contains
at least one element of the complement of the simple set ¢. Put 7 = ¢ + X782,
then 7 is a simple set which includes ¢ and is such that 7 — ¢ is infinite. The
question was raised (9, p. 215, Problem 9), whether there exists a simple
set which is not extendible. We have just shown that if such a simple set
exists, it must be hypersimple. We now prove that the hypersimple sets
discussed above, namely, those with a retraceable complement, are not
candidates for non-extendibility. For, assume { is hypersimple and {’ is
retraceable. Let r(x) be a recursive special retracing function of {’ and let
{r.} be the sequence of sets associated with r(x). Put {* = ¢ 4+ Z¢rs,, then
¢* is a hypersimple set such that ¢ C ¢* and ¢* — ¢ is infinite.

THEOREM T5. There exist two retraceable tmmune sets o and B such that
(1) a|B, (2) @ + B is not retraceable, and (3) a + B s introreducible.

Proof. Let {f,} be a sequence of numbers chosen from (1,...,9) with
fo = 2 and such that f, is not a recursive function of #. Put

Ao = fOr Apy1 = 10 -a, +fn+11 a = ply, b, = 10%, B = pb,.

We claim that « and B satisfy the requirements. The set « is clearly retrace-
able and immune; 10® is a strictly increasing recursive function which maps

a onto 8 and hence g is also retraceable and immune. Put » = (10, 102, .. .),
then « and B can be separated by the recursive sets #’ and #; this proves (1).
We define

6, = (10" + 1,10" 4+ 2, ..., 10" — 1).

Note that a has exactly one element in common with each row of the discrete
array {8,}. From x < 10°7! for x > 2 we conclude: For every number x > 2
there is exactly one number y such that

(15) x <1071 <y < 10° and y € «a.

Suppose @ + 8 were retraceable and g(x) were one of its retracing functions.
Put
Yo =2, y1 = g(10%), yp41 = g(107=).

We wish to prove that y, is a strictly increasing recursive function all of
whose values belong to a. First of all, 2 € « and 102 € 8 C « + 8. Thus
is defined; in fact, since 102 is the minimum of 8, y; is the unique element
of o which lies between 10 and 102 Hence y, < yi, where yo, 1 € a. Now
assume 2 < ¥y, € «, then 10"* € 8; by (15) there is exactly one number z € «
such that

(16) Yo < 1071 < g < 107,
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There is no number z € 8 which satisfies (16); the unique number z € a which
satisfies (16) is therefore

g(10%).

Thus y, is defined and ¥y, < ¥,41 € @. The function ¥, generates therefore an
infinite recursive subset of the immune set «; this is a contradiction and hence
(2) is correct. The sets o1 and o5 are recursively equivalent if os is the image
of ¢; under some partial recursive one-to-one function. We recall that g8 is
the image of « under the recursive one-to-one function 10*. To prove (3) it
is therefore sufficient to prove the following lemma: if the retraceable sets o1
and oy are separable and recursively equivalent, their sum is introreductble. Assume
the hypothesis of the lemma. Let 71(x) and 7,(x) be special retracing functions
of o1 and o2 respectively, ¢ (x) = r1*(x), t2(x) = r*(x). Suppose 6; and 6, are
disjoint r.e. sets such that ¢; C 6; and o2 C 0; assume finally that p(x) is a
partial recursive one-to-one function related to ¢; and o2 by o1 C §p and
o2 = p(e1). To show that o; 4+ ¢, is introreducible, assume that v is an
infinite subset of ¢; + 2. Then v C 6, + 0, and v = v-0; + v -0:. Define

y1 =701+ p7Hy-02), y2 = v-02 4 p(v-0).

It follows that v; is an infinite subset of o; and v, an infinite subset of oa. If
we could compute ¢,(0), ¢y(1), . .. we could also generate the sets v -0y, v -0,

p(y-01), p~1(y-02) and hence v; and v.. For any number x, let the smallest
numbers y and z such that

y€yrand y > x and z € v, and 2z > «x

be denoted by 7;(x) and #n:(x) respectively. Thus #:(x) and n.(x) are every-
where defined functions recursive in ¢,(x) such that

n1(x) € v1 and x < n1(x) and n2(x) € 72 and x < na(x).
This implies

¥ <mx) €01 and % € 619 % € pum),
x < m(x) €Eg and x € 62X € Prns)-

We conclude that the characteristic function of ¢; + o3 is recursive in cy(x).

CorOLLARY 1. The product of two retraceable sets is again retraceable, but the
sum of two separable retraceable sets is not necessarily retraceable.

COROLLARY. 2 There exist introreducible sets which are not retraceable.

A sufficient condition that two distinct retraceable sets have a common
retracing function is that they are separable (by P6), but this condition is not
necessary. For the infinite recursive sets (0, 1,2,3,5,7,9,...) and (0,1, 2, 3,
4,6,8,...) have a common retracing function and are not disjoint. Let us
for any set ¢ and any number m denote the set {x|x € ¢ and x < m} by
o< m>.
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THEOREM T6. Let o and B be distinct retraceable sets. Then o and B have a
common retracing function if and only if either

(@) a-B=¢ and afB, or
(b) a8 # ¢ and max (a-B8) = k=
[@<k>=B<k>anda—a<k>|[f—F<Ek>]

Proof. Let a # B. Suppose o and 3 have a common special retracing function,
say 7(x); put {(x) = r*(x). We claim that «-8 must be finite. For if a8 is
infinite there is a strictly increasing function ranging over «-8 say ¢(n). Since
c(n) € a for every #, piy C a for every n; moreover, for every x € o« there
is an #, such that x < ¢(n;) € a. Hence a = E? piey. Similarly one proves
B = 2: P Hence a = B, contrary to the assumption a # 3. We conclude
that @8 is finite. Eithera-8 = ¢ or -8 % ¢. In the former case «|3 by P6. In
the latter case we put

(17) k=max(a-ﬂ), a1=a—a<k>,51=5—,6’<k>,
a¢ = min ay, by = min B,
and
r(x) for x € or — (0, ..., k, ao, bo),
ri(x) = a0 for x = a,,

bo for x = bo.

Every set obtained from a retraceable set by omitting finitely many of its
elements is again retraceable. Thus «; and B; are disjoint retraceable sets.
They have the common retracing function 7;(x). Hence ai/8: by P6. To
prove the converse we assume that o and B are retraceable sets satisfying
(a) or (b). If they satisfy (a) we are through. If they satisfy (b) we define
k, ai, B1, ag, and by as in (17). The sets a; and B; are retraceable, because «
and B are retraceable; since «;|8; they have a common retracing function, say
r(x). Let a« <k> = (co, ..., Cp), where ¢o < ¢1 < ... < ¢, Put

r(x) for x € 6r — (0, ..., k, ao, bo),

Jc,, for x € (ao, bo),

lcn for x =cy1and 0 <K n < p — 1,
¢y for x = ¢o.

ro(x) =

Then 7¢(x) is a common retracing function of a and 8.

Let 7(x) be any retracing function and 7', the class of all infinite sets
retraced by 7(x). We know from the Examples 1-5 that given any of the
cardinalities 1, 2, 3, ..., N, ¢, the retracing function r(x) can be chosen in
such a manner that 7, has the given cardinality. Assuming the continuum
hypothesis, these are obviously the only values which card 7, can assume.

TueorREM T7. It can be proved without the continuum hypothesis that the
class of all infinite sets retraced by a retracing function r(x) is either finite or
denumerable, or has cardinality c.
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Proof. All references in this proof are to Sierpinski’s book (8). We use the
numbers 0, 1, ... as indices of the elements of a sequence, while Sierpinski
uses 1,2, ... for the same purpose; this difference in notation is, however,
non-essential for the theorems in Sierpinski’s book which we shall use. Through-
out this proof the agreement that only collections of non-negative integers
are referred to as sets is suspended; any collection of points in a metric space
is called a set. Let €, be the space consisting of all sequences of real numbers,
where for p = {p,} and ¢ = {g.},

— . {P: - in
p(P’ g) B ZZ=0 x'(l + Ipz - Qzl) ’

Also let M., be the space consisting of all sequences of non-negative integers
with the same distance function as €. €, is a metric space (8, p. 134) and N,
is a subspace of €,. We need three lemmas.

LemMA 1. The sequence {p"} = {{p,"}} of points in N, converges to the
point p of €, if and only if

(V2) @) (Vn)[n > t = p." = p.].

Proof. The sequence {p"} of points in &, converges to the point p of G,
if and only if for every x,
lim p," = p,

n—c0

(8, p. 135). The desired result follows from the fact that p” € N, means that
p." is a non-negative integer for every x.

LEMMA 2. It can be proved without the continuum hypothesis that every closed
set i N, 1s finite, denumerable or has cardinality c.

Proof. Let N, denote the set of all points {g.} in N, which are ultimately
vanishing sequences (that is, for which ¢, = 0 for almost all x). Let p =
{Pz} E %w- Put

n p. forx < n,
&= = ¢ = (g},

0forx > n,

then {g"} is a sequence of points in 9N, which converges to p. Thus N, is the
closure of its denumerable subset Ot,; hence N, is separable. It follows from
Lemma 1 that if a sequence of points in N, converges in €, its limit belongs
to MN,. Thus N, is a closed set in the metric space ,. However, €, is com-
plete (8, pp. 190, 191), hence N, is also complete. Let B be a closed set in
N., then B is a Borel set in a separable complete space, hence

(18) card 8 > Xp=card B = ¢

by (8, p. 228, Corollary 2, Theorem 120). This means that 9 is finite, denumer-
able or has cardinality ¢. Moreover, (18) can be proved without using the
continuum hypothesis.
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LemMA 3. Let A be a denumerable collection, let I be a family of finite sequences
of elements of A and let B be a family of infinite sequences of elements of A.
Assume, furthermore, that g = {g,} belongs to B if and only if all its initial
segments {g,}.<, belong to N. Then it can be proved without the continuum
hypothesis that B is finite, denumerable or has cardinality c.

Proof. We may clearly restrict ourselves to the special case A = ¢; in this
case B is a set in N, and by Lemma 2 it suffices to prove that B is closed. Let
the point g = {g,;} in N, be a limit point of B and let {g,*} be a sequence of
points in B which converges to g. By Lemma 1 there is a function ¢(x) such
that
(19) n > tx) =g" = g.

If g were not in B, it would have an initial segment not belonging to 9, say
{g:}2<m. Thus

(20) {ga:}z<m q %I

Let ¢ be the number which exceeds the maximum of £(0),...,¢(m) by 1,
then ¢ > ¢(x) for x < m. Hence, by (19), g.' = g, for x < m, that is,

21) (& 2em = &) ocme

We now have a contradiction. For, since the left side of (21) is an initial
segment of the point g? in B, it belongs to U; on the other hand, the right
side of (21) does not belong to A by (20). We conclude that g € 8. Hence
B is a closed set in N,.

We claim that T7 follows from Lemma 3. Assume that f(x) is any function
with an infinite domain and B the class of all infinite sets 8 of non-negative
integers such that f(x) is an extension of pg(x). Since T7 concerns the special
case that f(x) is partial recursive and B non-empty, it suffices to prove that
B is finite, denumerable or has cardinality ¢. Let 8 denote the family of the
principal functions of all sets in B and ¥ the family of all strictly increasing
finite sequences {xo, ..., %,} such that

a = (xo,...,%,) = f(x) is an extension of p,(x).

Clearly, g = {g.} € ¥ if and only if all its initial segments belong to A. Thus
it follows by Lemma 3 that the family 9 is finite, denumerable, or has car-
dinality c; the same is therefore true for the class B.

Remark. Lemma 3 can be used to establish the following theorem about
graphs. Let T be a graph with denumerably many edges; then it can be proved
without the continuum hypothesis that the number of one-way infinite paths of T
is finite, Xo or c. For let A denote the collection of all edges of I', A the family
of all finite paths of T and ¥ the family of all one-way infinite paths of T.

Then Lemma 3 is applicable, since the infinite sequence {pop1, p1ps, - - .}
of edges belongs to B if and only if all its initial segments {pop1, . . - , PrPrs1}
belong to .
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6. Concluding remarks. We have not been able to characterize all
partial recursive functions which are retracing functions, that is, which retrace
at least one infinite set. Let us denote by T'; the class of all infinite sets retraced
by f(x). For every retracing function f(x) there is a non-trivial special partial
recursive function r(x) which is a restriction of f(x) and which has the pro-
perty T, = T'y. We can therefore restate the problem as follows: find a
necessary and sufficient condition that a non-trivial special partial recursive
function be a retracing function. We mention a sufficient condition which is
not necessary. If a non-trivial, special, partial recursive function has a finite
initial set and is finite-to-one, it is a retracing function. For assume f(x) satisfies
the hypotheses. Let {7,} be the infinite sequence of (mutually disjoint non-
empty) sets associated with f(x), then {r,} is a sequence of finite sets. Define
a binary relation R by: yRx if ¥ = f(x). Since there corresponds with every
element x of 7,,1 at least one (in fact, exactly one) element y of 7, such that
yRx, it follows by Konig’s Lemma (4, p. 121 or 5, p. 81) that there exists an
infinite sequence {a,} such that for every #, a,Ra,.1. Then f(x) retraces the
infinite set (g, @1,...) and the proof is completed. This immediately raises the
question: ‘“Does every function f(x) which satisfies this sufficient condition
retrace at least one infinite recursive set?”’ One might be tempted to conjecture
that the answer is affirmative, because Brouwer’s proof (3, p. 42) of his fan
theorem, that is, the intuitionistic form of Konig's lemma, is in some sense
constructive. Though it can hardly be doubted that a close connection exists
between Konig's lemma and the subject of the present paper, the authors
have, however, been unable to substantiate this conjecture, even in the special
case that given any x € pf the cardinality of the set f~!(x) can effectively be
found. In this case {r,} is a discrete array.

Added May 31, 1958. It is proved in a paper of R. M. Friedberg which will
appear in the Journal of Symbolic Logic that there exists a simple set which
is not extendible.
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