WEAKLY COMPACT SETS IN ORLICZ SPACES

TSUYOSHI ANDO

1. Introduction. The purpose of this paper is to characterize weak com-
pactness in Orlicz spaces. Though an Orlicz space is a Banach space, it will
be viewed from the standpoint of the theory of Kothe spaces. Considering
that a norm-bounded subset is not weakly compact in general, we shall give
some criteria for weak compactness in terms of the functional defining an
Orlicz space. Because weak compactness is closely connected with the con-
tinuity of the semi-norms on the conjugate space, at the same time some
properties of continuous semi-norms on Orlicz spaces will be brought to light.

The first characterization (Theorem 1) is concerned with degree of smooth-
ness of the functional at the origin. In Theorem 2 a connection between weak
compactness and boundedness (by another functional) is obtained. In Theorem
3 the result in Theorem 2 is stated as a proposition about continuous semi-
norms.

2. Preliminaries. When M (£) is a real-valued convex function such that
M@O) =0, M) = M(— ¢ and M(§)/§ — o as § — o, it is called an N-
function. On account of convexity, it admits the non-decreasing right-hand
derivative p(¢), and the function

1§l
N© = | gty

(where ¢(n) is the right-inverse of p(£)) is also an N-function. M (¢) and N (§)
are called mutually complementary to each other. By Young's inequality (see
(3, §2; 4, 1I-1))

(1) [£m] < M) + N(n).

Let G be an abstract set and u be a fixed (non-negative) countably additive
measure on the g-algebra B of subsets of G. We assume 0 < u(G) < . For
an N-function M (¢) we shall consider an (extended) real valued functional
M (f) defined, on the class of all measurable functions f(¢) on G, by

M) = [ a0

(where fdu denotes the integral on G). The functional M(f) is called the
modular defined by the N-function M (), in accordance to the terminology
of Nakano (5).
The Orlicz space L,*, defined by an N-function M (£), is the class of all
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measurable functions f(¢) such that M(af) < « for some @ = a(f) > 0. Ly*
is a linear space with the usual addition and scalar multiplication. Moreover,
it is a Banach space with the norm (see (3, § 9; 4, 11-2))

@) IfI]ae = inf(1/[¢]) where M(¢f) < 1.

Our starting point is in the fact that L,* is exactly the class of all measur-
able functions f(f) such that

J o - etlan < -

for all g(¢) € Ly* (where N (%) is complementary to M(£)) (see (3, §9; 4,
I1-2)); in other words it is a Kdthe space with the adjoint Ly* in the sense
of Dieudonné (2). The norm is known (see (3, §9; 4, I1-2; 5, § 40))

) 511 < sup [ 170 g0 1dn < 2 111

where N(g) < 1.

In this paper, the weak topology in question is not that as a Banach space,
but that defined by Ly*, that is, o(L,*, Ly*). This is also the standpoint
of Nakano (5). When B is atomless, the Banach weak topology and o (L,*,
Ly*) coincide with each other if and only if M (¢) satisfies the following con-
dition (A,): lim supe,, M (28)/M(§) < = (see (3, § 10; 4, I1-2)). General norm-
bounded linear functionals are not manageable, as is seen in (1). Even if a
subset 4 of L,™* is bounded by the modular M (f), it is not necessarily (rela-
tively) weakly compact. A known criterion for weak compactness in terms
of linear functionals can be summarized as follows (see (2; 5, § 28)).

LEMMA. A subset A of Ly™ is (relatively) weakly compact, if and only if it is
weakly bounded and equi-continuous in the following sense:

wuprea | O 2Oldu—0 as w(B) =0 (@) € L.

This lemma reveals a connection between weak compactness and a property
of semi-norms on the adjoint. A semi-norm ||f|| considered in this paper will
always be assumed to have the following property: [f(f)] < |g(¢)| almost
everywhere implies |[f|| < ||g]|. A semi-norm is called continuous, if ||fz|| — 0
as u(E) — 0 where fz(t) = f(¢) or = 0 according ast € E or t¢ E. The lemma
shows that A4 is (relatively) weakly compact if and only if the semi-norm
(on Ly*) defined by

111 = supyea | 170) - £0)]an
is continuous. The definition of continuity suggests the following notion

(cf. (3)): a semi-norm |[|f]| is called uniformly continuous on Ly*, if ||fz|| — 0
(as u(E) —0) uniformly with respect to f(t) with N(f) < 1.
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On account of (3) and the lemma, if boundedness by modular M (f) implies
(relatively) weak compactness, the norm |||f|||y on Ly* is continuous. When
B is atomless, this in turn is equivalent to the (Ap) property for N(¢) (see
(3, § 10; 4, 11-3)). Further, it is known (see (3, §4)) that N(£) has (Ay) if
and only if M (£) has the following (V3) property: lim inf; M (n€)/M(£) > 27
for some 9 > 0. Thus when B is atomless, boundedness by modular M ()
implies (relatively) weak compactness, if and only if M () has (V,).

3. Weak compactness. In order to obtain equi-continuity, Young’s
inequality will be useful. In fact, from (1) it follows that

10 - et 1w < M) + NG
for all f(t) and g(¢), hence for all £,7 > 0, and E € B

L [f@) - g@®)|du < M(&f)/&n + N(n - ge) /En.

For 7 > 0 with N(ng) < o by the absolute continuity of indefinite integrals
it results that N(ngz) — 0 as u(E) — 0. Accordingly if sup,.sM(£f)/¢ — 0 as
¢ — 0, then 4 is equi-continuous, hence (relatively) weakly compact.

Conversely let A be weakly compact and M (¢) satisfies the condition:
M) /g — 0 as £ — 0. Suppose that sup,aM(£f)/€ > 3¢ > 0 for some ¢ > 0
and for all £ > 0. Then there exist a sequence of positive numbers (¢;) and
a sequence (f;) C 4 such that

I>H>6>..., < ®

and
M(kfk) . #(G) < e &, M(ék fk) > ey

for all k. Since weak compactness implies boundedness by the norm, it may
be assumed that sup; M(f;) < 1. Since 2-% <1 and M(§) is convex,
M(2&.- 1) < 28M(f;) < 2¢.. We will prove that there exists a sequence (g;)
in Ly* such that

@ M o) + N@o) = & | 170 20

for all E € B. In fact, since M(§) + N(p(£)) = p(§)§ where p(§) is the
right-hand derivative of M (£) (see (3, § 2)), we may take g;(£) = p(&|f:(®)]).
Then N(g) < M(2¢:-fr) < 2% for all k, because p(§)¢ < M(28) — M (%)
< M(2¢) for £ > 0 by convexity of M (¢). Defining g(¢) = supy |gx ()], it can
be proved by Fatou’s Lemma that

N(g) < Z_,N(gk) <2§35k < w,

that is, g € Ly*. Writing E; = {¢; [fx(¢)] > k} it follows that M (k) u(E,)
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< M(fr) <1, hence u(E;) < 1/M(k) >0 as k— 0. By the lemma there
exists j with

JE i) -g®)] - du <¢

then from (4)

M 1) < M©£)u(G) +fE. ME; - fin)du < ij'i—fj-fEl If5() - g@)|du < 2€k,.

This contradicts the properties of (&) and (fi). Thus if 4 is weakly compact
and M(§)/¢§— 0 as £ — 0, then

sup M(¢f)/¢—0 as £—0.
JeA

Now we shall consider the general case. Since M (¢)/¢ is non-decreasing
for £ > 0, there exists the limit « = limu oM (¢)/¢. Then the function
M;(§) = M(£) — o|§| is also an N-function. Since M;(¢) < M(§) < M,(§)
+ alt] and p(G) < =, it follows Ly™* = Ly,*. M,(£) satisfies the condition:
Mq(§)/§ — 0 as £ > 0. Thus 4 is (relatively) weakly compact in L,*, if and
only if sup;caM;(£f)/€ — 0 as £ — 0. In the language of the modular M(f),
it can be stated as follows:

THEOREM 1. A subset 4 of Ly™ is (relatively) weakly compact, if and only if

M(Ef)/Eﬁa.[lf(i)Wu as £10
uniformly with respect to f(t) € A, where a = limg oM (§)/¢.

There arises the question whether boundedness by another modular implies
(relatively) weak compactness. We shall attempt to find the class of N-
functions which has the property that (relatively) weak compactness in L,*
is equivalent to boundedness by the modular defined by an N-function in
the class.

An N-function ®(¢) is said to increase more rapidly than another M (§), if
for any # > 0 there exist p, £, > 0 such that

(5) D (pE) > M () for £ > &

Remark by the way that M () has (V,), if and only if it increases more rapidly
than itself. The condition (5) may be stated in the following form: for any
e > 0 there exist 8, & > 0 such that e®(¢) > M (6¢)/6 for £ > &. Now if a
subset .4 of L,* is bounded by the modular ®(f) (where ®(¢) increases more
rapidly than M(£)), it is not hard to see that A satisfies the condition in
Theorem 1, and consequently it is (relatively) weakly compact.

Conversely let 4 be weakly compact in L,*. We distinguish between two
cases. First if there exists v > 0 such that ess. sup|f(f)] < v for all f(¢) € 4,
the function ®(§) = M (£)?is an N-function increasing more rapidly than M (§),
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and sup;4®(f) < ®(v) u(G) < =, that is, 4 is bounded by modular ®(f).
Next consider the case supsesy(f) = « where y(f) = ess. sup|f(¢)|. Writing
Mi(§) = M(§) — o|f| (where a = limgoM (£)/£) by Theorem 1 there can be
found a sequence of positive numbers (&) such that & > & > ... and
supreaMi(&:f) /& < 1/2% for all k. Then writing

B(§) = ZK 2 Mi(k - £) /&

by Fatou's theorem it results in

f‘l’(f(t))du < 2 M) /6 < 2 1/2°< 1

consequently ®(f(¢)) < o almost everywhere for each f(t). Since ®(§) is
non-decreasing for £ > 0, this implies ®(¢£) < « for all ¢ < v(f), finally for
all £ > 0 because sup,esy(f) = . Then it is clear that ®(¢) is an N-function
increasing more rapidly than M (¢) and A is bounded by the modular ®(f).
Thus we obtain

THEOREM 2. A subset A of Ly* is (relatively) weakly compact, if and only if
it 1s bounded by the modular defined by an N-function (depending on A) ®(£)
increasing more rapidly than M (£).

3. Continuous semi-norms. Let N(¢) and ¥(¢{) be complementary to
M(¢) and ®(¢) respectively. It is not hard to see that ¥(£) increases more
rapidly than N (¢) if and only if ®(¢) is completely weaker than M (¢) in the
following sense: for any 5 > 0 there exist p, £ > 0 such that

d(nE) < pM(§)  for &> ko

Remark by the way that M (§) satisfies (A.) if and only if it is completely
weaker than itself.

Let |[f]| be a continuous semi-norm on L* (with which L,* is not neces-
sarily complete). On account of the lemma, the subset

4= {gu); J 1@ - e@lau < 1 for atl 5@ with [17]] < 1}

is weakly compact in Ly*. On the other hand, it is easily seen that |[f]| =
supgeaf|f(t)-g(®)|dp. By Theorem 2 A4 is bounded by the modular defined by
an N-function ¥ () increasing more rapidly than N (£), say sup,ca ¥ (2g) < 1.
Then as is stated above, ®(£), complementary to ¥(£), is completely weaker
than M (¢). From (3) it follows that [|f|| < |||f]||e for all f(f) € Ly*. On the
other hand, the norm [||f||| s is continuous on L,* (cf. (3, § 10)).

THEOREM 3. A semi-norm ||f|| on L™ is continuous, if and only if it is
majorated by the norm defined by an N-function (depending on ||f||) ®(¢) com-
pletely weaker than M (§).
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Finally we shall consider uniformly continuous semi-norms on L,*. Let
[|/l] be uniformly continuous. It is not hard to see that in this case the set 4
in the proof of Theorem 3 has the following property: supyes|||fz||/|ly — 0 as
u(E) — 0. On account of (2), this in turn means that sup,ca N (kfz) — 0 as
u(E) — 0 for all &, consequently sup,;.«N(kf) < o for all .

If, in general, a subset B of Ly* has the property that sup,N (fz) — 0 as
u(E) — 0, there exists a sequence of positive numbers (e;) such that
a; > az > ... and sups;sN(fz) < 1/2% for all E € B with u(E) < a, Here
we may assume that supseaN(f) < 1. Consider an N-function ¥,(¥) whose
right-hand derivative is equal to 2* on each interval [1/a;, 1/az41). By defini-
tion ¥o(§) < 2¥¢ on each such interval. For a fixed f(¢) € B, writing
E, = {t;8r < |f(H)] < Bi+1} where B, = N71(1/ey), it follows that

Jwvenin < 2w + T2 [ NG
<2N(BIr(G) + 20 1/2° <2N(BYu(G) + 1,
because u(Ex)N () < N(f) < 1, hence u(Ey) < 1/N(8;) = ;. Thus
b | BN < .

Returning to the subject, in this way there exists a sequence of N-functions
(¥ (%)) such that

upres | TN A1 (©)1du < 1/2

for all k. We shall treat only the case supyesv(f) = « where v(f) = ess.
sup|f(#)|]. Then, as in the proof of Theorem 2, an N-function is obtained by
setting W(¢) = X2V, [NV(kf)], and from the properties of (¥,(§)) it follows
that sup,ea¥(2f) < 1, hence by (3) ||f]| < |lIfllle for all f(t) € Ly* where
®(£) is complementary to V(£). ¥ (§) is essentially stronger than N (£) in the
sense of Krasnoselskii and Ruttickii (3, § 13), that is,

lim N(kE)/¥(¢) =0 for all k.
(s
On the other hand, ®(£) is essentially weaker than M (£), that is, lim;_ . ®(kg)/

M(g) = 0 for all k, and the norm |||f|||# is uniformly continuous on L,* (see

(3, §13)).

THEOREM 4. A semi-norm ||f|| on Ly* is uniformly continuous, if and only
if it s majorated by the norm defined by an N-function (depending on ||f||) ®(§)
essentially weaker than M (§).

Analogous problems about Orlicz sequence spaces will be treated in another
place.
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