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Multisymplectic Reduction for Proper
Actions

Jedrzej Sniatycki

Abstract. 'We consider symmetries of the Dedonder equation arising from variational problems with
partial derivatives. Assuming a proper action of the symmetry group, we identify a set of reduced
equations on an open dense subset of the domain of definition of the fields under consideration. By
continuity, the Dedonder equation is satisfied whenever the reduced equations are satisfied.

1 Introduction

Multisymplectic formulation of a variational problem is implicit in the works of
Th. Dedonder [9], and Th. H. J. Lepage [17]. A comprehensive review of early works
can be found in [12]. It was rediscovered in the late sixties in the context of relativistic
field theories, mainly because it provides a covariant transition from the Lagrangian
formulation to the infinite-dimensional Hamiltonian formalism. A comprehensive
list of references can be found in [1], [13], [14], see also [16]. The current revival is
related to the discovery of multisymplectic integrators, see [19], [20], [2], and refer-
ences quoted there.

There are four levels of approach to second-order partial differential equations
arising from variational problems:

* variational approach in which points are evolutions of the fields under considera-
tion,

* infinite-dimensional Hamiltonian approach on the space of Cauchy data,

o multisymplectic formulation on the first jet bundle of the fields, and

e Euler-Lagrange equations.

The Euler-Lagrange equations of a variational problem are second-order differential
equations. On the other hand, in the multisymplectic approach we are dealing with
a system of equations in exterior differential forms on the first jet bundle, in which
we can forget about the target map associating to a 1-jet the value of the fields at the
same source point. For this reason, a study of symmetries of the theory which do not
preserve the target map is easier in the multisymplectic approach than on the level of
the Euler-Lagrange equations.

Reduction of symmetries of various types of dynamical systems has been stud-
ied quite extensively, see [5] and hundreds of references quoted there. In most cases
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one assumes that the symmetry group acts properly on the space on which one stud-
ies equations of motion. Hence, each of the approaches listed above can handle a
different class of symmetry groups. For example, time dependent gauge transforma-
tions can be studied in the framework of the variational approach [18]. The space
of Cauchy data approach enables one to discuss reduction of the group of time inde-
pendent gauge transformations [21], [22]. Since the group of gauge transformations
does not act properly on the first jet bundle, neither the multisymplectic formula-
tion nor the Euler-Lagrange equations approach are suitable for the discussion of
reduction of gauge symmetries, at least in terms of the commonly used techniques
which require properness of the action. Finite-dimensional symplectic reduction of
the zero level of the momentum map for an improper group action has been success-
fully treated in [23]. However, it requires techniques which we have not been able to
extend to infinite-dimensional Hamiltonian systems.

If the fields under consideration are local sections o: M — Q of a fibre bundle
w: Q — M, then the Lagrangian of the theory gives rise to an exact form €2 on the
first jet bundle P of Q such that o satisfies the Lagrange-Euler equations if and only
if its jet extension j'o satisfies the equation

(1) ('o)y'X1Q)=0

for all vector fields X tangent to the fibres of the source map a.: P — M [9].
Let 5: P — Q denote the target map. A multisymplectic theory is said to be
regular if, for every local section p: M — P of « such that

(2) PX1Q)=0

for all vector fields X tangent to the fibres of i, the section 0 = (o p of u satisfies
the Lagrange-Euler equations. We refer to equation (2) as the Dedonder equation.
Regular multisymplectic theories include the relativistic theory of scalar field, Yang-
Mills theory, and general relativity' [1].

The aim of this paper is to discuss reduction of symmetries of multisymplectic the-
ories under the assumption that the action of a finite-dimensional symmetry group G
on P is proper, and G-orbits are contained in the fibres of the source map o: P — M.
The reduction is performed in terms of a G-invariant Riemannian metric k on P,
which is used to define directions normal to G-orbits.

In the multisymplectic approach conservation laws are expressed by the vanish-
ing of the divergence of appropriate currents. Constants of motion are given by the
integrals of conserved currents over Cauchy surfaces, and are defined only in the
infinite-dimensional formulation in the space of Cauchy data. Moreover, the De-
donder equation (2) admits neither existence nor uniqueness theorem. In order to
obtain existence and uniqueness theorems one also has to proceed to the Cauchy
data space formulation. Hence, the presented multisymplectic reduction of symme-
tries does not lead to the same degree of simplification as in the case of Hamiltonian
systems.

I'The Hilbert Lagrangian of general relativity depends linearly on the second jets of the metric tensor.
This requires a modification of the definition of the form (2.
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For each p € P, there is a submanifold N of P consisting of points of the same
orbit type (see the discussion following equation (12)). The G-invariant metric k
on P enables us to decompose the tangent bundle to P along N into TN and its
k-orthogonal complement T--N. Moreover, TN can be split into the vertical compo-
nent, ver TN, tangent to G-orbits in N and its k-orthogonal complement, hor TN,
(see equation (15)). This gives rise to a splitting of the Dedonder equation into three
equations. We identify the structure of each of these equations in terms of the geome-
try of the orbit space. The first reduced equation is of the form of an inhomogeneous
Dedonder equation with the right hand side given by the interaction of the degrees
of freedom in hor TN and ver TN. The second reduced equation is an invariant
form of the conservation laws. The third reduced equation involves the structure of
links of the stratification of the orbit space. In the case when the action of the sym-
metry group is free, the third reduced equation is vacuously satisfied. We illustrate
the general theory with a simple example of a complex relativistic scalar field with a
U(1)-invariant potential.

2 Relationship to Variational Problems

We consider here the multisymplectic dynamics of fields represented by local sections
0: M — Q of a fibre bundle u: Q — M. We denote by P = J'(Q) the bundle of
1-jets of sections of y, and by a: P — M and 3: P — Q the source and the target
map, respectively. For each x € M, elements of a«~!(x) C P are equivalence classes
jlo of local sections o of i, under the equivalence relation o ~ ¢’ if and only if
the derived maps To: TM — TQ and To': TM — TQ coincide at x, that is if
Tyo = Tyo'. For each section o of m with domain U C M, we denote by jlaz U—P
the 1-jet extension of o given by j'o(x) = jlo for everyx € U.

We denote by L: P — R the Lagrangian of the theory and by ¥ a volume form on
M. There are several forms €2 on P such that a local section ¢ of 7 satisfies the Euler-
Lagrange equations for L, if and only if its first jet extension j!o satisfies equation (1)
[17]. Here we take

(3) Q) =do,
where O is a form introduced by Dedonder [9], which satisfies the condition
(4) u 1 (uy 10)=0 Vul, u; € ker Ta.

We refer to © as the Dedonder form? for L, and to 2 as the corresponding multisym-
plectic form.

In terms of local coordinates (x*, g*, pﬁ) on P, a section o: M — Q of 7 is given
by ¢* = ¢*(x) and its first jet extension j'o by ¢* = ¢*(x) and p/} = ¢’},(x), where
q‘;(x) denotes the derivative of g (x) with respect to x*. We assume that the co-
ordinates are such that locally 9 = dx! A --- A dx" = d,x, and use the notation

2This form appears in the literature also as a Poincaré-Cartan form or a Hamilton-Cartan form. How-
ever, in [3], E. Cartan attributed it to Th. Dedonder.
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dx, = % 9. IfL = L(x*, ¢*, pﬁ) is the coordinate expression for the Lagrangian,
then

oL oL
= gt A dx, + (L - p*)—) d,x.

aph " Oph

i

(5) ()

Let p: M — P be a local section of the source map a: P — M. In local coordi-
nates (x*, g%, pﬁ) itis given by ¢* = ¢*(x) and pﬁ = pﬁ (x). The Dedonder equations
(2) for p are

L OH
apﬁapﬁqﬁ‘(x) T opE
0*’L 0*L OH
(anapg - anapg) () = gb’
where H = pﬁa% -

3 Symmetries of an Abstract Dedonder Equation

We can abstract from most of the structure used in the derivation given in the pre-
ceding section. We consider a locally trivial fibration o.: P — M, with dimM = n,
and an (n + 1)-form 2 on P such that

(6) dQy =0,
and
(7) uy (uZ 1 (usz 1 Q)) =0 VYuy,u,us € ker Ta.

We refer to 2 as the multisymplectic form of the theory, and consider local sections
pof a: P — M satisfying the Dedonder equation

(8) prX1Q)=0

for all vector fields X on P tangent to the fibres of a: P — M.
Let

9) ®:GXxP—P:(g,p)—Pp)=g-p

be a proper action of a Lie group G on P which preserves 2 and induces the identity
transformation on M. In other words,

(10) @;Q:Q, and «ao @, =«

for all g € G. We denote by P = P/G the space of G orbits on P, and by 7: P — P
the orbit map. By hypothesis, for each p € P, the fibre of 7 through p is contained in
the fibre of a«: P — M through p, and there exists a smooth map ap: P — M such
that = apo .
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4 Orbit Type

The orbit space P = P/G of a proper action is a stratified space, [10], and it has
a decomposition as a union of manifolds which are called strata. We shall use this
decomposition to determine the reduced equations and the invariant form of con-
servation laws in each stratum.

For each p € P, the isotropy group of p is

(11) G, =1{g€G|gp=rp}

Since the action of G on P is proper, all isotropy groups are compact. For each com-
pact subgroup K of G, we consider the set

(12) Py = {p € P | G, is conjugate to K},

consisting of points of orbit type K. Each P, is a local submanifold of P. Moreover,
the projection 7(Pk)) C P is locally a manifold [15], [6].

Let N be a connected component of m(Px)) and N = 7~ '(N). Since m(P)) is
locally a manifold, it follows that N is a manifold, and N is a submanifold of P. Let
7x: N — N be the projection map defined by the restriction of 7 to N. Similarly,
we denote by ay: N — M the restriction of a to N and by ag: N — M the unique
map such that ay = ag o my. The action of G on P preserves N, and it induces an
action of G on N such that N is the space of G-orbits on N, and 7y is the orbit map.

Using the pull-back to N of the G-invariant metric k on P, we obtain a decompo-
sition TN = ver TN @ hor TN. The action of G on N preserves ver TN and hor TN
separately. The space of G-orbits in hor TN can be identified with TN, and the orbit
map with Ty restricted to hor TN. Let

(13) Vi = (ver TN)/G

denote the space of G-orbits in ver TN, and yy: ver TN — Vi the orbit map. The
space Vi is a vector bundle over N with projection map Jg: Vi — N such that
OgoyN = mno(rrn | ver TN). Let TLN be the k-orthogonal complement of TN
in the restriction TP of TP to N. In other words, for each p € N,

(14) TPLN ={veT,P|k(v,w) =0VYw e T,N}.
We have a direct sum decomposition
(15) TwP = TN & ver TN @ hor TN.

Suppose that p is a local section of a: P — M with domain U such that p(U) C
N. We denote by py: U — N the local section of vy defined by p. It is uniquely
defined by the condition p = py o ¢y, where 1y N — P is the inclusion map. We
denote by pg: U — N the projection of py to a section of ag: N — M. In other
words,

(16) PN = TN © PN-
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We can split Tpy into its horizontal component, hor Tpy, with values in hor TN and
the vertical component, ver Tpy, with values in ver TN, and write

(17) Tpn = hor Tpyn @ ver Tpy.

Clearly, Ty o hor Tpoy = Tpy, so that all the information provided by Ty o
hor Tpy is already encoded in py. Additional information is carried by

(18) pg\, =gyover Tpy: TU — V.

We shall study the Dedonder equation (2) for p in terms of the decompositions (15)
and (17).

The assumption that U is open, non-empty and p(U) C N implies that T,oe maps
T,w)N onto TyM and Tp(TU) C T,w)N, where T, )N denotes the restriction of
TN to p(U). Since Ty P = ker,u) Ta ® Tp(TyM) = T,u)N © Tpl(U)N it follows
that

(19) kerpwy Ta = keryy Tan @ (T/f(U)N Nker,u) Tar).
Consider the vector field X in the Dedonder equation (2). It appears in the equations
only through its values at points of p(U), and it has values in ker Taw. We can decom-

pose the restriction Xy of X to points of N into its components corresponding to the
decomposition (15) obtaining

Xy = hor Xy + ver Xy + X

This gives rise to the decomposition of the Dedonder equation into three sets of equa-

tions

(20) pr(hor Xy 1 Q) =0,
(21) pry(ver Xy 1 Q) =0,
(22) pR(Xy 4 Q) =0,

for all vector fields Xy with values in ker Ta.

5 The First Reduced Equation

For every x € U, evaluating the left- hand side of equation (20) on uy, . .., u, € T, M,
and taking into account equation (7), we obtain

P;](horXN(P) - Q)(ula R un)
= Z(—l)k[ver Tpn(uy) - (hor Xn(p) Q)] (hor Tpn(uy),...,hor TpN(un))
k=1

+ (hor Xn(p) - Q)(hor Tpn(uy), ..., hor TpN(u,,))
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where p = py(x). Hence, equation (20) at p = p(x) is equivalent to
(23)

Z(—l)k [Ver Ton (ug) (horXN(p) J Q) ] (hor Ton(uy), ..., hor TpN(un))
k=1
+ (horXN(p) N Q) (hor Ton (1), ..., hor TpN(un)) =0

for all vectors hor Xy(p) € ker Tay N hor T,N. Let hor Qy denote the horizontal
part of the pull-back of €2 to N. In other words,

hor Qn(wy, ..., wy1) = Q(hor wy, ..., horw,,)

for every wi,...,wpy1 € TpN, and p € N. Itis a G-invariant (n + 1)-form on N,
annihilated by vectors in ver TN = ker Ty. Hence, it pushes forward to a unique
(n+ 1)-form Qg on N such that

(24) hor Qy = 730y
Moreover,
(25) (horXN(p) N Q) (hor Tp(uy),...,hor Tp(u,,))

= (TWN(hOI‘XN(P)) - QN) (TPN(ul), cee TPN(Mn)) .

In order to interpret the second term on the left hand side of equation (23) we intro-
duce an n-form =y on N with values in (ver TN)* defined as follows. For p € N,
wi,...,w, € T,N,and v € ver T,P,

(26) Exwi, ..., wy)(v) = Q(v,horwy, ..., horw,).
Since 2 is G-invariant, it follows that
E( T®,(w1),..., Tq)g(w,,)) (T<I>g(v)) =Zwy, ..., w,))

for every ¢ € G. Hence, =y is G-equivariant. Moreover, as an #-form on N, Ey is
annihilated by vectors in ver TN. Therefore, =y induces an n-form =g on the orbit
space N = 7(N) with values in V5, such that

(27) En(wi, ..., wn)(v) = Eg(Tan(wr), ..., Trn(wa)) (i) -

We can now rewrite the first term in equation (23) in the form

Z(—l)k [Ver Tpn(uy) - (hor Xn(p) Q)] (hor Topn(uy), ..., hor TpN(un))
k=1

= > (D[ p((Tr(hor Xn(p)) 4 Ex)unr, ., 1, e -« ) (P (1)),
k=1
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In order to simplify the form of the result, for every vector field X on N, we intro-
duce the notation

28)  (pi A pi(Xy 2 Ex)) (..., )

- — Z(_l)k[f);{(xﬁ J EN)(ulv ey Uk—1, Ukgly o ey un)(Pjv(”k))] .
k=1

Taking into account equations (23) and (25), we can rewrite equation (20) in the
form

(29) Pk (X 4 Q) + ok A pi(Xy 2 Ex) = 0

for all vector fields Xz on N tangent to the fibres of ag: N — M.

6 The Second Reduced Equation

For each £ in the Lie algebra g of G, we denote by X, the fundamental vector field on P
generating the action of the 1-parameter subgroup exp t£ of G. Since G is a symmetry
group, the Lie derivative £, (2 of {2 with respect to X, vanishes. Moreover, d{) = 0
implies that X¢ _I 2 is closed. Suppose that X, _I €2 is exact. In other words, assume
that there exists an #n-form W¢ on P such that

Xe Q= d\Ifg
If p is a local section of a:: P — M satisfying the Dedonder equation (8), then
(30) dp* Ve = 0.

Equation (30) is a multisymplectic version of the conservation law corresponding to
the 1-parameter group of symmetries exp t€.

Since the vertical distribution, ver TN, is spanned by the fundamental vector fields
Xe, for £ € g, the equation (21) is equivalent to the totality of conservation laws.
However, equation (30) requires an additional assumption that X,_1€2 is exact. More-
over, the fundamental vector fields X¢ need not be G-invariant. Hence, the conser-
vation laws (30) do not lead directly to an equation in the orbit space. In order to
exhibit the invariant content of equation (21), we introduce an (n — 1)-form ¥y on
N with values in A*(ver TN)* defined as follows. For every p € N, v1,v; € ver T,N
and wy,...,w,_1 € TN,

(31) EN(le ceey anl)(vla VZ) = Q(VlaVZa Wi, ... ,Wn71)~
G-invariance of €) implies that

EN(Tq)g(Wl)a LR Tq)g(wnfl)) (Tq)g(vl); T(I)g(VZ)) = E(le cee ,anl)(vla VZ)
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for every g € G. Moreover, the condition (7) implies that, as an (n — 1) form on N,
3N is annihilated by vectors in ver TN. Hence, it gives rise to a unique (n — 1)-form
Yy on N with values in A2V}, such that,
(32)

SNWi, - wam) (v, v2) = Sy (Tan(w), .. Tan(wa—1)) (i), (n)) -

For x € U, let p = py(x). The left hand side of equation (21) evaluated on
uy,...,u, € T,M reads

p;i,(verXN(p) _ Q) (U1, ... uy,)
= prZx(ur, ... 1) (v (ver Xn(p)) )
- Z(—l)kp},EN(ul, e s s - ) (I (ver Xn(p)), ply (k) -
k=1

Introducing the notation

(33) (N A PEER) - uy)()
== (D R SRttt (v PR ()
k=1

we can rewrite equation (21) in the form
(34) PREx + ok A Py Sy = 0.

Equation (34) is equivalent to the conservation law (30).

7 The Third Reduced Equation

In this subsection we are going to discuss equation (22). The bundle TN over N is
G-invariant. We denote the space of G-orbits in T-N by T°N. It is a cone bundle over
N which encodes the information about links of the stratification structure of P [8].
Let ky: TN — T°N denote the orbit map, and (T°N)* the space of homogeneous
functions on TN of degree 1.

We introduce an n-form I'y on N with values in (T N)* defined as follows. For
everyp € N,u € TPLN, and wy,...,w, € T,N,

(35) In(wy, ..., wy)(u) = Q(u, horwy, ..., hor wy,).
The G-invariance of €2 implies that, for every ¢ € G,

I‘N( T®,(wy),..., T<I>g(wn)) (T<I>g(u)) =Tnwi, ..., w,)(1).

Moreover, I'y is annihilated by vectors in ver TN. In other words, 'y (wy, ..., w,) =
0 if one of the vectors wy, . . ., w, is in ver TN. The form I'y induces a unique #n-form
on N with values in (T°N)* such that

(36) Cn(wi, ..o own)(u) = Ty (Trn(wr), ..., Trn(wa)) (kn(w)) .
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Next, we introduce an (n — 1)-form Ay on N with values in the space of linear
maps from ver TN to (T-N)* defined as follows. For every p € N, u € TPLN,
veverT,Nandwy,...,w,_1 € T,N,

(37) Anwi, oo, wam ) (W) = Qu, vy wr, o, Waet).
The G-invariance of {2 implies that, for every g € G,
AN(T®g(w1), ..., TOg(wy—1)) (TO(v)) (TPg(1)) = An(wi, ..., Wae1)(¥)(w).

Moreover, Ay is annihilated by vectors in ver TN. Hence, Ay induces an (n — 1)-
form Ay on N with values in the space of functions from Vg to T°N such that
(38)

An(wi, oo wun )0 (W) = Ag (Tay(w), ..., Trn(wa—1)) (W) (v () -

Forx € U, p = p(x), we evaluate the left hand side of equation (22) on uy, ..., u,
€ T.M, taking into account equations (7), (35), (36), (37) and (38), and obtain

o (Xx (p) 2 Q) (ur, ..., uy)
= (X% (p) 2 Q) (hor Tox(wr), ..., hor Tpy(uy))
+ ) (=D 5 [ver Ton(u) 3 (X (p) 4 Q)] (s, ooty g, - 1),
k=1
Hence, using equations (35), (36), (37) and (38), we get
=Ty (Tpx(u), ..., Tpx(u)) (kn(Xx(p)))
3 (D R Ax ey ks ) (03 (0) (R (X5 (p)) ) -
k=1
Hence, equation (22) is equivalent to
(39) pxTx + Pk A Py =0,

where pﬁ\, A p5Ag is defined as in equation (33).

8 Reconstruction

The reduced equations (29), (34) and (39) are conditions on maps px: U — N and
puN: TU — Vyg such that ¥y o pi\, = px ° Tm, Where U is an open subset of M and
Tm: TM — M is the tangent bundle projection.

Suppose we have pg: U — N and pi,: TU — Vy satistying equations (29), (34)
and (39). The aim of reconstruction is to find a section py: U — N satisfying the
Dedonder equation (2) such that

(40) py =Tno pn and pg\, =y o ver Tpy,
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see equation (18). It is clear from the derivation of the reduced equations that if py
satisfies equations (40), then it satisfies the Dedonder equation (2). Thus, it suffices
to find py satisfying equations (40).

Equation py = 7y o py implies that py is a lift of py to a section of ay: N — M.
Lifts of sections are determined up to gauge transformations on N. In other words, if
pn: U — Nisanylift of pg, then py = ¢ o pj, for some diffeomorphism ¢y : N —
N which commutes with the action of G on N and satisfies 7y o ¢y = 7y. Thus, we
may choose any lift p{; of py, and need to determine the diffeomorphism ¢y so that

(41) P = W o ver T(dn o pl)-

Our results can be summarized in the following:

Theorem A local section py of an: N — M satisfies the Dedonder equation (2) if and

only if pn = ¢n o pi where py = TN © pjy and pi\, = qn o ver T(¢pn o py) satisfy the
reduced equations (29), (34) and (39).

9 A generic case

The orbit space P is stratified by connected components of local manifolds 7(P)),
where K runs over compact subgroups of G and Pk, is the local submanifold of
P given by equation (12). Hence, P is stratified by connected components of local
manifolds P(k). In the above discussion we have assumed that p is a local section of
a: P — M with range contained in a single stratum. In general, this is not the case,
and we may consider the partition of the domain of p given by sets Sy = p~ ' (Px)),
as K varies over compact subroups of G. By the properties of stratification, [15],
see also [6], the union of connected components of sets Sx) which are open in M is
dense in the domain of p.

Since p is smooth, it follows that it satisfies the Dedonder equation (2) if and
only if it satisfies the Dedonder equation on an open dense subset of its domain. In
particular, p satisfies the Dedonder equation if its restriction to each open connected
component U of Sk satisfies the Dedonder equation. Since U is connected and p
is continuous, p(U) is contained in a connected component N of Pk). We denote
by py: U — N the section obtained from p by restrictiong its domain to U and
co-domain to N. It follows from the discussion in the preceding sections that py
satisfies the Dedonder equation if and only py = 7y o p and p?v = qno verTpy
satisfy equations (29), (34) and (39).

We can summarize our result in the following

Singular Reduction Theorem The domain of a smooth local section p of ov: P — M is
contained in the closure of the union of open sets U C M such that p(U) is contained in
a connected component N of P(xy. The section p satisfies the Dedonder equation if and
only if py = TN pn and pg\, = o verTpy satisfy equations (29), (34) and (39),
where pn: U — N denote the section obtained from p by restrictiong its domain to U
and co-domain to N.
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10 Regular Reduction

Reduction for a free and proper action of G on P is usually referred to as a regular
reduction. In the case of a free and proper action, P has the structure of a (left) princi-
pal fibre bundle over P with structure group G and the projection map 7. Therefore,
there is only one isotropy group, namely the trivial subgroup {e} of G consisting of
the identity element in G. Hence, P = P,y = P({}). Moreover, if P is connected,
then N = Pand N = P.

The space of G-orbits in ver TP is naturally isomorphic to the adjoint bundle P[g].
We use the notation y: ver TP — P[g] and ¥: P[g] — P for the orbit map and the
vector bundle projection, respectively. As before, to each local section pof a: P — M
with domain U we associate pp = wo p: U — Pand p* = ~o ver Tp: TU — P[g].

Since N = P, we can write Qg = Qp, Ey = Zp and Xy = Xp. Moreover,
T+P = 0 implies that the left hand side of equation (39) vanishes identically. There-
fore, we obtain:

Regular Reduction Theorem For a free and proper action of G on P, a smooth local
section p of a: P — M satisfies the Dedonder equation if and only if p = wo p and
pt = 7o ver Tp satisfy the reduced equations

pZp+ 0 A ppSp =0,

and
pp(Xp 1 Qp) + pF A pj(Xp I Ep) = 0,

for all vector fields Xp on P tangent to the fibres of ap: P — M.

11 An Example

We consider here a relativistic complex scalar field ¢ with a potential V which de-
pends on |p|*> = ¢@. In the terminology of Section 2, M = R* and Q =
M x C with u: Q — M given by the projection to the first factor. Let (¢*’) =
diag(1,—1,—1,—1), where A\,v = 0,.. ., 3, be the Minkowski metric tensor on M.
The Lagrangian form on P = R* x C x (C ® R*) is given by

(42) L= (505~ V) dix,

where z € C, p, € C® R*, and the Greek indices are raised in terms of g/, i.e.,
pt = g"'p,, and we use convention of summation over the repeated indices. The
corresponding Dedonder form is

(43) o- %( phdz+ pidz) A dx, — (% P +V(e2)) di
Hence,

1 1 1
(44) Q = S(dp" N dz-+dp” A d2) A dx, - ( S dp,+ 5 dp, + dV(zz)) A dyx.
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The Dedonder equation (2) for a section p given by z = z(x) and p, = p,(x)

yields
(45) z,(x) = pulx), Zz,(x) = p.(x),
1 ov 1 ov
1% — _ 2 R — _ 2
(46) 28 Py oz’ 25 Py oz’

Equation (45) ensures that p is the first jet extension of its projection 0 = (o p.
Hence, the Dedonder equations (45) and (46) are equivalent to the Euler-Lagrange
equations for the Lagrangian (42), given by

1 v o1 oV
— ot = —— —gt’z = ——
28 BT Tz 28 AT Ty,

Introducing real variables r, ¢, and complex variables s, such that z = re'' and
pu = rsue’, we get

dz = ire"dt + ¢'dr, dp, = irs,edt + €'s,dr + ¢"rds,,.
o 1] “ It

Hence,

W)
(47)  © = 2" = )t A+ 35"+ 5)dr Ay, — (%rzs”s',, +V (7)) dix

and
ir? .
(48) Q= 7d(s‘“’ — ") Adt Ndxy, +ir(3 —s")dr Adt A dx,
r at U 1 2z 2
+ Ed(Sl +s)dr A dx, — d( Er Y5, + V(r )) dyx.

The Lagrangian (42) is relativistically invariant. However, the action of the
Poincaré group does not satisfy the assumptions made here. On the other hand,
the theory is also invariant under the action
(49) $: U(1) x P— P: (e’p, (", z,pp)) — (x",eiez, ewpu).

In the following we describe the reduction of U (1) symmetry corresponding to the
action (49) as a simple example of the general theory developed here.

The group U(1) is compact. Hence the action @ is proper, but it is not free. There

are two isotropy groups: the whole group U (1), and the trivial subgroup {1} consist-
ing of the identity in G. We have two connected components to consider:

Nuay = Puqy = Pway = {(«",z,p,) €P|z2=0, p, =0},

consisting of points in P fixed by the action of U(1), and its complement

Ny = Ppy =Py = {(x",2,pu) € P| 22+ popo + pipi # 0},
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on which U(1) acts freely.

We consider first Ny(p). It is the image of the zero section of a: P — M. Hence,
any, : Nuay — M is injective, and ker Tay,,, = 0. Hence, the left hand sides of
equations (20) and (21) are identically zero. On the other hand, a section py,,, of
any,,, has values in Ny(1) = Py(1), which implies that Ty, (1) is U(1)-invariant.
Hence, for every x € M, uy,...,u, € TeM, % € U(1),and v € TPLN, where
P = PNy, (%), U(1)-invariance of §2 implies that

p;tfum ( T®,0(v) Q) (U, ... tty)
= (T®u(v) 1 Q) (Tong, (1), - - -, Tpnyy, (1))

= (T®(v) 1 Q) (T®u(Tpny, (1)), - .-, TP (Tpny,, (un))
=W 5N (u, ... uy) = (I Dy, ..., u,)

= p,’i;m (v D (uy, ..., uy).

Hence,
pl*\,u(l)(Tq)e,'e(v) _ Q) = plf,u(l)(vJ Q)

for every v € TJ-NU(I) and every ¢ € U(1). However, the bundle TNy consists
of vectors in Ty, N with vanishing average over U(1) [8]. Hence, integrating over
U(1) we get

N 1 2 .
s 20 = 5= [ i, (T2 19) a9

1 . 2T
= P ( (/1 (TPeo(v)) d6) Q) —o0.

Thus, the left hand side of equation (22) vanishes identically.

It follows from the discussion above that every local section of auy,,, satisfies the
Dedonder equation. Since sections of ay,,, are zero sections, we conclude that ev-
ery zero section satisfies the Dedonder equation. This result is evident from equa-
tions (45) and (46).

We consider now a section PN{y of any,, : Ngey — M. Since the action of U(1)
on Ny, is free, we are dealing with regular reduction. Observe first that N,y is open
in P. Hence, TLN{E} = 0, which implies that the left hand side of equation (22)
vanishes identically.

In order to continue our discussion, we need to introduce a U (1)-invariant Rie-
mannian metric k on P. We choose

(50) k=dx" @ dx’ + dx' @ dx' + dz @ dz + dp, @ dpo + dp; ® dp;,

where we have adopted the convention of summation over the repeated index i =
1,2, 3. The restriction of k to Ny, described in terms of the coordinates (x*, ¢, 1,5s,),
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is
(51) k=dx" @ dx’ +dx’ @ dx' +r*(1+ 55 + :5)dt @ dt
+ (1 + 5980 + 5;5;)dr @ dr + r*(dsy @ dsy + ds; ® ds;)
+rdr @ (sodSo + Sodso + s;ds; + $idsi).

The orbit space N{e} is parametrized by the variables (x*,1,s,,5,). The vertical
distribution, ver TNy}, is spanned by the vector field X = z% on Ny, . Hence,

ver TN, is 1-dimensional, and equation (31) yields EN{e} = 0, which implies

(52) EN{E} =0.
Similarly, equation (26), (27) and (48) yield
ir?
(53) EN{C} = —Td(s"‘ — ") ANdx, —ir(s" — s")dr A dx,.

We denote by T the unique 1-form on P such that (Y|w) = k(i2,w) forall w €
TNy} Taking into account equation (51) we get

T = —ir}(1 + soo + s;5;)dt.
Since <T|1%> = (1 + sp3p + 5;5;), equation (48) yields

1 .0
(54) hOI‘QN{e} =0- mT AN (la _ Q)

r = " 1 V<
= Ed(s‘ +s) Ndr A dx, — d( Erzs S, + V(rz)) dyx.

Taking into account equation (24) we get

1
(55) gy, = A+ Adr Ads, —d( 3755, + V() ) dux.

The vector field z% on Ny, generates the action of U(1), and it induces a triv-
ialization of the bundle Vi, - Each v € ver TNy, is of the form v = s(i%),
for some s € R, and ., (v) = (WN{E}(])),S). The section py,,, under con-
sideration is given by x* — (x*‘, r(x), t(x), s,(x), s’,,,(x)) . It gives rise to a section
PRy xH (x“, r(x), su(x), s'#(x)) ofaN{E}. In the reduced equations (29) and (34)
px and pf\, are independent variables. Hence, we can write pi,m = y,dx", where y,

are unknowns to be determined. Taking into account equations (53) and (55), we get
from equation (29) the following equations:

;
(56) —E(st + 5{;’1) — (er”s'ﬂ + V'(rz)) —iry (¥ —s") =0,

r ,.ir?
(57) Er_ﬂ+r s#+7y# =0.

https://doi.org/10.4153/CJM-2004-029-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-029-8

Multisymplectic Reduction for Proper Actions 653

Similarly, taking into account equations (52) and (53), we obtain from equation (34)
(58) g"’”(rz(s'y,u —sy) +2r(5, — s,,)r’u) =0.

Equation (39) does not introduce any additional conditions because its left hand side
vanishes identically.

If we have r(x), s,(x) and y,(x) satisfying equations (56), (57) and (58), we can
reconstruct the section p as follows. Assume that p is given by z = r(x)e®), and
pu(x) = r(x)s,(x)e"™, where the phase factor #(x) is to be determined. Then,

(2) = 2wr 2,0, Lvs, O
P\ox) = awr " or T oe T 0s, T 9,
and 5 5

k<1§7 Tp(w) ) - iTZ(l + 5050 + Sis-i)t,/m
which implies that

ver Tp( %) = t#t%.

Hence, p* = t,dx", which yields the reconstruction equation ¢, = y,,. Integrating
this equation we get t(x) up to a constant. In other words, we get the section p up to
the action of U(1).
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