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WILANSKY’S QUERY ON OUTER MEASURES

CHoo-WHAN KIM

On a set X , let u* be an outer measure and u the measure
induced by u* . We show that if X 1is a finite set, then the
measure U 1is saturated. We give two examples of non-regular
outer measures on an infinite set X which induce non-saturated
and saturated measures, respectively. These answer a query posed

by Wilansky.

1. Introduction and preliminaries

Let X be an arbitrary non-empty set and P(X) its power set. On
the set X , let u* be an outer measure, | the measure induced by up*
u+ the outer measure induced by uy , and U the measure induced by u+ .
Recently Wilansky posed the following query [3]: must every u+—measurable
set be u*-measurable?

Let M and M' bve the O-algebras of W*-measurable and
u+—measurable sets, respectively. It is plain that MC Mt , u* = u+ on
P(X) , and u* = u+ on M.

Let (X, B, A\) be any measure space. Following Royden [2] we shall
say that a subset E of X is locally measurable (with respect to B and
A),if EnB €B for each B € B with A(B) <« . Then the family B~
of all locally measurable sets is a 0O-algebra containing B . The measure

A 1is called saturated (or a saturated measure on B ), if B =8B~ . If A
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is a 0O-finite measure, then it is saturated. For any subset E of X ,

let E' =X ~-F .
LEMMA 1. If E €M™ with WE) <o, then E € M.

Proof. Suppose E € M' with fi(E) <o . Let A € M be such that
EcA and f(E) = p(4) . Then A-E ¢ M and J(A-E) = 0 , so that
u(4-E) = 0 . Since u 1is complete, we have A ~ FE € M , so that E € M .0

LEMMA 2. M~ = (MD)~ .

Proof. Suppose E € (M+)" and B € M with u(B) < © . Then we have
+ -
ENnB €M and wENB) <uB) <o, so, by Lenma 1, ENn B € M . Thus
LN ~ . ~ +. A
(M)"c M . sSimilarly we obtain M < (M)" . O

PROPOSITION 1. § 4s a saturated measure on M' , and M' = M~ .

Proof. Since M' < (M')" = M", it remains to show M*c M .
Suppose E € M and A4S X with u+(A) <wo ., Let B €M be such that
+
ACB and u (4) = wB) . Then both EnB and E'n B are in M , and

u4) =wB) =uBnE) +uBnE) 2 ANE) + 1 ANE),
so that E € M+ . (m]

In view of Proposition 1, the query may be stated as follows: must

the measure U induced by an outer measure p* be saturated?

2. Results
We state without proof the following well-known result ([7], [2]).
PROPOSITION 2. The following assertions are equivalent:
(i) wt=u" on P(X) ;
(i1) for each Ec X , there i8¢ A € M such that Ec A and
u*(E) = u*(4) ;
(i21) u* s induced by a measure on an algebra.

An outer measure u* is called regular, if any one of the assertions
of Proposition 2 holds. By a minor modification of the proof of

Proposition 1 we obtain:

THEOREM 1. If an outer measure u* is regular, then the induced

measure U 18 saturated.
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THEOREM 2. For each outer measure u* on a finite set X , the

induced measure W 1is saturated.

Proof. It is enough to prove the theorem in the case in which u* is
not regular, W*(X) =« , and X has at least three points. Let
¥x={1,2, ...,n} n=23), Y={ |1 ¢€Xx, u*(Z) <=} , and
Z=1{1 | i € X, u*{{) = »} . By our assumption, Y must contain at least
two points and Z is not empty. It follows at once that every subset of

Z is u*-measurable. Since Y also is uy*-measurable, we have
M={EuF|Ee€eYnM, Fciz}.

If A€M =M ,then 4nZ €M and 4nY €M . Since
H(A 0 ¥Y) 2 u(¥) <o , it follows from Lemma 1 that A n Y € M . Thus
AeM. ]

3. Examples

Here we give two examples of non-regular outer measures on an infinite

set which induce non-saturated and saturated measures, respectively.
EXAMPLE 1. 1Let X be an infinite set. Define the outer measure u*

by

-n
u*(4) =1~ 2 , if A contains N1 points,

u*(4)

o ~if A 1is infinite.
For each non-empty proper subset E of X , let A = {X, Yy} , where

X €E and Y € E' . Since

WA N E) + pM4 n B') = p*(X) + u*(Y) =1 > u*(4)

1l

3/h

the set E is not in M . Thus M = {g, X} .

1}

+ +
It follows readily that p (#) =0 , and u (E) = u(X) = » for each
E #@ . That is, u+ is the "infinite" measure on P(X) . Tt is plain

that M" = P(X) so that the induced measure | is not saturated.

EXAMPLE 2. Let X be an infinite set, Y = {a, b} , where @ and
b are distinct points of X , and Z = X - Y . Define the outer measure
p* by

p*(@) = 0 , wu*(a) = p*(b)

9

1, u*(-Y) =1.5, U*(A) = ®©
if An 2 #+¢ .
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Note that both {a} and {b} are not in M . It is straightforward
to show that Y €¢ M , and EF € M for all EC Z . Thus we obtain

M=1{4, ¥, E,YuvE | @ #EC2}.
Since u+(a) = u+(b) = p(¥) = 1.5 , we have
pHr o {ah) + ut@ a (b)) = 2u(y) > u(y) ,

5o that both f{a} and {b} are not in M' . Thus M= M" , and the

measure M 1is saturated.
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