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A NOETHER-LEFSCHETZ THEOREM FOR VARIETIES
OF r-PLANES IN COMPLETE INTERSECTIONS

ZHI JIANG

Abstract. We prove a Noether-Lefschetz type theorem for varieties of r-planes
in complete intersections. We then use it to study the Abel-Jacobi map of planes
on a smooth cubic fivefold.

80. Introduction

Let X be a general complete intersection in complex projective space.
The Picard number of X is known. We may state it in the following form.

THEOREM 0.1. Let X be a smooth complete intersection of dimension at
least 2 in complex projective space.

e If dim X > 3, the second Betti number of X is 1, and in particular, the
Picard number p(X) of X is 1.

o [fdim X =2 and if X is very general, the Picard number p(X) is 1, except
when X is a quadric surface in P3, or X is a cubic surface in P3, or X
is a complete intersection of two quadrics in P*.

The first part of the above theorem comes from the Lefschetz hyperplane
theorem and the second part is the so-called Noether-Lefschetz theorem (see
[V1, Section 3] or [S, Section 2]). Bonavero and Voisin [BV], using Deligne’s
global invariant cycles theorem, proved an analogue of the first part of
the above theorem for the schemes parameterizing r-planes contained in
a complete intersection in complex projective space. Debarre and Manivel
[DM] later used Bott’s theorem to give another proof of the same theorem.
The goal of this paper is to complete their result. We will prove an analogue
of the second part of Theorem 0.1 for such schemes.

We first recall some notation.

We follow the presentation in [DM]. Let V' be a complex vector space of
dimension n + 1. For a finite sequence d = (d1,...,ds) of integers at least 2
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and a positive integer r, we set |d| =7 d;, d+r=(di +71,...,ds + 1),
and d/r=>"_, (Cf})

Let X C P(V) be a complete intersection defined by f; =---= f; =0,
where f; € S%V* for each 1 <i < s. We denote by F,(X) the subscheme of
G :=G(r + 1,V) parameterizing linear spaces of dimension r contained in
X. On G(r+1,V), there is the tautological subbundle ¥ of V' ® &g of rank
r—+1 and the tautological quotient bundle @ of rank n—r, and Qé ~¥RQ*.
Each f; induces a global section ¢; of S%%* on G. We can also see F,.(X)
as the zero locus of the global sections o; for all 1 <¢ <s. We then set

S(nder) =+ =) - (117,

r

which is the expected dimension of F,.(X), and set
0_(n,d,r)= min{é(n,d,r),n —2r — s}.

There are many works about the schemes F,.(X). The basic properties of
F,(X) are studied in [AK], [B1], [BVV], and [DM]. As interesting examples,
the schemes F,.(X) have been considered in different context (see [B2], [BD],
[BV], and [J]), and there are important applications to X (see [BM], [CG],
and [ELV]).

The following theorem is our starting point.

THEOREM 0.2. Assume that X is a general complete intersection as
above.

(1) Ifo_(n,d,r) > 1, the scheme F,.(X) is connected, smooth, and of dimen-
sion d(n,d,r) (see [B1] and [DM]).

(2) If 6_(n,d,r) >3, the second Betti number of F;.(X) is 1, and in partic-

ular, the Picard number p(F.(X)) of F(X) is 1 (see [BV] and [DM]).

The above theorem is optimal. Indeed, when 0_(n,d,r) < 2, the Hodge

number h?9(F,(X)) is often nonzero. Hence, though we know the second

Betti number of F,.(X), it is a priori not clear what the Picard number is.
The main theorem of this paper is the following.

THEOREM 0.3. Let X be a very general complete intersection in pro-
jective space. Assume that §(n,d,r) > 2 and that §_(n,d,r) > 0.1 We have
p(F (X)) =1 except in the following cases:

tThis assumption is not important. We use it only to exclude the case when X is a
quadric in P?"*! for r > 1, where F,.(X) has two smooth isomorphic disjoint components
and the Picard number of each component is 1.
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e X is a quadric in P?"*3 r > 1, where the Picard number of F,.(X) is 2;
e X is a complete intersection of two quadrics in P? 4, r>1, where the
Picard number of F.(X) is 2r + 6.

In the following examples, we will see that when 6_(n,d, r) < 2, the Picard
number p(F.(X)) varies, where the situation is similar to the families of
smooth hypersurfaces of degree at least 4 in P3.

EXAMPLE 0.4. Let X < P23 be a general complete intersection of two
quadrics, where r > 1. We have 0(2r+3,d,7)=r+1and §_(2r+3,d,r) = 1.
Hence, F,.(X) is a smooth irreducible projective variety of dimension r + 1.

We may assume that the two quadrics defining X are

2 2
g x; and E ATy,
i i

where \; # \; if i # j. By [Re|, we know that F,.(X) is an abelian variety
and is isomorphic to the Jacobian of the hyperelliptic curve defined by

y? =10 (20 — Niz1).

Therefore, by [P], p(F-(X)) =1 for a very general X. There also exist
smooth X such that p(F, (X)) > 2, for instance, when the hyperelliptic curve

is defined by y? = z2"t* — 1.

ExAMPLE 0.5 (see [CG]). Let X — P* be a cubic threefold. We consider
F1(X) and have in this case 6(4,3,1) =2 and §_(4,3,1) =1.

Clemens and Griffiths [CG] proved that the Abel-Jacobi map o : F1(X) —
JX induces an isomorphism a, : Alb(F} (X))~ JX and A2H'(F1(X),Q) ~
H?(Fy(X),Q). We conclude that

H?*(F(X),Q) ~H*(JX,Q)~ N H*(X,Q).

Since the Zariski closure of the monodromy group for the family of cubic
threefolds is the whole symplectic group (see [PS, Theorem 10.22]), we have
p(F1(X)) =1 for X very general. We see in [Ro] that there is a 7-dimensional
family in the 10-dimensional moduli space of cubic threefolds parameterizing
cubics X whose variety of lines F(X) contains elliptic curves. For such X,
we have p(F; (X)) > 2.

REMARK 0.6. Roulleau showed me a more precise relation between the
Néron-Severi group of F;(X) and JX:

0 — NS(JX) 2% NS(Fy (X)) — Z/2Z — 0.
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EXAMPLE 0.7. Let X — P7 be a cubic sixfold. We have §(7,3,2) =5 and
5_(7,3,2) =2.

The 2-planes cover the whole of X; hence, the Abel-Jacobi map induces
an injective map H®(X, Q)prim — H?(F2(X), Q). We can also compute that

dim H%(X, Q) = dim H?(F»(X), Q) = 87.

Hence, since the monodromy group of the family of cubic of dimension 6 is
again big [PS, Theorem 10.22], if X is general, p(F»(X)) = rank(H>3(X) N
HS(X,Q)) =1. If X contains some special codimension 3 subvariety (e.g.,
P3), we have p(Fy(X)) =rank(H>3(X)N H%(X,Q)) > 2.

We will give in the last section the following application of our Noether-
Lefschetz-type theorem.

For any smooth cubic fivefold Z, we denote by (JZ,0) the principally
polarized intermediate Jacobian of Z which is a 21-dimensional principally
polarized abelian variety. We then have the Abel-Jacobi map

a:Fy(Z)— JZ.

As an application of our main theorem, we have the following.

THEOREM 0.8. With the notation as above, the cohomology class

[ (F2(2))] = 12{?—;!9]'

81. Preliminaries

We will use deformation arguments to prove the main theorem. In this
section, we first recall a lemma which reduces the proof to certain calcula-
tions of cohomology groups, and then we recall Bott’s theorem, which helps
us to calculate the cohomology groups of homogeneous vector bundles on
Grassmannians.

Let Y be a smooth projective variety of dimension N and Picard num-
ber 1. Let W be a vector bundle of rank R on Y with N — R > 2. For a
section o of W, we denote by X, the zero locus of s.

LEMMA 1.1. We fix a general section o of W. Assume that X, is smooth
and of dimension N — R, and assume that we have

(a) dim H'(X,,0|x,) =1;
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(b) HN-B=2(X,,Kx,) @ HO(Y,W)|x, — HYN"1"2(X,,W ® Kx,) is sur-
jective.

Then for a very general section p € H(Y, W), the Picard number of the zero
locus X, is 1.

Proof. Let U C H°(Y,W) be the open subset parameterizing sections
whose zero locus is smooth of the expected dimension. We set «w: 2" — U
as the family of X,. We have the sequence

0—-Tx, = To|x, = Tus—0.

And for any t € Ty, we have the Kodaira-Spencer class §(t) € H*(X,, Tx, ),
where 0 is the coboundary map in (1).

We denote by h the cohomology class of an ample divisor of Y, and
we denote by H 1’1(X(,)prim the primitive (1,1)-forms on X, relative to
h. In order to prove the lemma, we just need to show that for any A €
Hl’l(Xg)prim, the map

(1) Vaod: H(Y,W)~Ty, — H*(X,, Ox,)

is nontrivial (see, e.g., [V1, Chapter 5]).
Considering the sequence

0—W*—Qylx, — %, —0,

we have
H'(X,,0%|x,) = H'(X,,9% ) S H(X,,W*).

Since dim H!(X,, 3 |x,) =1, we have that the map
§: HY (X o) prim — H*(Xo, W*)

is injective. Thus, by Serre duality of the map (1), we just need to show
that the map

HNR2(X, Kx_ )@ H(Y,W)|x, - H N 2(X,,W o Kx,)

is surjective to conclude that the Picard number of a general zero locus X,
is 1. O
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In our situation, the ambient variety Y will be the Grassmannian G(r +
1,V), and the vector bundle W will be ;_, S%¥*. Hence, in order to verify
conditions (a) and (b) in Lemma 1.1, we need to study the cohomology
groups of homogeneous vector bundles on Grassmannians. We first recall
Bott’s theorem. Since we work only on G(r + 1,V) in this paper, we will
present Bott’s theorem in an elementary way (see, e.g., [S, Section 4.6]).

We call a finite decreasing sequence of integers ¢ = (c1,. .., ci) a partition.
For a vector space W of dimension k, we denote by I'“W the irreducible
GL(W)-module associated to c. For example, we have

(k007 — gkyy,
P00 =Ry — gkyp.
F(LI’M’I)W — detW

Let b= (b1,ba,...,bp—) and a = (a1, as,...,a,4+1) be partitions. We define

qﬁ(b,a) = (b1,b2,...,bn_r,al,az,...,ar+1) — (1,2,...,n+ 1)
= (017627‘ .. 7CTL+1))

and we define the set @, to be the set consisting of the pairs (s,t) with s <t
and c; < ¢;. We denote by i(b,a) the cardinality of ®;,. We then reorder

¢(b,a) by making it decreasing, and we denote the resulting sequence by
¢(b,a)t and set

P(b,a) = ¢(b,a) + (1,2,...,n+1).

If ¥(b,a) is not decreasing, we have I'*(»®)V = 0 by convention. The follow-
ing is a special case of Bott’s theorem.

THEOREM 1.2 ([Bot, Theorem 1]). With the above notation, we have
(1) HI(G,T’Q®T*%) =0 if ¢ #i(b,a);
(2) H®9)(G TPQ @ *y) =Tvba)y,

Here is a useful corollary.

COROLLARY 1.3. On the Grassmannian G = G(r+1,V), assume that for
some partition a, we have

HY(G,T%) 0.

Then there exists k >0 such that ¢ =k(n —r).
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We will often identify the partitions (ay,...,an—) and (a1,...,an—y,0).
The following proposition is crucial.

PROPOSITION 1.4. We keep the notation as above.

(1) Let a1 and ag be partitions at least zero; then the multiplication map
HY(G,T“Y*) @ H(G,T%*) — HY(G, T 2" @ [92%*)

1S surjective.
(2) For any positive partition a > 0 and some positive integer d > 0, if there
exists some k > 1 such that the multiplication

H*" (G, 1%) @ HY(G,87%%) — H)(G, 1% @ 895%)

is not surjective, we have ax >n—1r+k and apy1 > k+1.

Proof. We first prove (1). By Theorem 1.2, we have H°(G,T%%*) =
rav* and HY(G,T'%%*) =T%V*. We have by the Littlewood-Richardson
rule that

Falz* ® FGQE* — @Nfu . I‘\’Uz*7
v

TV @IV =N, -T"V*.
v

Since dim V* > rank ¥*, N/ > N, for any partition v. Then we conclude the
proof of (1) by Theorem 1.2.
For (2), we write

Iy @ 8's* = PHres,
«

where by the Littlewood-Richardson rule, a goes through all partitions sat-
isfying
ap 2o 202 202 2 2 0rpl 2 Oy,

and
r—+1 r+1

Z ;= Z a; — d.
i=1 i=1

Fix any such partition «.
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If ap <n—r+k, we have ap, <n —r + k. Hence, by Bott’s theorem, we
have

H*=1)(@,19%) = HF=)(G, 195 @ S1%%) =0,
which contradicts our hypothesis.

If aj1 <k, we have HF"=")(G,T%) ~ T¥(0:0)V £ (. We now study the

map
me : H* (@, 1Y) ® H(G,8%*) — H*")(G, 1% © 89%%)
— HF =)@ row).

Now we denote by V; a linear subspace of codimension (r +1 — k) of V,
and we take a linear subspace V5 of V' so that V ~ V] @ V,. Let Gy := G(k, V1)
be the Grassmannian, and denote by ¢:G; — G the natural embedding
which sends a subspace X1 of V] to a subspace X1 ® V5 of V. Then we denote
by @ (resp., @) the partition (ay,...,ax) (resp., (aq,...,ax)) and denote by
a (resp., &) the partition (ag41,...,ar4+1) (resp., (Qk+t1,...,r41)). Hence,
a=(a,a) and a = (@, a). Finally, we denote d; = Zle(ai — ;) and dy =
Zg,iﬂ(ai — ;). We have that both d; and ds are at least zero and that
dy + dy = d. We notice that I"%; @ T%V, (resp., Sdlyf ® Sd2V2*) is a direct
summand of §*I'*Y (resp., i*S9%*).

We notice that i(G1) is the zero locus of a global section of Q@ ® V5 in G.
We claim that the restriction maps

r1: HFO)(G Tos) ~ TP Oy s gE=)(Gy #TeY),
(2) ro: H(G,895%) — HO(Gy,i*SsY),
r3: HY(G,T°Y) — H°(G1,i*T°Y)

are surjective.
We prove that r; is surjective, and the others are easy. We use the Koszul
resolution of the structure sheaf 0;q,):

0—det(Q*®@Va) =+ = Q" ®Va— Og — O,y — 0.
Therefore, we just need to prove that
HFO=IH (G TS @ N(Q @ V) =0

for each ¢ > 1. We then argue by contradiction. Assume that there exists a
direct summand T°Q* of A(Q*® Vi) such that H¥—"+(GQ T2 @ YQ*) #
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0. We have |b| = i, and we may write b= (by,...,b,_,) > 0. Since H*"~")(G,
I'*¥) #0, we have ay, >n —r+k and agy1 < k. Again by Bott’s theorem,
there exists a positive integer t <n — r such that for each 1 < s <t, there
exists 7, > 1 with

—bs—(n—r+1-=35)<agyi, —(n—r+k+1is),
and 3¢ _,is =1i. We then conclude that
b82i5+5+k7ak+is > s+ 8.

It contradicts the fact that |b| =i. Hence, we finish the proof of the claim.
We now consider on Gy the multiplication

Maa: HX(G1, 175 @ T,) @ HY(G1, ST 2} © S%2Vy)
— H*=)(G, 175, @ T9,),

where both sides are nonzero. Take the Serre duality; the multiplication

HY(G,,T9% @ K, ® T°Vy) @ HY(G1,SM St ® S Vy)
— H(G1,T7%% @ Kg, @ TVy)

is surjective by statement (1) of this proposition. Therefore, the map mg 5
is nontrivial.
We then consider the commutative diagram

HF=1)(@Q,T°%) @ H)(G,89%%)
r1Qr2

HF=1)(Gy, i T%) @ H(G,i*S4%¥)

projection to direct summand

HF=1)(G1, 178 @ T9,) @ HO(Gy,SU % @ S2V)
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H=r)(G,To%)

3

Ma|Gq

HF=1)(Gy,*TY)

projection to direct summand

My,&

. Hk(n—r) (Gb 1—@21 ® F&VQ)

Since we know by (2) that all the vertical maps are surjective, and we
have seen above that the map mg 5 is nontrivial, we deduce that m,, is also
nontrivial. Moreover, since T¥(%®V is an irreducible GL(V)-module, m,, is
surjective.

Since the multiplicity of each 'Y in I'*Y ® S?~* is 1 and since T¥(O®) Y
is an irreducible GL(V)-module, by Schur’s lemma we deduce that the mul-
tiplication

H*"=)(@,1%) @ HY(G,8%%%) — H")(G, 1% @ S95%)

is again surjective.
This concludes the proof. 0

REMARK 1.5. Assume that we have H'(G,T'“%) # 0, H(G,TP%) # 0,
and H™H (G, T*E @ I'%) # 0 for partitions a, 3 and integers 4,5 > 0. The
multiplication

HY(G,T*%) ® H (G,T°%) - H (G, IS @ IPY)

is in general not surjective.

We may consider G := G(2,4). Let a = 3= (3,1). Then I'**¥ is a direct
summand of TGDY @ TGV, However, through restrictions on G(2,3) <
G, we can see that the multiplication

H?(G, F(3,1)g) ® H2(G, F(3»1)E) — H4(G, F(4’4)E)

is zero.

The cup products of line bundles on homogeneous varieties have been
studied in [DR]. It may be possible to prove Proposition 1.4 directly by
applying the main theorem in [DR].
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§2. Proof of the main theorem when dim(F, (X)) =2

Under the assumptions of the main theorem, we will assume furthermore
in this section that d(n,d,r) = 2. We notice that d_(n,d,r) > 1, and hence
F,.(X) is smooth and connected.

PROPOSITION 2.1. Assume that (n,d,r) =2. Set G :=G(r+1,V). Then,
for any 1 <i<s, the map

HO(FT(X)vKFT(X)) ® HY(G,8%%*) — HO(Fr(X%SdiE* ® Kr,(x))

1s surjective, except in the following cases:

e X is a complete intersection of two quadrics in P> and r =1;
o X is a cubic in P* and r=1.

Proof. Denote by H the Pliicker polarization on G. Set

M = <d+7‘) —n—1.
r+1

Then K, (xy= MH. Since §(n,d,r) =2, we can verify that M >0 with
equality only when n =5, r=1, and d = (2,2).
Let W be the vector bundle

é Sy,
=1

on GG. We have the Koszul resolution of the structure sheaf O, (x:

0_>/\(¢Jrrr)W_>..._>/\”_1W—>---—>W—>ﬁg—>ﬁFT(X)—>0.

By splitting the Koszul resolution to short exact sequences, we see that in
order to prove the proposition, we just need to prove that the multiplication

Wy, HXO (G AW @ 0g(MH)) @ HO(G,S8% %)
_, k=) (G, Sdiy* AF(=) 17 ® ﬁG(MH))

is surjective for all 0 <k <r and 1 <7 <s.
We now assume that there exist & and 7 such that Wy, ; is not surjective.
Considering the decomposition of the vector bundle A" W on G, we
may write

AR =TI = @ rey.
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Then according to Proposition 1.4, we have k > 1, and there exists « such

that
(3) ap > M+n—r+k,
(4) Qg1 > M+ k+1.
Moreover, we notice that M +n —r+ k= (%ﬂ) —r—1+kand
det W = - <d+ )H IPN(EHINEIIS
r+1

Hence, by Lemma 2.2 (take s =7+ 1 — k), we have the following inequality:

Mn—rﬂzK?1d>—<T;de>}—k&+l—k)

Since d(n,d,r) = 2, we conclude that

1 d 2
() PRR T
r+1\ r r+1

>l r+d\ (r—k+d
~k r r—k '
Since k < r, the function
1[(r+d r—k+d 1 (r+d
— - - >0
k r r—k r+1 T

is a strictly increasing function of each d;. By induction on d;, we can check
that the inequality (5) holds for some k only in the following cases.

()

o r=1:

(1.1) d=(2,2), M =0, and n = 5;
(1.2) d=(2,2,2,2), M =3, and n=38;
(1.3) d=3, M =1, and n =4;

(1.4) d=(3,3), M =5, and n = 6;
(1.5) d=(3,2,2), M =4, and n=T;
(1.6) d=(4,2), M =6, and n = 6;
(1.7) d=5, M =9,and n=5

o r=2:

(2.1) d=3, M =3, and n = 6;
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(2.2) d=(3,2), M =5, and n=38.
o r=23:
(3.1) d=1(2,2,2), M =3, and n=11.

In the next step, we will check in the above cases whether inequalities (3)
and (4) actually hold for some a.. We will use the program LIE to get precise
information on the decompositions of A¥("~")W and then show that these
inequalities do not hold except in cases (1.1) and (1.3). This will conclude
the proof of the proposition. Since this is only a computation, we just show
the case r = 3.

In case (3.1), we have n=11, r =3, and M = 3.

When k=1, we have a3 > 12 and a3 > 5 by (3) and (4). However, the
total weight for ASW = A8(S2X @ S2% @ S2Y0) is only 16.

When k =3, we have a1 > a9 > a3 > 14 and a4 > 7. But the total weight
of A?4(S%2X @ S2X @ S2Y) is 48. This is again impossible.

We have the decompositions

NS?S = (P,
7

t=9, o} =(5,5,5,3);

t=10, o’ = (5,5,5,5).

When k = 2, we have o1 > ap > 13 and a3 > 6. Hence, [(13:13.6.0)5 ghould
be a subbundle of AW = A16(S2X @ S2¥ @ S2%). We have

where

e t=1, al=(2,0,0,0);

e t=2 a?=(3,1,0,0);

e t=3,a}=(4,1,1,0), and o3 = (3,3,0,0);
o t=4, aj=(4,3,1,0), and a3 = (5,1,1,1);
e t=5 a}=(53,1,1), and aj = (4,4,2,0);
o t=6,a%=(54,2,1), and af = (4,4,4,0);
o t=7 a]=(54,4,1), and o = (5,5,2,2);
o t=8, af=(55,4,2);

[}

[}

N(STe8’ses’n)= P ATSTEeATS’SoABSE.

(s1,52,53)
s1+s2+53=16

By the above list, we see that any o! with (al); =0 has (a!); < 4. Hence,
we exclude this case by the Littlewood-Richardson rule.
We have thus excluded case (3.1). U
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LEMMA 2.2. Let V' be a vector space of dimension r+ 1, and let d =
(di,...,ds) be a sequence of integers at least 2. Denote by W the vector
space SNV @& --- @ S% V. For any integer s >0 and 1 <k <r, we take an
integer t such that

e[ (1230

Then for any wrreducible component TNV of A'W , we have

A < d+r —s
F r+1 ’
The proof of this lemma is parallel to the proof of [DM, lemme 3.9]. For
reader’s convenience, we give the details.

Proof. For simplicity, we assume that d =d. We denote by X the Grass-
mannian parameterizing subspaces of dimension r + 1 — k of V, and we
denote by Y the Grassmannian parameterizing subspaces of dimension
(dji;k) of W. We denote by Y x (resp., Qx) and Xy (resp., Qy) the tau-
tological subbundles (resp., quotient bundles) on X and Y, respectively.
There is a natural embedding ¢ : X — Y so that i*Xy = S9Yy. Let N be
the normal bundle of X — Y.

By Bott’s theorem, we have H°(Y, A'Qy) = A'W. Considering the exact
sequences

0— Ix @A Qy — AN'Qy — AN'Qy|x — 0
and, for each [ > 1,
0— I @A Qy — Ik @ N'Qy — NQy|x ®S'N* 0,
we see that there exists a filtration (I'});>¢ on A'W so that
T)/Ti1 — H(X,i*(A'Qy) ® SIN™).
There is a filtration (Gy,)o<m<d—1 of i*Qy such that
G /Gri1 =ST"Qx @ S"Yx.

Denote by

d—1

U=Gr(i*Qy) = P S "Qx ® 8" Sx.

m=0
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By the same argument in [DM, lemme 3.9], we have
T/Ti1 — HY(X,i*(AN'Qy) ® S'IN*) — HY(X,A'U ® S'N*).

We now set T' = (djfr) — (d:fi;k) as the rank of U. Then

AU =detU @ AT7IU*,

By definition of ¢, we have T'— ¢ > ks, and hence by considering the total
weights, for any irreducible component I‘aQ} QTP Yy of AT=tU* | we have
Q1 > s. Moreover, we notice that

det U = (det QX)®((:3:> ® (det ZX)®((ii§)_(ftlef)),

Therefore, for any irreducible component I'*Qy @ IT?S x of AT~tU, we have

< d+r
o —s.
k r+1

We notice that N* is a subbundle of *Q}, = SIYy ® i*Q3. Hence, by the
Littlewood-Richardson rule, for any irreducible component T*Qx @ I'*x

of AT=tU ® SIN*, we still have oy, < (fﬂ) - s

Therefore, by Bott’s theorem, for any irreducible component TAV of AL,
we have J
+r
A —S.
b (r + 1> y 1

LEMMA 2.3. If 6(n,d,r) =2, we have

dim H' (F.(X), Q4

FT(X)) =1,

except when X C P® is a smooth complete intersection of two quadrics and
r=1.

Proof. We first notice that in the proof of [DM, théoréme 3.4], the authors
showed that
dim H' (Fr(X), Q¢ 5, () =1

if 0_(n,d,r) > 2. As we assume here that 6(n,d,r) =2, the cases when
0_(n,d,r)=1 are
en=4r=1d=3;
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e n=06r=2d=3;
en=>5r=1,d=(2,2).
We then need to show that in the first two cases H'(G, Qé ® I, (x)) =0

for i =1,2. Again denote by W the vector bundle &, S%3. By the Koszul
resolution of Y, (x), we need to prove that

HTHG QL @ ANTW) =0

for all t>1 and ¢ =1,2. We can use the program LIE to check the decom-
positions of A!WW in each case. By Bott’s theorem, we conclude the proof of
the lemma. []

THEOREM 2.4. Let X be a very general complete intersection on P" such
that §(n,d,r) =2. Then the Picard number p(F.(X)) is 1.

Proof. By Lemma 1.1, Proposition 2.1, and Lemma 2.3, we have proved
the theorem except when r =1 and X is a complete intersection of two
quadrics in P® or when 7 =1 and X is a cubic threefold. These two remain-
ing cases were studied in Examples 0.4 and 0.5. {1

83. Proof of the remaining cases

In this section, we verify the remaining cases, namely, when dim F,.(X) =
d(n,d,r) >3 and 1 <d_(n,d,r) <2 (see Theorem 0.2). The list is the fol-
lowing.

2,2), and 2r +3 <n < 2r +4;
2,2,2),r=1,n="7, and §(n,d,r) = 3;
2,2,2), r=2,n=9, and §(n,d,r) = 3;

[ d1:3

(C1) d=(3),r=3,n=9, and §(n,d,r) =4;
(C2) d=(3),r=2,n="7, and §(n,d,r) =5;
(C3) d=(3),r=1,n=>5, and §(n,d,r) =4;
(C4) d=(3,2), r=1,n=6, and d(n,d,r) =3;
o di=4:

1 =
Qr) d=(4), r=1,n=>5, and d(n,d,r) =3.

We will first study case by case the complete intersections of fewer than
two quadrics and then discuss the others.
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3.1. Case (Q.1)

In case (Q.1), X C P23 is a smooth quadric, and F,y1(X) has two
isomorphic connected components, denoted by S; and Se. Each r-plane in
X is contained in exactly one (r + 1)-plane in each component of Fj.11(X).
Hence, F,.(X) ~Pg, (£*). In particular, p(F.(X)) = p(S1)+1. We then com-
pute p(F.(X)) using the short exact sequence

0— S’ = Q6lpx) = QU x) — 0.

We again have a resolution of Op, (x):

(r+1)(r+2)

0—A 2 SQZ—>---—>/\2822—>SQZ—>ﬁg—>ﬁFT(X)—>0.
By Bott’s theorem, we have
0 ifj#2
1 ifj=2
0 ifj=#1
1 ifj=1.

W (F.(X),8°8) = {

h (FT(X)7QE'|FT(X)) = {

Therefore, if n =2r + 3, p(F.(X)) =2, and if n =2r + 1, the Picard
number of each component of F,(X) is 1.
If n =2r + 2, we can also compute that

h (FT(X),SQE) =0, for any j;
0 ifj#1

W (Fr(X), Q¢ p.x) = {1 ifj=1

and hence, in this case p(F.(X)) =1.

REMARK 3.1. A smooth quadric is a homogeneous variety. If X is of
dimension 2r + 2 (resp., 2r+ 1), X = G/P; (resp., G'/P]), where G (resp.,
() is a complex simple Lie group of type Do (resp., By41) and where P
(resp., P{) is a maximal parabolic subgroup of G (resp., G').

Hence, the above results can be easily deduced by [LM, Theorem 4.9].
Indeed, Landsberg and Manivel [LM] tell us much more: they imply that,
if dim X =27+ 2, then F,.(X) is isomorphic to G/P, 11,42 and Fr1(X) =
G/Py+1 UG/P, 2. Hence, p(F.(X)) =2, and the Picard number of each
component of F,1(X) is 1. Similarly, if dim X =2r 41, F.(X)=G'/P/,
and p(F.(X))=1.
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3.2. Case (Q.2)

In case (Q.2), we first consider X C P(V) =P? ™4 which is the smooth
complete intersection of two quadrics. Then F,(X) is a Fano variety of
dimension 2r + 2.

PROPOSITION 3.2. We have dimHl(Fr(X),Q}F,T(X)) =2r+6. Hence, the
Picard number p(F.(X)) is 2r + 6.

The case when r =1 is already proved by Borcea [B2].
REMARK 3.3. It is relatively easy to prove that p(F,. (X)) > 2r+6. Indeed,
dim H2 (X)) prim = dim H™ (X, Q5 i = 27 + 5,
and the Abel-Jacobi map H* 2 (X)pnim — H2(F,(X)) is injective.

Proof. We assume that X is defined by two quadrics, Q and Q'.
We claim that

. 0 if 42,4
(6) W (F(X),8%5) = ifj 72,4,
or+5 ifj=2;
1 if j=1,
(7) W (F(X),Q%]mx) =4 2r+5 ifj=2,
0 if j#£1,2,4.

From [W, Proposition 2.3.9], we know that there is a decomposition

(8) A"SPE =PIy,
A

where |\| =2m and A > 0 ranges over all partitions whose Frobenius nota-
tion has the form A= (A —1,..., 0 —t| A1 —2,...,\, —t — 1), where ¢ is
the rank of .

We will compute

Hy = HF (G, A™(S?S @ S78) @ S2%)

to prove (6) using the Koszul resolution of O, (xy. More precisely, we will
prove that only Hy 41, Hi 42, and Hz 9,14 may be nonzero and that the
natural map Hi 42 — Hi,41 is surjective.

If Hy, ,, # 0, there exists a component I'*Y of

AT(S?E @ §%%) ® S%%
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satisfying ay > r+ 4+ k and ag+1 < k. We then assume that
My crfsei’s oSy,
where
7% c ™SS

and
MY c A™8%%

for some mq +mo =m.
Since a,41 < --- < agy1 < k, we have by the Littlewood-Richardson rule

that
r+1

9) S Bi+m) <k(r+1-k),
i=k+1

and both (11 and v are at most k.

We denote by p (resp., ¢) the largest integer such that 3, > k+1 (resp.,
vq > k +1). Clearly, p,q < k. Moreover, by (8), according to the definition
of Frobenius notation, we have

P r+1

S pi—k+1p< Y B

=1 i=k+1
and

q r+1

Y- (k+Da< Y

=1 i=k+1

On the other hand, since a1 > --- > a > r + 4+ k, we have, again by the
Littlewood-Richardson rule, that

P g k
Y Bi+Y vitk(k—p)+k(k—aq) = (Bi+%)

=1 =1 =1

k
(10) > ai—2

Combining all the above inequalities, we have

k(r+3+k)>k(r+1+k)+p+q>k(r+4+k)—2.
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Namely, if Hy, ,,, # 0, we should have k <2.

If k=1 and Hy,, #0, both 5> and 2 are at most 1. Hence, there exists
1<s<r+1sothat fj=s+1and fo=---=Fs=1> [Bs41 =0. Similarly,
there exists 1 <t <r+1sothat y=t+land yo=--=%=1>v4 =0.
We then conclude that r +1 < s+t <r+ 2. Using Bott’s theorem, a direct
computation shows that

Hl,r+2 ~ V@(r+1)

and
Hypq = (V)97
and the natural map in the Koszul complex induces a surjective map
Hypyo— Hipga.
If k=2 and Hj,, # 0, equality holds in (9) and (10). Therefore,

1
m=my+mg =g (|6] +|v]) =2r +4,

while 2(r +4) —2r —4=4.
Therefore, we have finished the proof of (6).
A similar analysis allows us to prove (7). Indeed, we can show that

Hi,,:=H'(G,AN" (S’ @ §’%) ® Q) =0,

unlesst=1and m=0,ort=r+5andr+2<m<r+3,ort=2r+9 and
m = 2r + 5. Moreover, dim H{,O =1, and the natural map
Visraa = VO = HY o~ (V)P0

is surjective; this proves (7).
We have the following exact sequence:

0§25 @ 2y, 2@9Q)",

Since X is smooth, the map (9Q,0Q’)* induces a surjective map between
H*(Fo(X),8’S @ 8°%) =V — H*(F.(X), %k (x)) = V-
We conclude that

Since F}.(X) is Fano, we have h?>°(F,(X)) =0, and this concludes the proof
of the proposition. H

Assume now that X C P?"*3 is a very general complete intersection of
two quadrics. We saw in Example 0.4 that p(F,.(X))=1.
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3.3. The remaining cases

Some of the remaining cases are classical. For instance, in case (C.3), X
is a smooth cubic fourfold. By [BD], it is known that for X very general,
Fi(X) is a very general deformation of S1? for some polarized K3 surface
S; hence, p(F1(X)) = 1.

In the remaining cases (Q.3), (Q.4), (C.1)-(C.4), and (Qr), we have the
following.

PROPOSITION 3.4. Under the above assumptions, for each d;, the multi-
plication

Hé(n,gﬁ,r)fZ (Fl(X)7 KF1(X)) ® HO(G, Sdzz*)
— HOMAN 72 (Fy(X), 845" ® Ky (x))

18 surjective.

We omit the proof since it is again a direct application of Bott’s theorem
and Proposition 1.4. We also notice that in all the above cases, d_(n,d,r) =
2. Therefore, by Debarre and Manivel’s calculation (see [DM]),

dim H' (F.(X), Q4|F,x)) = 1.
Then by Lemma 1.1, we have completed the proof of the main theorem:.

84. The cohomology class of varieties of planes of a cubic fivefold

4.1. An intersection formula

In this section, we will always assume that Z is a general smooth hyper-
surface of degree d >3 in P(V) =P" and that the planes contained in Z
cover a divisor of Z; namely, we have 3n —4 — (d;FQ) >n — 2. The assump-
tion holds when Z is a cubic fivefold. We then automatically have n —1 > d;
hence, the lines contained in Z cover the whole variety.

We have the following correspondences:

q1 q2
Il(Z)  —— Z, IQ(Z) — 7

p1 p2

Fi\(Z) Fy(Z)
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where I1(Z) and I3(Z) are the incidence varieties. Then [;(Z) = P(3)
and I5(Z) = P(X2), where ¥; and Yo are, respectively, the tautological
subbundle on F}(Z) and F5(Z). We denote respectively by @1 and @2 the
tautological quotient bundle on Fj(Z) and Fy(Z), and we denote by H;
and Hy the respective Pliicker polarization. We have ¢f0z(1) = 0, (1) and

¢307(1) = 0p,(1), and then we set
hi=c1(0p,(1)),  ha=c1(Op(1)), l=ci(H),
co = ca(27), cy = ca(X3), ey = c3(%3).
By definition, we have the following relations:
hi = hapil — pics,
1 = h3p3l' — hapsch + pacs.
For any o € H""1(Z, Z)prim, We may write
a1) gioe = hipiar + piaz,
g5 = h3p3a + hap3al + phals,
where o € H*(F\(Z),Z) and o) € H*(F»(Z),Z). Denote
P(a) =pigia=ar € H" *(F\(2),Z),
V(o) =pagsa=a) € H" °(Fy(2),Z).
The following lemma is known (see [BD]).

LEMMA 4.1. For any o, 3 € H" Y(Z, Z)prim, we have
(®(a) - (8) - 1") f 1y =~ )z,

and co - a1 =0.

l/ =C1 (Hg);

We then consider the correspondence C(Z) = {([I1], [L]) € F2(Z)x F1(2) |

L C 11} between Fy(Z) and F5(Z):

()
PN
F>(Z) F(Z

),

https://doi.org/10.1215/00277630-1548484 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-1548484

A NOETHER-LEFSCHETZ THEOREM 61

where p and ¢ are the natural projections. Hence, C(Z) =P p,(z)(¥5), and
there is a tautological sequence of vector bundles on C(Z):

(12) 0—¢"E; —p*Ey — O,(1) — 0.

On the other hand, from the complex

0 — ¢'% P9 Op(1) ——= 0

|

0 —— q*zl - V®ﬁC(Z) - q*Ql — 0,

we see that C'(Z) is a natural subscheme of P, () (Q1):

C(2) L Pr (2 (Q1)
Fl(Z)v

and i*0r(1) = 0p(—1). Moreover, there is a natural short exact sequence
on Pr, (£ (Q1),

(13) 0 ™% H —— Ox(-1) — 0,

where *.# = p*¥,. Hence, we can describe C(Z) to be the zero locus of
a section of S¥1.¢* ® €, (1). Indeed, F defines a section of S?.#* which
vanishes on 7*S?%} and hence defines a section in

HO(Ppy2)(Q1), 8" ' © 0:(1)),

and C(Z) is just the zero locus of this section.
Let n = c1(0)(1)). Since C(Z) =P p,(z)(X3) and by (12), we have
0’ = —npl —np*ch —pc;
(14)
¢l=pl'+n,  qer=pdrngl=n"+p'l +pd,
and for a; € H"3(Fy(Z),Z) in (11), we may write
g*ar =1°p s + ptas + pas.

By a direct computation, we have the following.
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LEMMA 4.2. For any o € H" " Y(X,Z), let ay be as above. Then we have
ay =Y (a) = pauga.
We now have the main result of this section.

PROPOSITION 4.3. If Z is a general cubic fivefold, for any o, B€ H*(Z,Z),

we have
1

(a ' ﬁ)Z = @ (\Ij(a) : \I](ﬁ) ' l/)FQ(Z)'
The main ingredient of the proof is the following calculation due to Voisin
([V2]).
We first assume more generally that we are working on a hypersurface of

degree d in P™ with 3n —4 — (dJ2r2) =n-—2.

CrAM. For any a, € H" Y(Z)prim, we define oy, 81 € H"3(Fy(Z)) as
n (11). There exists a positive integer N > 0 such that

(a1 ¢ B p )z =—N(oa - B 1"y 2)-

We have already seen that C(Z) — Pp, (z)(Q1) is defined by a section of
S ® 0, (1). We just need to calculate the cohomology class q.[p*l’]
in F1(Z). By (13), this class is a polynomial of [ and ¢;. By Lemma 4.1,
coaq = 0; hence, we are only interested in the coefficient of I"~¢. We may

formally assume that X7 = Hy © Op, (7). Denote by ¢1(0z(1)) =¢e. We have
seen that i*e = —n. As ST 1. ¢* @ 0, (1) is filtered with successive quotient

Or(i) ® STixt

fori=1,...,d, we have modulo co,
ce) (s @ o.1)= [ (ie+(d-5i)
1<i<j<d
=d=t I (e +(@d- ).
1<i<j<d—1

By (14), p*l' = ¢*l — n = q*l + . Therefore,
1<i<j<d—1

and

@[] =, (d!(w*l +¢)e? H (z’a +(d— j)l)) mod ca.
1<i<j<d—1
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We define the polynomial in two variables M(z,y) =[[;<;<j<q_1(tz + (d —
(3)

NY) =>4 aia;iy(g)_i. By symmetry, we have «; = Q) and it is easy to

see that a;_1 < «; for 2¢ < (g)
On the other hand, m.e" 2% = 5;(Q1) = ¢;(X1); hence, we have m,e" 2 =
1, mee™ = =1, me™ = ¢9, and w2t =0, for i > 3. We conclude that

0:[C(Z)] = d\(op—2—q — ap_1_g)I" "L mod ¢y
and
Q*[p l ] (an 2-d — Qpn—1-d+ Qp_3-q — an—2—d)ln_d

= d(n_3-q — n_1-a)I" " mod c3.

Since we have 3n —4 — (”;2) =n—2,then (n—2—d)+(n—1-d) = (dgl),
d(ap—9-q — an—1-q) =0, and dl(ap_3-q4 — ap—1-q) := —N < 0. Hence,
¢+[C(Z)] =0 mod ¢z and

(¢ o1 - q*B1-p*l2)czy=—N(ar B 1" Mg ()
Hence, we have proved Claim 1.

Proof of Proposition 4.3. We use the notation in the above calculation.
Since

g ar =nprau+ptas, ¢ BL=np Bu+p B € H (C(Z),Z),

by Lemma 4.2, we have
(a1 q" B p )z = (s Ba- 1) pyz) = (¥() - ¥(B) - l/)FQ(Z).

By Lemma 4.1 and Claim 1, we just need to show that N = 30. In this
case, M (x,y) = (z +2y)(2x + 2y) (2z +y) = 223 + 7oy + Tzy* + 2y3. There-
fore, N =d!(ap—g-1 — apn—g—3) =37 —2) = 30. 0

4.2. Proof of Theorem 0.8

Let U C P(H°(P(V),0(3))) be the open subset of a smooth cubic five-
fold. There is the universal family of cubics pr: Z — U. We consider the
monodromy action

p:m(U,0) — Aut(H*(Z,Q),1),
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where I is the intersection form on H%(Z,Q). It is known that the Zariski
closure of the image of p is the full group Sp(H®(Z,Q),I) (see, e.g., [PS]).
For any d, we denote by Hdg?¥(J Z) := HY(JZ)N H?**(JZ,Q) the group of
Hodge classes of JZ. As a corollary of the big monodromy group, we have
the following.

LEMMA 4.4. We have Hdg*¥(JZ) = Q(O%) for all 0 <d < 21.

Proof. We consider the relative intermediate Jacobian pr: ¢ — U. Then
the Zariski closure of the monodromy action 7(U,0) — HY(JZ,Q) is again
the full symplectic group. The subspace of invariants in A2¢H'(JZ, Q), with
respect to the full symplectic group, is 1-dimensional and is spanned by

Q(e7). i

THEOREM 4.5. Let Z be a general cubic fivefold. We consider the Abel-
Jacobi map o : F5(Z) — JZ. Then the cohomology class [ (F2(Z))] =
12[019/191].

Proof. We may assume that Z is very general. By Theorem 0.3 in the
introduction, we know that p(F»(Z)) = 1. Hence, we have I’ = za*© for
some rational number z. By Lemma 4.4, we may also write [a.(F2(Z))] =
y[©19/19!] for some integer y. For any o, 3 € HY(JZ,Z) = H(Z,Z), we have

120

(a8 35 \O]) =(a-B)z
1

= 1750 (%(@) - ¥ (B) - 1) p, )
20

= igv(e 8 e,

where the first equality holds by the definition of intermediate Jacobian,
the second equality holds because of Proposition 4.3, and the last equal-
ity holds by projection formula. We have zy = 9. On the other hand, we
know from [IM, Corollary 10, Remark]| that (Z’Q)F2(X) = 2835. Hence, 22y =
2835/(21-20) = 27/4. We deduce that z =3/4 and y =12. 0

REMARK 4.6. It is not difficult to prove that for any smooth cubic fivefold
Z, the variety of plane F5(Z) is always of dimension 2. Moreover, if F5(Z)
is smooth, the Abel-Jacobi map « is generically injective. Hence, JZ has a
subvariety of dimension 2 whose cohomology class is 12[©1°/19!].
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