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REVERSES OF THE SCHWARZ INEQUALITY
GENERALISING A KLAMKIN-MCLENAGHAN RESULT

SEVER S. DRAGOMIR

.New reverses of the Schwarz inequality in inner product spaces that incorporate the
classical Klamkin-McLenaghan result for the case of positive n-tuples are given. Ap-
plications for Lebesgue integrals are also provided.

1. INTRODUCTION
In 2004, the author [1] (see also [3]) proved the following reverse of the Schwarz
inequality:

THEOREM 1. Let (H;(,-)) be an inner product space over the real or complex
number field K and z,a € H, r > 0 such that

(1.1) Iz —all <7 < |la]|-
Then
(12) lizll (llall® - r2)"/* < Re(z, a)

or, equivalently,

(13) Izl lall® - [Re(z, a)]* < r2 =II°.
The case of equality holds in (1.2) or (1.3) if and only if

(1.4) lz-all=r and |jz|*+r*=a|?.

If above one chooses
F+4

1
a= -y and r=§l1‘—7lllyll

then the condition (1.1) is equivalent to

(L5) [e - 232 4| < Sir—allul end Re(rm) >o.

Therefore, we can state the following particular result as well:
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COROLLARY 1. Let (H;(-,-)) be as above, z,y € H and v,T € K with Re(T'¥)

>0. If )
. r + F+~y 1
(Le) H Loy <50 - il
or, equivalently,
(1.7) Re(Ty —z,7 — 7y) 2 0,
then
Re[(T +7)(z, )]
1.8 T <
(1.8) ll=ll llyli 2 /Re(TS)
_ Re(T' + v) Re(z, y) + Im(T" + v) Im(z, y)
Re(I7)
IF + 7l ,
9)-
Chvriiall)
The case of equality holds in (1.8) if and onIy if the equality case holds in (1.6) (or (1.7))
and _
(1.9) llzll = vRe(T) llyll.

If the restriction ||a|| > r is removed from Theorem 1, then a different reverse of the
Schwarz inequality may be stated (2] (see also [3]):

THEOREM 2. Let (H;(-,-)) be an inner product space over K and z,a € H,7 >0

such that _

(1.10) lz -all <7

Then

(1.11) lzl llal) - Rez, ) < 577

The equality holds in (1.11) if and only if the equality case is realised in (1.10) and
izl = llall.

As a corollary of the above, we can state:

COROLLARY 2. Let (H;(--)) be as above, z,y € H and 7,T € K with T # —.
If either (1.6) or, equivalently, (1.7) hold true, then

Re(T" +v) Re(z,y) + Im(T + ) Im(z,y) _ 1 |[ -

1.12 T - < 2,
) el e 3 ol
The equality holds in (1.12) if and only if the equality case is realised in either (1.6) or
(1.7) and

1
(1.13) llzll = 5 IT +~liyll-
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As pointed out in [4], the above results are motivated by the fact that they generalise
to the case of real or complex inner product spaces some classical reverses of the Cauchy-
Bunyakovsky—Schwarz inequality for positive n-tuples due to Polya and Szego [8], Cassels
[10], Shisha and Mond [9] and Greub and Rheinboldt [6]. _

The main aim of this paper is to establish a new reverse of Schwarz’s inequality
similar to the ones in Theorems 1 and 2 which will reduce, for the particular case of
positive n-tuples, to the Klamkin and McLenaghan result from [7].

2. THE RESULTS

The following result may be stated.

THEOREM 3. Let (H;(, )) be an inner product space over the real or complex
number field K and z,a € H, r > 0 with (z,a) # 0 and

(1) Iz —all <7 < o
Then
lzll? Kz, a)l 92
(2-2) I(Z,G)I ”a”2 < |[a||(||a||+\/||a|lz-—r2)’

with equality if and only if the equality case holds in (2.1) and
(2.3) Re(z,a) = |(z,a)| = [lall (Jall* - r*)""*.

The constant 2 is best possible in (2.2) in the sense that it cannot be replaced by a smaller
quantity.
PRrROOF: The first condition in (2.1) is obviously equivalent with
2 2 _ .2
24 el 2Re(z.a) _Jal? =7
Kz,a)l = |(z,a)l |{z, a)l

with equality if and only if {|jz — a|| = .

Subtracting from both sides of (2.4) the same quantity |(z, a)}/||a||> and performing
some elementary calculations, we get the equivalent inequality:

lel? Kzl _, Re(ma) (ma)l? (lal? =)\ 2P =7
3 i~ o <2 ot~ ol e i) ol

Since, obviously

1/2 2 _ p2)1/2\2
Re(z,a) < |(z,a)| and (Kxilz)lll - ("‘II(IL:,a)ll/l ) >0,
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hence, by (2.5) we get

26 N Y O

lz,a)] ~ laP Nl
with equality if and only if
(2.7) lz —all =7, Re(z,8) =|(z,a)| and |(z,a)| = [lall(flall? - ~*)""°.

Observe that (2.6) is equivalent with (2.2) and the first part of the theorem is proved.
To prove the sharpness of the constant, let us assume that there is a C > 0 such
that
ol _ [z.a)l cr?
Kz,a)l el = Jlall(llall + VTal? = %)’
provided ||z — a|| < r < |a}|.
Now, consider € € (0,1) and let r = \/Z, a,e € H, ||a|| = ||le] =1 and a L e. Define
T := a + \/ee. We observe that ||z —a|| = £ = r < 1 = ||a||, which shows that the
condition (2.1) of the theorem is satisfied. We also observe that

(2.8)

Iz* = llall* +ellel* =1+¢, (z,a) =|laf” =1

and utilising (2.8) we get
Ce

l+e-1¢ m,
giving 14+ /1 —¢ < C for any € € (0,1). Lettingve — 0+, we gét C > 2, which shows
that the constant 2 in (2.2) is best possible. -0
REMARK 1. In a similar manner, one can prove that if Re(z,a) # 0 and if (2.1) holds
true, then:
l=l? _ _ |Re(z,a)] _ ar?
| Re(z, a)| lal® = fali(llall + Vllal> - 72)

with equality if and only if ||z — a|| = r and
(2.10) Re(z, a) = |la|| (llalf? - r2)"/*.
The constant 2 is best possible in (2.9).

(2.9)

REMARK 2. Since (2.2) is equivalent with

IR llall? = )2 2r%|all® I.a
10 A1l Ve < e+ e =ry )
and (2.9) is equivalent to
_ 22 a2 = [Re(z,a)]? < 2r?||all® Re(z,a
@1 el el - (R, ) € ot Re(s, 0

hence (2.12) is a tighter inequality than (2.11), because in complex spaces, in general
|(z,a)| > lRe(z,a)l.
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The following corollary is of interest.

COROLLARY 3. Let (H i (- -)) be a real or complex inner product space and
z,y € H with (z,y) # 0, v,T € K with Re(I'y) > 0. If either (1.6) or, equivalently (1.7)
holds true, then

Izl _ Kz, o)l
213 —_— \F+'y 2+/Re(T7).
(213) (@~ e <P+l 2R
The equality holds in (2.13) if and only if the equality case holds in (1.6) (or in (1.7))
and
(2.19) Re[(T +7){z,y)] = IT +1|{z, )| = IT +| VRe(T7)llylI*.

ProoF: We use the inequality (2.2) in its equivalent form
=1 _ Iz, a)l _ 2(lall = Vllal* - %) -
Iz, @)l [lall? llall
Choosing a = (' +7/2) - y and r = |T’ — |/2||y||, we have
lizll? _ T +7)/2¢=, vl
KT+ /20l 1T +7)/2 vl

2(Ir—“lllyll = VIT +v)/2Pyl2 - /41T - vPllylP?)
(T —)/2illyll

which is equivalent to (2.13). 0

REMARK 3. The inequality (2.13) has been obtained in a different way in [5, Theorem
2]. However, in [5] the authors did not consider the equality case which may be of interest
for applications.

REMARK 4. If we assume that ' = M > m = v > 0, which is very convenient in
applications, then :

(2.15) el _ Kzu)l < T - vy,

provided that either
(2.16) Re(My—z,z-my) 20

or, equivalently,

(217) = - 22 < S0~ m) i

holds true.
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The equality holds in (2.15) if and only if the equality case holds in (2.16) (or in

(2.17)) and . :

(2.18) " Re(z,y) = [(z,9)| = VMm ly|*.

The multiplicative constant C = 1 in front of (v/M — /m)? cannot be replaced in general
with a smaller positive quantity.

Now for a non-zero complex number z, we define sgn(z) := z/ |z|

The following result may be stated:

PROPOSITION 1. Let (H;(--)) be a real or complex inner product space and
z,y € H with Re(r,y) # 0 and v,T" € K with Re(['%) > 0. Ifeztber (2. 6) or, equxva]ently,
(2.7) hold true, then

@19) (o< el ol - [ <) ot ol - [Re(sn(“5) - (s, y$)]2

< (IP + 1 ~ 2v/Re(07) |Re(sgn(2) - (2, 1)) I
(< (It + - 2/Re(t7) (=, )] I1wIF*)-

The equality holds in (2.19) if and only if the equality case holds in. (26) (or in (2.7))

and .
Re[sgn (22 - (2] = VR ol

Proor: The inequality (2.9) is equivalent with:

I llall* - [Re¢z, a)]* < 2(llall = /llall® = 2) - |Re(a, a)| lal] .
If in this inequality we choose a = (' +v)/2-y and r = |[[ — 4| /2 | y, we have
1ol | 52 ot - (e[ (F52) - @])’
< 2(52 it - |2 i - 10— ot )
Re((552) - 0] | 52 ot

which, on dividing by |(I‘+’7)/2|2 # 0 (since Re(l'¥) > 0), is clearly equivalent to

X

(2.19). 0
REMARK 5. If we assume that z,y, m, M satisfy either (2.16) or, equivalently (2.17),
then

2 R
(2.20) llzl _ |Re(z,y)| < (\/A—/I—- \/ﬁ)?

| Re(z, )| liwl?
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or, equivalently
(2.21) llzll? lyll* = [Re(z, 9)]* < (VM — vm)?|Re(z, )| llyll*-

The equality holds in (2.20) (or (2.21)) if and only if the case of equality is valid in (2.16)
(or (2.17)) and

(2.22) ‘ ' Re(z,y) = VMm||y|*.

3. APPLICATIONS FOR INTEGRALS

Let (2, Z, u) be a measure space consisting of a set §2, a g-algebra of parts £ and a
countably additive and positive measure x on X with values in R U {oo}.
Denote by Lf,(Q, K) the Hilbert space of all K-valued functions f defined on § that
are 2— p-integrable on £, that is, /p(t)[f(s)lzdp(s) < 0o, where p: Q@ — [0,00) is a
0
measurable function on 2.

The following proposition contains a reverse of the Ca.uchy—Bunyakovsky—Schwarz
integral inequality: : ' '

PROPOSITION 2. Let f,g € L}(Q,K), r > 0 be such that
(3.1) f (O] F#) - (&) du(t) < * < / o) 9(6) Fdu(e).
1] . 0]

Then

2

(3.2) /n p()| £ (®)[ du(t) /n p(t)|g(®)|*du(t) - | /n p(t) £ (t)g@)dp(t)

<o( [ p(t)lg(t>|”du<t))l/2} / p(t)f(tfs?(t‘)du(t)\

< | ([ polatoauce)) " ([ stelotoaut - ) W].

The constant 2 is sharp in (3.2).

The proof follows from Theorem 3 applied for the Hilbert space (L($2,K), (-,),)
where

(fra)p = /n o(6)f (£ T du(t).

REMARK 6. We observe that if / p(t)du(t) = 1, then a simple sufficient condition for
Q
(3.1) to hold is

(3.3) |£(t) - g(t)| <7 <|g(t)] for u— almost every t€ .
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The second general integral inequality is incorporated in:
PrROPOSITION 3. Let f,g € L2(Q,K) and T,y € K with Re(T'y) > 0. If either

(34) [ Re[(Tatt) - £6) (F® - 70@) | ttrdutt) >

or, equivalently,

65 ([ oo -0 wo) " < e ( [Lowlstof )

holds, then

(3.6) /n o(6)] £ du(t) /n o(8)|9(8)*dut) - [ /n o(6) F(©)TEdu(2) |
< [T+ - 2\/Re(r7>][ / p(t)f(t)y_(t_)dn(t)' [P0l auce

The proof is obvious by Corollary 3.

REMARK 7. A simple sufficient condition for the inequa.lity (3.4) to hold is:

(37) Re[(Tg(t) - £(8) (F® - 79)] 2 0,
for u-almost every t € Q.
A more convenient result that may be useful in applications is:

COROLLARY 4. If f,g € L2(Q,K) and M > m > 0 such that either

(38) [ Re[(Ma(0) - 7(2)) (F - ma®)] r)dutt) > 0

or, equivalently,

69 ([ rofre- =

holds, then

10) [ polsauce) [ aolaf autt ‘ [ s
< (VI - yim) ] [ sz t)du(t)] | polsoduco,

REMARK 8. Since, obviously,

1/2

o[ auw) < 30 - m( [ olotoance)

Re[(Mg(t) - £(t) (78) — mg(®)] = (MReg(t) - Re (1)) (Re f(8) ~ mReg(t))
+(MImg(t) - Im f(t)) (Im f(t) — mImg(t)) -
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for any t € , hence a very simple sufficient condition that can be useful in practical
applications for (3.8) to hold is:

MReg(t) > Re f(t) > mReg(t)

and
MImg(t) > Im f(t) > mImg(t)

for p-almost every t € Q.

If the functions are in L2(Q,R) (here K = R), and f,g > 0, g(t) # 0 for p-almost
every t € ), then one can state the result:

1) [ s edute) [ s edu - ( / b(t)f(t)g(t)du(t))2

< (VT - vm)? [ p050®dute) [ s auce)
provided
(3.12) 0<m< L <M< oo for = almost every €.

REMARK 9. We notice that (3.11) is a generalisation for the abstract Lebesgue integral
of the Klamkin-McLenaghan inequality 7]

2 ke1 WiT} > k=1 WETkYk 2
3.13 = - = £ (VM - ym)",
(313) L1 WhTkUE  Dopey WiVE (
provided the nonnegative real numbers zx,yx (k € {1,...,n}) satisfy the assumptibn
(3.14) Osmsz—ksM<oo for each k € {1,...,n}
k .

and wx 20,k € {1,...,n}.
We also remark that Klamkin—-McLenaghan inequality (3.13) is a generalisation in
its turn of the Shisha-Mond inequality obtained earlier in [9]:

ZZ':lak Zk 1”’kbk ([ \/—_)
Seiakbe e 57 <

0<a<<ar<A4 0<bgb<B

provided

for each k € {1,...,n}.
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