SOME RELATIONSHIPS BETWEEN BERS AND
BELTRAMI SYSTEMS AND LINEAR ELLIPTIC SYSTEMS
OF PARTIAL DIFFERENTIAL EQUATIONS

W. V. CALDWELL

1. Introduction. Much work has been done in the investigation of the
properties of solutions of linear elliptic systems of partial differential equations.
Among these systems, the class of Beltrami systems has been studied for many
years and has been shown to be of fundamental importance. Another class,
perhaps of equal importance, is the class defined by Bers (1), which the author
has taken the liberty of calling Bers systems. Solutions of these systems will
be called Beltrami and Bers functions respectively.

Gergen and Dressel (5), as well as Bers himself, have shown that the Bers
and Beltrami systems are in a sense the canonical forms of systems of linear
elliptic equations. The purpose of this paper is to investigate further the
topological and algebraic properties of collections of Bers and Beltrami
functions and to show explicitly the connections between linear elliptic systems
¢ of type (2.1) having C!' coefficients and uniquely determined Bers and
Beltrami systems. Most of this work was accomplished by developing and
exploiting a matrix representation for the Jacobian matrices of an elliptic
system ¥ of type (2.1).

In 1954, Titus and McLaughlin (9) proved that if 8 is a vector space of
real 2 X 2 matrices with non-negative determinants and having the rank
property, then % is either one-dimensional and isomorphic to the real numbers
or two-dimensional and equivalent to the complex numbers. This result
suggested the possibility of a matrix representation of the Jacobian matrices
of solutions to an elliptic system of type (2.1). In the same year, Golomb (6)
showed that if 8 is a real linear vector space of pseudo-regular functions in a
domain © which contains two functions f = # + 7 and g = $ + 7g such
that v, q, — v, ¢, ¥ 0 in D, then L contains only solutions of a uniquely
determined elliptic system of first-order partial differential equations. In
Section 3, it is shown that if 8 consists of the Jacobian matrices of solutions to
such a system defined in a domain D in the complex plane, then there exists
a uniquely determined matrix representation of 8. Conversely, Theorem 3.1
shows that if L is a vector space over the real numbers of Jacobian matrices
with non-negative determinants and having the rank property, and if R
contains two linearly independent elements, then L consists of Jacobian
matrices of solutions to a uniquely determined elliptic system of type (2.1).
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Solutions of a system  of type (2.1) are, of course, light and interior. While
such functions do not in general have derivatives, Theorem 3.2 shows that if
the coefficients of & are C!, one can associate with € a uniquely determined
system £* of type (3.18) such that if f is a solution of &, there corresponds
a unique solution g of * whose zeros are the critical points of f. Since Bers (1)
has shown that the zeros of a solution of &* are isolated and have no interior
limit point (in the domain D of definition), it follows that the solutions of 2
are pseudo-regular functions. In view of Bers' result, one would like to conclude
that solutions of a system of type (3.18) are light. Unfortunately, one can find
functions mapping ® into the real line which are solutions of a system * of
type (3.18).

In one of the classic theorems in topological analysis, Stéilow (8) proved that
if f is light and interior in D, there exists a homeomorphism % defined in ©
and a function g analytic in %2(®) such that f = g o k. In general, & depends
on f and one is led to wonder what conditions must be placed on two linearly
independent functions f; and f; defined in ®© to ensure that there exist two
functions g; and g, analytic in 2(D), such that f; = g;0hk for 2 =1,2. A
partial answer to this question was given in 1938 by Kakutani (7), who
showed that a necessary and sufficient condition for a collection of pseudo-
regular functions to form a ring is that they all be analytic functions of a
fixed pseudo-regular function. In an earlier paper (3), the author showed that
such collections are algebras of solutions of a uniquely determined Beltrami
system. One is led to suspect that if these conditions are relaxed somewhat,
further results might be obtained. In Theorem 4.3, it is shown that if & is the
set of solutions of an elliptic system £ of type (2.1) defined in D, one can find
a homeomorphic Beltrami function % defined in © and a Bers system £,
defined in £(D) such that if f is an element of W, there exists a Bers function g
which is a solution of &; such that f = g o k. Conversely, Theorem 4.4 shows
that if % is a homeomorphic Bers function defined in ®, there exists a uniquely
determined Beltrami system &; defined in £(®D) such that if f is analytic in
D, there exists a Beltrami function g, a solution of &;, such that f = g o A.
Furthermore, every such composition mapping is analytic in ©. This latter
theorem yields an easy method of extending many theorems about analytic
functions to theorems about Beltrami functions. That this is possible is, of
course, no surprise, since it is well known that solutions of a Beltrami system £
are analytic with respect to a Riemannian metric determined by the coefficients
of &

In an earlier paper (3), it was shown that if € is a Bers system with C!
coefficients which has a harmonic mapping as a solution, then all solutions
of € are harmonic mappings and the coefficients of ¥ are harmonic conjugates.
In Theorem 4.5, it is shown that if & is an elliptic system of type (2.1) with
C? coefficients which has only harmonic mappings as solutions, then € is a
Bers system.

The author would like to express his gratitude to C. J. Titus, to whom he is
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indebted for the original idea of the matrix representation and for the state-
ment and method of proof of Theorem 4.2.

2. Preliminary definitions. All matrices considered will be 2 X 2 matrices
whose entries are Holder-continuous real-valued functions defined in a domain
® in the plane. If J is a matrix, we shall denote the determinant of J by |J|.
If f is a C! function defined in D, we shall denote the Jacobian matrix of f by

J ().

DEFINITION 2.1. 4 matrix J will be said to have the rank property if |J| = 0
implies that the rank of J is zero.

DEFINITION 2.2. 4 function f will be said to be pseudo-regular in D if (i) f € C,
@) | T(NH| > 0, (iii) J(f) has the rank property, and (iv) the set of critical points
in D has no interior limit point,

Now let 9 be the set of all matrices with non-negative determinants, B~ the
set of all elements of I that have the rank property, B the set of all Jacobian
matrices in B~, € the set of all elements of ¥ of the form

- —u]
L Al

and & the set of all elements of I of the form

[g 5_1 , wherea > 0inD.
Let a(x,v), b(x, y), c(x,y), and d(x,y) be Holder-continuous real-valued
functions defined in D. A system { of first-order partial differential equations

2.1) U, =aV,+ bV, —-U, =cV,+dV,

is said to be elliptic if 4bc — (a + d)? > 0, and uniformly elliptic if a, 3, ¢, and
d are uniformly bounded and there exists a positive number e such that
4bc — (a + d)? > e. We shall always assume that ¥ is normalized so that
b > 0. Two special cases of elliptic systems which are of particular interest are
Bers systems

(2.2) U, =aV,+ bV, U, =bV,—al,
and Beltrami systems
(2.3) U, =aV, + bV, U, =cV,+aV,

where b¢c — a? = 1.

A function f = u + 4o will be said to be a solution of (2.1) if f € C! and
if the pair (u, v) satisfies (2.1). Solutions of (2.2) will be called Bers functions
(Bers calls them ‘‘pseudo-analytic functions of the second kind’’) and solutions
of (2.3) will be called Beltrami functions. If B is the set of Jacobian matrices
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of solutions to an elliptic system  of type (2.1), it is clear that 8 forms a real
linear vector space. Using Golomb’s results (6), it is easy to show that L is a
maximal real linear vector space in 8.

3. Matrix representation. In this section, we establish the matrix repre-
sentation of the set L of Jacobian matrices of solutions to an elliptic system &
of type (2.1). This is accomplished by showing that one can find matrices S
and T in © depending only on the coefficients of &, such that ¥~ = SCT is
a maximal linear vector space in B~ and L C B~. Further, if B~ is a real linear
vector space in B~ (containing two linearly independent elements), then
L = B~ M B consists of solutions to a uniquely determined elliptic system
L. We shall need several lemmas. Lemma 3.1 is classical but the details of
factorization are needed here.

LemMA 3.1. Let P be a matrix with |P| > 0. Then there exist unique matrices
Sand T in S and Cyand Coin € such that P = SC, = C,T.

Proof. It will suffice to prove the existence and uniqueness of S and C;.
It will be evident that the same kind of argument would prove the existence
and uniqueness of 7" and C.. Let

Bl sl 2] el
I [P21 pon S 0 o'l and C; " N

where S and C; are to be determined. Setting S—'P = (,, we obtain

(3.1) pual—puB =\N=pra
and

(3.2) Prrzal — P = —p = —puaq,
or, multiplying by a and rearranging terms,

(3.3) P2 a? + porafB = pu,

and

(3.4) po1a? — posaf = —pia.

Solving for a2, we obtain

2 _ Pu Pﬁz — P12 le _ |P|
(3.5) « P22 + P21 P222 + 15212 )

Since |P| > 0, at least one of the terms in the denominator is not zero. We
assume that pse #% 0. Then,

— |P| _ ?L"_‘}' Pma_l B ~
«a + /‘/pzz —|-p212 , B= baz —, A= pwa, andu = psa.

To show uniqueness, suppose that for some S; in © and D in G,
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_ | B :' _ I:M —m:l )

Sl I:O 011—1 and D = e )\1 )

then we have P = SC; = 51D so that S;~1SC; = D. Proceeding as in the proof
of the existence of S and (i, we obtain the equations

ERE B _ §_1] -
(3.6) » a_>\+|:al o |#=0
and
_[8_s [ﬁ _ c_vz] -
3.7) o ol A+ il e
A necessary condition for the existence of non-trivial solutions for \ and u is
B T2 2
3.8) a _w +[ﬁ_£3_1] - o.
L1 a | al o

But (3.8) holds if and only if « = @; and 8 = 8.
The following lemmas are due to J. E. McLaughlin and C. J. Titus. Since
Lemma 3.3 has not been published previously, its proof is included here.

LemMA 3.2. Let B~ be a vector space in B~ which contains two linearly indepen-
dent elements. Then there exists a pair of matrices, P and Q, such that |PQ| > 0
and B~ = PCQ; cf (9).

LeMMA 3.3. Let B~ be as tn Lemma 2.2. Then there exists a unique pair,

S and T, of elements of & such that
B~ = SET.

Proof. Consider the matrices P and Q in Lemma 3.2. We define
P ={ P if |[P| >0, 0 ={ Q if|P| >0,

YT l—pP if|P| <O, ! —Q if|P| <o.
Then, by Lemma 3.1, there exist for P; and Q; unique factorizations P, = SCj,
Q1 = C> T where C; and C; are in €, and S and T are in &. Since € is a ring,
we have 8~ = PCQ = SC, €C; T" = SET. To show uniqueness, we suppose
there exist matrices S;, S;, 71, and 7T, in & such that S; €7, = .S, 7.
Then, letting So =SS, and Ty = T2 117!, € =Sy €T Therefore, for
C;in G, there exists C; in € such that C; = .Sy C2 T. But C;( = 1, 2) may
be expressed in the form C; = \; I 4+ u; K, where [ is the identity matrix

and
0 -1
K= [1 0]‘
Since we may pick C; so that either \; = 0 or u; = 0, it follows that S, 7%
and Sy KTy are in €; hence

(So To) (So KT())—I = Sy KS;'e€C and (SQ To)_l(So KTQ) = Ty 1K TeC.
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It will be sufficient to show that S; must be the identity matrix. The same
argument can then be applied to show that 7, must also be the identity
matrix. Let Sy KS¢™! = D, where

s=[5 8] wa 2= 1)

Then
—1 2 2
1 _ | Ba —a —/3_]_[>\ -—u]
SoKSy = l:a_z st = L NE
From Ba=! = —Ba~! and o2 = «? 4 B2, it follows that 8 =0 and « = 1 so
that So = I.

THEOREM 3.1. Let B be a vector space of elements of B such that B contains
two everywhere linearly independent elements. Then B consists of the Jacobian
matrices of solutions to an elliptic system L of type (2.1).

Proof. The proof will consist of the construction of the desired elliptic
system. By Lemma 3.3, there exist matrices S and 7 in & such that & € SCT.

Let
S = ["‘ 5_1], T = [7 5_1], and let V = [“’ ””] € Q.
0 « 0 v v, Uy,

Then there exists Cin G,

such that
R A B F
o v,d LO o 'Jlu ALo 47?
e + vBu (aa + g)x + (BB - %)a
o RN ’
L @ ay a
so that
(3.9) Uz = yaX + vBu,
e
(3.10) u, <a6+7 A8 =2 Ju,
e
(3.11) V=
and
_A L b
(3.12) v, = g~ + e
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Solving (3.11) and (3.12) for X and u, we obtain

(3.13) A = — dav, + yay,

and

(3.14) p = (a/7)0s.
Substituting into (3.9) and (3.10), we have

(3.15) U, = a(B — ayd)v; + oy,
(3.16) —u, = a2(82 + 1/v)v, — a(B + avd)y,.
If we set

a=aB—ayd), b=a? ¢c=a*@+v?, and d = —a(8+ ayd),

then 4bc — (a + d)? = 4a* > 0.

Note that a, b, ¢, and d depend only on the elements of S and 7. Further,
if =1, then vy =1 and 6§ = 0, so that in this case, ¥ = ¢ and ¢ = —d,
and the system of partial differential equations thus determined is a Bers
system. On the other hand, if S = I, then « = 1 and 8 = 0, and in this case,
a = d and bc — a? = 1 so that the system of equations becomes a Beltrami
system. Conversely, if ¥ is the set of Jacobian matrices of solutions of (2.1),
a simple computation yields the elements of S and 7" as functions of the coeffi-
cients of the system of partial differential equations. If @, b, ¢, and d are the
coefficients of an elliptic system ¢ of type (2.1) and «, 8, v, and 6§ are the
corresponding elements of S and 7, it is obvious that the continuity and
differentiability properties possessed by all the functions a, b, ¢, and d are also
possessed by «, 8, v, and 4. It is easy to show that the converse also holds.
Finally, any element of & determines two distinct elliptic systems, one
Beltrami and one Bers.

Titus and McLaughlin (9) have shown that € is a maximal real linear
vector space in B~ and that if B is any real linear vector space in B~, then W
is either one-dimensional and equivalent to the field of real numbers or two-
dimensional and isomorphic to €. It follows that if ¥~ = SCT, for Sand T
in &, then LB~ is maximal in B~ and BL = B~ M B is maximal in B.

For S and T determined by an elliptic system { of type (2.1), it is clear that
there exist elements C in € such that SCT is not a Jacobian matrix and there-
fore does not correspond to a solution of &. If

w1 u2| | B )\—u76>_
J"[vl vg]‘[o a_l:l[;z x] [0 y“J‘SCT’

a sufficient condition for J to be a Jacobian matrix is that
du1/ 9y = dus/dx and 09v;/9y = v,/ 0x.

We use this to impose conditions on C. An easy computation shows that if
the pair (\, u) satisfy the system
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d(va + vBu)/dy = 9[(ad + By N + (86 — ay~)ul/ox,
d(va~'p)/dy = dla v\ + da'u]/ 0x,

then J = SCT is a Jacobian matrix. For the sake of simplicity, we shall assume
that the elements of S and 7', hence the coefficients of the corresponding
elliptic system &, have partial derivatives (at least in the L, sense). We are
led to the following theorem.

(3.17)

THEOREM 3.2. Let S and T be elements of &,

_la B _75]
o[y 2] o[ o)

and let ® be the corresponding elliptic system of type (2.1). Then there exists a
corresponding elliptic system &* of the form

)\x = _76“':5 + 72#y + AN + B,uv
—N = @+ v Du — You, + CN + Dy,

where 4, B, C, and D are rational functions of a, B, v, 6, and their partial deriva-
tives, such that if f is a solution of &, there exists a unique solution f* of * such
that the zeros of f* are precisely the critical points of f. Conversely, if f* is a solution
of ¥*, f* determines a solution f of { uniquely (up to an additive constant).

(3.18)

Proof. ¥* is obtained by simply carrying out the indicated differentiations
in eq. (3.17) and solving for X\, and \,. The computations are straightforward
but very tedious and will be omitted. One obtains

4 =a ey + v e
B = vy, — a Wy — vé: + vda o,
C=alta, + vty — 20y oty — v, — o7y — v Ry — By e e,
D = a8, —a vl + v ey — vy — 0y + dya ey
+ 86, — 8% lay + Balay, — ROy la e,

If f=u+4 1w and f* = N\ 4+ 74 are corresponding solutions of ¢ and £*
respectively, it is obvious that the zeros of f* are precisely the critical points

of f.

Elliptic systems of type (3.18) have been studied by Bers and Nirenberg (2).
In particular, they have shown that if f* is a solution of a uniformly elliptic
system €* of type (3.18), f* not identically zero, then the zeros of f* are
isolated and the index of f* at each zero is positive. Furthermore, f* is completely
determined by its values on any infinite set of points having a limit point in 2.

Note that if € is a Beltrami system with constant coefficients, ¥ = ¢*.
If € is a Bers system, ¥* is of the form

(3'19) A = My + AN + B/.L, '_)\y = Uz + C\ + D“v
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and if the coefficients of the Bers system are constants, £* is just the Cauchy-
Riemann equations. Systems of the form (3.19) were studied by Carleman (4).

4. Some consequences. From the remarks of the preceding section, it
follows easily thatif Qis an elliptic system of type (2.1) such that the correspond-
ing system £* has uniformly bounded coefficients on every compact subset of D,
solutions of { are pseudo-regular. In an earlier paper (3), it was shown that
if B is a collection of pseudo-regular functions containing two linearly inde-
pendent functions such that for f and g in B, &f + ng is in W for arbitrary
complex numbers £ and 5, then ® consists of solutions to some Beltrami
system. One cannot expect so strong a result in the more general systems of
type (3.18). The condition that the set B* of solutions to an elliptic system &*
of type (3.18) form a vector space over the complex numbers may be shown
to be equivalent to requiring that « and B satisfy a system of two non-linear
first-order equations. We can, however, prove a weaker theorem.

THEOREM 4.1. Let S and T be elements of © and let ¥* be the corresponding
elliptic system of type (3.18). If S is a constant matrix, the solutions of &* form a
vector space over the complex numbers.

Proof. We need only show that if S is a constant matrix and N\ 4 4u is a
solution of ¥*, then —u + 2\ = 7(\ 4 u) is also a solution. Let S be a constant
matrix. Then £* is of the form

Ay = —y0u, + 'Yzﬂy + v v A+ 'Y('Yy - 61)/‘1
-\ = 6% + v Due — ¥y, + v 2(vyy — Y0 — dv2)N
— (Y, + Gy, — 88,)u

(4.1)

Solving for u, and y, in (4.1), we obtain
—p = —Y0N + 72>\y — Y Yy u+ 'Y('Yz/ - 61)>\)
my = (0% + v )N — v\, — v 2(vyy — Y6 — Sv)m
— (v 3y + dvy, — 85,)\.

(4.2)

Therefore, —u + 7\ is a solution of *.

If f = u + 4v is a solution of an elliptic system of type (2.1), it is well known
that f is quasi-conformal a.e. and the dilatation D of f is given by

2 2 2 2

E(f) = U +uy + 9 + 7y - IO
Ug Vy — Uy Vg |J(f)l
In general, E(f) depends on f and cannot be expressed solely as a function of
the coefficients of £. A simple computation, however, shows that if { is either
a Bers system or a Beltrami system, E(f) depends only on the coefficients of
Q. The following theorem shows that these systems are the only ones with this
property.

THEOREM 4.2. Let L8 be the set of solutions of an elliptic system R of type (2.1).

1
=D+’D—
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B the set of Jacobian matrices of elements of B, and let S and T be the elements
of & such that B C SCT. For f € B, E(f) depends only on the coefficients of &

if and only if at least one of the matrices S and T is the identity matrix.

Proof. Let J(f) = SCT, where

1
|« B A _u] _ ['y ]
S = l:() a_1:| ’ ¢= |:pz A’ and T' = 0 ’y_l_l'

Then

_ isery| _ liscry)
E() = Iserl = g

and
ISCT|| = (v%® 4 a? 4 2286y~ + B*y~2 + a2y~ 2)A?
+ 2(aBy? + afd® — a2y~ + B2yt — afy 2 + da Py )M
+ (32')’2 + 6252 — 2a;867—1 + a2,y—2 + ,Yza—2 + 52‘1—2)#2'
In order for E(f) to depend only on S and 7', the coefficient of the \u term

must vanish and the coefficient of the A? term must equal that of the u? term.
These conditions are equivalent to the equations

(4.3) a?B(yt + 7% — 1) = yi(a* — a®8* — 1),
(4.4) (af — 282 — 1) (v* 4 7%?% — 1) + 4a3By6 = 0.
Suppose 8 % 0. Then from (4.3) and (4.4)

(4.5) Yo 3B (et — a?B* — 1)* + 4a8%] = 0,

so that we must have § = 0. If § = 0, it follows from (4.3) that vy = 1 so
T = I, and is a Bers system. Conversely, if 8 =0, = 1 and .S = [ so that
L is a Beltrami system.

If © and D, are topologically equivalent domains and % is a homeomorphism
of D onto D, then for f defined in D, & induces a function f in Dy, = fo hL
It follows that if # is C* and { is an elliptic system defined in 9, % induces an
elliptic system €~ in ©;. Furthermore, if 8 is the set of solutions of &, z maps
W into a collection W, of light interior functions defined in ;. (It is not true,
in general, that 28; will consist of solutions to ™. In an earlier paper (3), it
was shown that if %z is conformal, a necessary and sufficient condition for 28,
to be the set of solutions to ¥~ is that 2~ (hence &) be a Bers system.) These
considerations, together with the matrix representation concept, suggest the
following factorization theorems.

THEOREM 4.3. Let € be an elliptic system of type (2.1), L the set of solutions of
Q, and S and T the corresponding elements of ©. Let L, and L be the Bers and
Beltrami systems corresponding to S and T respectively, and let h be a univalent
solution of Rs. If R is the Bers system induced in D, = h(D) by the Beltrami
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Sfunction h, then for f € Ly there exists a Bers function g satisfying 1 such that
f=goh.

Proof. In view of the matrix representation, we can find functions «, 8, ¥,
and 6 such that ¥ is of the form

Ur = a(ﬁ - a’y&) Vx + az'Ysz,
U, =2+ v )V, — a(B + ayd) V,.
Then &, is of the form

(4.6)

(47) U, =aﬂVz+a2Vy, —Uy =a2Vz_aﬁVyy
and L, is of the form
4.8) U, = =76V, + y2V,, U, =@*+y)V, — 3V,

Let f = u + v be a solution of & and let 2 = p + 7¢ be a solution of L.
Then ¥~; is of the form

(4-9) ¢ = &B‘)&P + &21:047 —¢, = &2"1/11 - 5‘5K"q:
where @ = a ok~ and § = 8 o kL. The proof of the theorem will be accomp-

lished by showing that if g(p, ¢) = 7 + is is defined by g = fo k™1, then g
is a solution of ™. For g so defined,

r(p(x,9),q(x, ) =ulx,y) and s(p(x, ), 9, ) = v(x, ).
Using the chain rule,

TpDrt 79Qs = Uy, TPyt 7eQy = Uy, SpPr+ S¢ G = Vny
and
Sp Py + S qy = vy

Since & = p + iq is a univalent solution of &, $,q, — P, ¢ # 0 and we can
solve for 7, and 7,. We have

(4.10) 7y = (b2 qy — Py @) (Ur @y — Uy @2);
and since % + v is a solution of g,

4.11) 7, = (s @y — Dy @) H[a (B — avd)v: + v, lg, — [02(8% + v~ 22,
— a(B8 + avd)v,lg.}

= (b= @ — Py )" H[a(B — yad)g, — a*(8* + v H)g:Jv:
+ [a272§ly + a(ﬁ + a76)9117)y}-

Substituting for v, and v,, the term in brackets becomes

(4.12) [a(B — avd)g, + a2(8% + v ](sp Pz + 5, %)
+ le*v’q, — a(B + av8)q:[(s, Py + 5. q0)-

Since p 4+ iq is a solution of »,

Doy — Py Qe = 6% + v g2 — 2v6q. q, + v’
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and (4.12) reduces to

(4.13) (P2 @y — Py @) (aBs, + a®s,).
Noting that a(p, ¢) = a(x, v) and 3(p, ¢) = B(x, y), we obtain
(4.14) 7, = afs, + a’,.

Using the same procedure, we also obtain
(4.15) —r, = a%s, — afs,.
Therefore » 4 s is a solution of £~;, and this completes the proof.

If € in the theorem above consists of the Cauchy-Riemann equations, then
Q; and £, will also consist of the Cauchy-Riemann equations and in this case
the theorem is trivial. One can, however, relate analytic functions with Bers
and Beltrami functions.

THEOREM 4.4. Let € be a Bers system defined in D and let h be a univalent
solution of . Then there exists a uniquely determined Beltrami system 1 defined
m D1 = h(D) such that if f is analytic in D, there exists a Beltrams function g
satisfying 4, and such that f = g o h. Conversely, if g is any solution of L1, go h
is analytic in D.

Proof. Let € be the Bers system
U, = oV, + a?V,, —-U, = a*V, — aBV,, a >0,
and let & = p + ig be a homeomorphic solution of £. Define the functions
v and § in D; = k(D) by
v, q) = 1/]a®, 9, y@®, ], 8,9 = =B, 9,y 9)
and let ¥; be the Beltrami system
Up =7V, + 7V, U, =@+ 1/4)V, — vV,

If g is a solution of &y, it is easy to verify that the composite function f = go &
is analytic in ®. Conversely, if f is analytic in © and we define g = fo k™!, a
simple computation similar to that in the proof of the preceding theorem shows
that g is a solution of ;.

The following corollary is known but is included for the sake of completeness.
CoOROLLARY 4.1. If h is a univalent Bers function, k= is a Beltrami function.

Proof. In the preceding theorem, choose f to be the identity mapping.

Note that Theorem 4.3 may be applied to the problem of mapping a second-
order elliptic equation into canonical form. Let 4, B, and C be real-valued
C! functions in © such that AC — B> 0, 4 > 0. If we define functions
a,v,and 6 by a* = AC — B? a?>y? = A, —2a2yé = B, and o2(62 + v 2) = C,
it is easy to verify that these functions are well defined, provided we pick v to
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be positive. A simple computation shows that if 2 = p + g is a homeomorphic
solution of the Beltrami system

Up==7Vo+2*V,, —U, =@+ 1)V, — 8V,
h maps the elliptic equation
(4.16) Corr + 2B¢sy + A¢yy + D¢, + E¢, + Fé =0

into the form

(4-17) 'Sbmz + "Paq + H‘x&p + K‘Pa + L¢ =0,

and if D, E, and F are bounded and continuous, and «? and the Jacobian
determinant of % are bounded away from zero, then H, K, and L are bounded
and continuous in (D).

In an earlier paper (3), it was shown that if ¢ is a Bers system with C!
coefficients ¢ and 7 which has a harmonic mapping as a solution, then all
solutions of € are harmonic and 7 + 70 is analytic. We want to show that if ¢ is
an elliptic system of type (2.1) such that all solutions are harmonic, then ¢ is
a Bers system. Before proceeding, however, a few preliminary remarks are
necessary. If € is an elliptic system of type (2.1), it follows from the extended
Riemann mapping theorem (2) that { has as many linearly independent
solutions as we want. Linear independence of two solutions f = # 4+ 4w and
g = p + 1g does not, however, preclude the possibility that at some point
20in D, v, ¢, — v, ¢ = 0. One can show that a necessary and sufficient condition
for the Jacobian of some real linear combination of 4+ 8¢ to vanish at z, is
that v, ¢, — v, ¢ = 0 at that point. If B is the set of all functions analytic in
Dy, it is easy to show that for 20 € D one can find f = u 4+ wand g = p + ¢
in W such that v, ¢, — v, ¢, # 0 at 2 = 3,. (It follows easily that the same
statement is true for Beltrami functions.) I have been unable to prove the
theorem for the general case where T consists of the solutions to an elliptic
system ® of type (2.1). The following lemma, however, is an immediate
consequence of the remarks on analytic functions.

LeEMMA 4.1. Let D be a simply connected domain and let & be an elliptic system
of type (2.1) defined in D and such that all solutions of L are harmonic. Then for
2011 D there exist solutions f = u + wand g = p + iq suchthatv, q, — v, ¢, # 0
at z = 2.

The proof is trivial and will be omitted.

LEMMA 4.2, Let D be a simply connected domain and let & be an elliptic system
of type (2.1) with C' coefficients and such that all solutions of R are harmonic
mappings. Let X* be the corresponding system of type (3.18). Then for 3o € D

and € > 0 there exists a solution N + tu of &* and a point 21 in N (2o, €) (the
e-neighbourhood of zo) such that z, is a zero of N + iu but is not a critical point.
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Proof. Let f = @ 4 49, g = u + 4w, and & = p + ig be linearly independent
solutions of ¢ such that v,q, — v, ¢, # 0 at z = 2o, and choose § < € such
that v, ¢, — v, ¢- # 0 in N (2, 8). At 2 = g, the equations 9, = lv, + mg,,
9, = lv, + mg, uniquely determine  and 7 so that the function F = f — Ig — mh
has a critical point at 2,, and the corresponding solution of £*, N\ 4+ 7u, has a
zero at zp. We may, however, have the unhappy situation that at 2z, we also
have 9,, = l,, + mgq,, and 9,, = lv,, + mq,,. In this case, N 4+ zu will also
have a critical point at 2,. Define functions / and # in N (g,, 8) by the equations
9, = lv, + #iq,, 9, = Iv, + 17ig,. Since solutions of ¢ are at least C? / and
are at least CL It is trivial to verify that / and # also satisfy the equations
fi, = lu, + mp, and i, = lu, + sip,. If at some point in N (3, 8) the equations

Oor = Woz + 1igusy By = Iy, + gy, Bz = lzy + s,
and
Ty = luy, + 1ipy,
also hold, then at this point

vaz + Wy @z = 0, ZZuI + 1. pr = 0, Zyvy + Wy @y = 0,
and
Zu”v + 1ty py = 0,

and it follows that at this point I, = I, = i, = i, = 0. But if this happens
at every point in NV (2, §), we must have / and 7 constant, and this contradicts
the assumption that f, g, and % are linearly independent. Let 2; be a point in
N (2, 8) such that the above equations do not hold at z = 2;. Then for I = I(z,)
and m = 7i(z1), the solution of ¥* corresponding to F = f — Ig — mh has a
zero at 2; but does not have a critical point at that point.

THEOREM 4.5. Let D and R be as in Lemma 4.2. Then  1s a Bers system.

Proof. Let S and T be the elements of & determined by the coefficients of
Q. For f a solution of &, let A 4 7u be the function determined by J(f) = SCT.
As we have already seen, A + Zu must satisfy the system

Ay = —Y0u; + v, + AN + By,
—AZI = (62 + ’Y—z)ﬂz - 75”1/ + C\N + Du.

It is easy to verify that since f is harmonic, N 4+ 7u must also satisfy the system

A = vou, + (52 + 7—2)#2: + AN + E#r
—N = ¥ + vou, + CN + Dy,

where 4, B, C, and D are continuous rational functions of «, 8, v, 8, and their
partial derivatives. If 2, is a zero but not a critical point of X + 7y, (4.18) and
(4.19) require that § =0 and vy = 1 at 2. The continuity of v and § and
Lemma 4.2 then ensure that § = 0 and v = 1 so T is the identity and L is a
Bers system.

(4.18)

(4.19)
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Note that if ® is a Bers system whose solutions are harmonic mappings, the
associated system £* is of the form
= Iz _ 9y A=y Ty _ Oz

(4-20) Ap =y + % A 2% My Ny = g % A 29 M.

Bers and Nirenberg (2) have shown that if g = N\ 4 4u is a solution of a system
* of type (3.18), there exist a complex-valued function s(2) and an analytic
function %(2) such that g(z) = e*@h(2). In general, s(z) depends on g(z).
It is easy to verify that s(z) must satisfy the equation gs. = g_. If, however,
* is of the form (4.20), we are more fortunate.

THEOREM 4.6. Let * be a system of type (4.20) where o 1s a positive harmonic
function, and let s = p + iq be a solution of the system

[ ay

(4.21) b= qy 9%’ — by = ¢ — %

If ¢ = XN+ tu is a solution of *, h(z) = e*Ag(z) is analytic. Conversely, if
h is analytic in D, e*Ph(z) 1s a solution of *.

Proof. For g and s as above and %(3) = e=*(Pg(g), it is trivial to verify that
k. = 0 and £ is analytic. Conversely, if % is analytic, let

N+ iu = g(z) = e Ph(z).
Then

_ s(2) _ . - — . Oy .0y
gg=¢"h(z)ss = N+ ap)s: = (A + w)<4—a + 14—0>
and g is a solution of ¥*.

Note that if p + 4g is a solution of (4.21), g is harmonic, and if ® is simply
connected, every harmonic function ¢ determines a solution of (4.21). In
particular, if we pick ¢ = 0, = % In ¢ and € = /0, it follows that if 4 is any
analytic function, /¢ % is a solution of ¥*, It is easy to see that all such solutions
can be represented in this form. Furthermore, if € is the Bers system associated
with &* and & = ¢ + 4y is analytic, the solution (unique up to an additive
constant) of { determined by v/ % can easily be represented as a line integral.
For example, if ¢ =1 and ¢ = 0, the solution of ¢ determined will be
f”cr dx + 1y.
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