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HOMOGENEOUS POISSON STRUCTURES

F. MALEK AND A. SHAFEI DEH ABAD

In this paper we provide an algebraic definition for the Schouten product and
give a decomposition for homogeneous Poisson structures in any n-dimensional
vector space. A large class of n-homogeneous Poisson structures in R* is also
characterised.

0. INTRODUCTION

Poisson structures are among those mathematical structures which are most useful
in mathematical physics. In many areas of physics and mechanics we encounter this
type of structure in diverse forms. Even though there is much known about Poisson
structures, there are still many unsolved important problems. One of these problems
is that of classification, and another is the construction of Poisson structures. On
manifolds, a Poisson structure is defined by a skew-symmetric contravariant 2-tensor
whose Schouten product with itself is zero. Partial derivatives are involved in the
expression for the Schouten product of two skew-symmetric contravariant tensors on
manifolds. But for a large class of skew-symmetric contravariant tensors on R™ —
those having polynomial coefficients in the standard basis — the Schouten product can
be defined algebraically.

The algebraic definition of homogeneous Poisson structures of lower order —
namely constant, linear and quadratic — on vector spaces is already known. Constant
Poisson structures are in fact skew-symmetric bilinear forms; linear Poisson structures
on a vector space E are in one-to-one correspondence with Lie algebra structures on E*,
and each quadratic Poisson structure on the vector space E corresponds to a solution
of the classical Yang-Baxter equation on End (E*), and vice versa [1].

In this paper, we first give an algebraic definition of general Poisson structures
with polynomial coeflicients on vector spaces, and then we give some results concerning
homogeneous Poisson structures, and generalise to all homogeneous Poisson structures
the decomposition of quadratic Poisson structures which has been given by Zhang-Ju
Lie [4]. We also construct a large class of homogeneous Poisson structures on R™.
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2. ALGEBRAIC APPROACH TO POLYNOMIAL POISSON STRUCTURES
In the following, H denotes an n-dimensional real vector space, {e;}; is a basis

for H, {z;}, its corresponding coordinate functions.

Poisson structures whose bracket relations in terms of coordinates are polynomials
are called polynomial Poisson structures. In the following (the R-algebra) of anti-
symmetric contravariant tensors with polynomial coefficients on H are called polyno-
mial tensors (and will be denoted by Q(H)).

Let VP(H*) and AY(H) denote respectively the p-times symmetric tensor product
of H* and the g-times exterior product of H, and let

V(H*) @ A(H) = ©p, VP (") @ N(H).
For a @ ve VP(H*)®@ A (H) and f®w € V' (H*) @ A°(H), define
(@®v) - (BRw)=aVBO®vAwE VP (H*)® ATT7(H).

Under the above multiplication, V(H*)® A(H) becomes an associative R-algebra.
Let a®v=a'V---Va®®vi A---Avy € V*(H*)® A™(H). The linear operator

D:Vv(H*")@NH) - V(H*) @ N(H)

is defined as follows:

n,m

o~

D(a®v) = (—1)j+1vj(ai)a1V~~-Vo’z\"V~--Va"®v1/\~--/\v,-/\-~-/\'vm.
1

i,j=

We say that A =) a; @ vj is exact if and only if D(A4) =0.
There are some equivalent definitions of the Schouten product (see: {2, 3]}). The
definition of the Schouten product which follows is an algebraic one equivalent to the

others on Q(H).

DEFINITION 1.1: The Schouten product
[ 1:V(H*)@A(H) x V(H") @ N(H) — V(H") @ A(H)
is an R-bilinear mapping defined by:
[U V]=D(U-V)-DU)-V - (-1)U.D(V),

where U € V(H*) @ A*(H) and V € V(H*) @ A(H).
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Now we are going to give a one-to-one correspondence between the polynomial
Poisson structures on H and some special structures on V(H*) @ A(H).

Let G = Y S zhzi...zine; Aej, A--- Aej, € Q(H). The R-algebra
111 Sain J1,0 0 dm

homomorphism s : Q(H) — V(H*) @ A(H) is defined by
= Y > m Ve, VoVz, Qe Aej - Aej,,.
i1, yin J1yim
It is clear that s is an isomorphism. Its inverse will be denoted by A.
LEMMA 1.1. Let G € Q(H), then 50V = Dos, where V is the Koszul operator.

Let p be an orientable n-manifold with a volume element ). The element
induces an isomorphism ® from the space of all s-multiple vector fields, X*(p), to the
space of (n —i)-forms. Let D denote the exterior derivative of differential forms. The
Koszul operator V is defined by V = (—1)"+1<I>_1 oD o ®, the pull-back of D under
the isomorphism ®. Now the definition of the Schouten product of u € X*(p) and
v € X’(p) is given by

[u v] = V(uAv)— V(u)Av —(=1)'u A V(»).
PROOF: Let

G= Zr 7”‘1:‘1:1: c-zimes ANejy A-o-Aej, € Q(H),

then
V(G)zzr,’f;.’;‘,-ffzs*'( 1) iz .5 ate; Aej, A AT A A,
s
SO
s Jm
soV(G) = z T’Z "'H it g "'23"""1:1."6]‘1/\ej,/\"'/\e/J:/\"'/\ejm
iy, “yin h—]k,
= Do s(G). 0

LEMMA 1.2. Let G € Q(H). Then
s[G G =[s(G) s(G))-
PROOF:
3[G G]=3(V(GAG)-2V(G)AG)
=3(V(GAG)) —23(V(G)AG)
= D(s(G) - 5(G)) — 2D(5(G)) - 5(G)
= [s(G) s(G)). 0
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THEOREM 1.1. Let P € V(H*)® A*(H). Then A(P) is a polynomial Poisson
structure on H if and only if [P P]=0.

PROOF: Let [P P] =0, then
s[A(P) A(P) = [s(A(P)) s(A(P))] =[P P]=0,

and therefore

[A(P) A(P)] =0.

Conversely, suppose that A(P) is a polynomial Poisson structure on H; then
[A(P) A(P)] = 0. Therefore

s(A(P) A(PY) =[P P]=0. 0

REMARK. In (1] Bhaskara and Rama give a correspondence between quadratic Poisson
structures on the vector space H* and solutions of the classical Yang-Baxter equation

on the Lie algebra End (H) as follows: Let {T;;}?._; be the standard basis of End (H).

1,j=1

n
Assume that " rfleij A Ty is a solution of the classical Yang-Baxter equation on
i,5,k,1=1
~ —~ n — —~
End(H). If Tyj = z;8/0z:, then R = Y, rHTij A Tu is a quadratic Poisson
1,7,k,i=1
structure. For more details see [1].
Since R; = Ti3 A T34 and Ry = T14 A Ts2 give rise to the same quadratic Poisson
structure R = Ty13AT3y = T14AT33, it is clear that this correspondence is not one-to-one.
But the correspondence given in Theorem 1.1 is a one-to-one correspondence.

In what follows we shall use Theorem 1.1 implicity.

2. HOMOGENEOUS POISSON STRUCTURES

It is known that there exists a decomposition for any quadratic Poisson structure
on a finite dimensional space [4]. Our next goal is to find out such a decomposition for
all homogeneous Poisson structures.

LEMMA 2.1. Let # = Y fi,..i,0/0zi A 8/Ozi, A--- A 3/Oz;, be an n-

i1,k
homogeneous contravariant k-tensor on the vector space H and I = Y z;0/0z; be its

identity vector field. Then [I =] = (n —k)r.

PROOF: We can write:

I =] = [Z 2;0/8z; Y. fiyiy0/8ziy AO/Ozs, A---Aa/az,-k]
j i1y ik

1
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= Y (D(zifa-4,8/02; NO[Oziy A--- 7 O[0z3,)
kX SWRLLIN 9

— D(2;8/82;) A fiy e i, 8/8zi A -+ A BBy,
+(2;0/925) A D(fs5,8/24, A--- A 8/0z:,))

= " 2;8fii-i, /028 Bziy, A--- N D[Bzs,
— fiy iy 02/ 824, 8/ 025 N 8/Bziy A -+ A B]Bzs,
+ fiy i, 0%/ 02;,0/0z; A O/Oz;; NO[Ozi3 A--- N O[Oz;, + - -
+(=1)* i, .., Oz;/ 02, 8/ O2; A 8 Bziy N--- NB/Bzi,_,,

which by the homogeneity of f;,;,...., is equal to nw — k. 1]

THEOREM 2.1. Any n-homogeneous Poisson structure on R* has a unique de-
composition m = mx + I A X, such that

[rx 7x]=-2(n—-2)r AKX,

where wx is an exact 2-tensor, I denotes the identity vector field and X is an exact
homogeneous vector field compatible with mx , in the sense that Lxmx = 0.

ProoOF: By the above lemma

(n—2)yr=[I wl=D({IAx)—D(I)Am+1IAD(r)
= D(IAT)—kr+ IAD(r),

sonr =1/(n+k—-2)DIAx)+IAD(x). Let nx = 1/(n+k—2)D(I Aw) and
X=1/(n+k—-2)D(n). Then mx =7w+ X A, and so

[rx 7x]=[r+XAI m7+XAI
=[r w+2[r XAI+[XAI XAI]
=2[r XAIl=2(r X|ANI—-[r I|AX),

and since (v X| = [r D(w)] =0, then (rx mx]=-2[r I|AX =-2(n—-2)rAX.
On the other hand,

[7x X]=[r+XAI X]=[r X]+[XAI X]
=[XAI X]=(I X]IANX-[X X]AID)
=[I X[ANX=(n-1)XAX =0.

This shows that 7x and X are compatible with each other.

https://doi.org/10.1017/50004972700017664 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700017664

208 F. Malek and A. Shafei Deh Abad (6]

To prove that the above decomposition is unique, suppose that 7w has another

decomposition
m=ny —YAI
then
my —YAI=nwx —-XNAI,
50

my —wx =(Y - X)AL
The left-hand side of the above equality is an exact tensor but the following lemma shows
that the right-hand side is not exact unless (Y — X) A I = 0. Therefore my = mx . 0
LEMMA 2.2. Let Y be an n-homogeneous vector field on R*¥. Then Y A T is

equal to zero or it is not an exact tensor.

PRroOF: Let Y A I be an exact tensor. Then

(n—1)Y =[I Y]=DUIAY)=D(I)AY +IAD(Y)
=D(INY)—kY + IAD(Y),

80
(n+k-1)YY =DIAY)+IAND(Y)=IAD(Y),
giving
Y =1/(n+k—1)IAD(Y),
consequently

YAI=1/(n+k-1)IADY)ATI=0. 0
From the above theorem we obtain that:

COROLLARY 2.1. Any n-homogeneous Poisson structure 7 on R* has a de-
compositition 1 =mx — X AI. If n =2 or k=3, mx is an exact Poisson structure.

PROOF: By the last theorem
[rx mx]=-2n-2)rAX,
thusif n =2, [rx mx]=0. Let £ =3. Then
[r 7]=D(xAm)—2D(n)Am=0.

On the other hand 7 A 7 is a 4-tensor in R® and so # Aw = 0. Therefore D(m)A 7 =
XAm=0.

The next theorem gives us a large class of n-homogeneous Poisson structures in
R*. First note the following evident proposition:
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PROPOSITION 2.1. Let X bean exact homogeneous vector field. Assume that
there exists an exact linear vector field Y such that LxY = 0. Then X AY = nx
is an exact homogeneous Poisson structure and wx + X A I is a homogeneous Poisson

structure.

THEOREM 2.2. Let X be a homogeneous vector field in R*. Then X AT is a

homogeneous Poisson structure in R*.

ProoOF: It is evident that X AT = D(X AI)A I, so in the above proposition it
suffices to put ¥ = 0. 0

COROLLARY 2.2. For every two n-homogeneous vector fields X and Y the
Poisson structures X AI and Y A I are compatible with each other.

ProOOF: Observe that
XAI+YANI=(X+Y)AIT,
clearly X +Y is an n-homogeneous vector field, and by the last theorem (X + Y)A T
is a Poisson structure. 1

The following proposition shows that the class of all n-homogeneous Poisson struc-
tures of the form X A I, X € XP(R’“) , is maximal. Let X, (Rk) denote the set of
polynomial vector fields on R* homogeneous of degree p.

ProPOSITION 2.2. If an n-homogeneous Poisson structure m is compatible
with X AT for all X in X,(R¥), then there exists Y in X,(R¥) such that 7 =Y AI.

PROOF: Let m be an n-homogeneous Poisson structure on R* which is compatible
with each X AT, X € X, (]Rk). Then there exists a unique exact 2-tensor 7y and a
homogeneous vector field ¥ such that

r=ny +Y AL
Let X bein X,(R*). Then
O=[r XAIl=[ry +YAI XAIl=[ry X AI]
=[ny X]AI—XA[ry Il=[ry X]AI—(n-2)X Amy,

50
[7y X]AI=(n~2)X Ay,
or
[ry XIAIAI=(n—-2)XAny AI=0.
Since X is an arbitrary element of X,(R*), then wy AT =0. On the other hand
(n—2)wy = [y I|=D(ny AI) - D(xy)AI — 7wy AD(I) = —kmy.
This shows that my = 0. Therefore 1 =Y A I, since —k # n — 2. 0
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