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1. In t roduct ion . G. L e g r a n d [ l ] s tudied a gene ra l i za t ion of 
the a l m o s t c o m p l e x s t r u c t u r e s [2] by cons ide r ing a l i nea r o p e r a t o r 
J ac t ing on the complexif ied space of a di f ferent iable manifold V 

m 
sat is fying a r e l a t i on of the fo rm J = \ ( identity) whe re X is a 
n o n z e r o complex cons tan t . Such s t r u c t u r e s a r e ca l led TT-s t ruc tu res . 
A TT-st ructure is defined on V by the knowledge of two f ie lds , of 

p r o p e r s u p p l e m e n t a r y s u b s p a c e s T and T of the complexif ied 
C 

tangent space T at x e V , such that d im(T ) = n ; 
x m i l 

d im(T 2 ) = n ; n + n = m . In the r e m a i n i n g c a s e , X = 0, 

H. A. El iopoulos [3] in t roduced a l m o s t tangent s t r u c t u r e s and 
d i s c u s s e d euc l idean s t r u c t u r e s compat ib le with a l m o s t tangent 
s t r u c t u r e s [4] . In a s i m i l a r way the purpose of th i s pape r is to study 
s ingula r r i e m a n n i a n s t r u c t u r e s compat ib le with i r - s t r u c t u r e s , b r ie f ly 
R - s t r u c t u r e s . 

TT 

2. We define on V , equipped with I T - s t r u c t u r e , a complex 
m 

oo 
m e t r i c of c l a s s C , that i s , a s y m m e t r i c t e n s o r G = (g..) for 
which the c o m p o n e n t s , in a s y s t e m of local coo rd ina t e s (x1) a r e 

i oo 
complex functions of (x ) of c l a s s C , with the condit ion tha t the 
r a n k of G is n . We wil l say that the m e t r i c G is compat ib le 

* The au thor w i s h e s to e x p r e s s his s i n c e r e app rec i a t i on to P r o f e s s o r 
H e r m e s A. El iopoulos of the Un ive r s i t y of Windsor for h is va luable 
guidance in p r e p a r i n g th i s p a p e r and for supe rv i s ing the r e s e a r c h . 
This r e s e a r c h was suppor ted p a r t l y by the N . R . C . gran t #A3006 
and p a r t l y by the Ontar io Government with a pos t g radua te F e l l o w ­
sh ip . This r e s e a r c h was p r e s e n t e d by the author at the 8th Onta r io 
M a t h e m a t i c a l Meet ing held on November 2, 1968 a t M c M a s t e r 
U n i v e r s i t y , Hami l ton , Ontar io (Canada) . 
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with IT - s t ruc tu re if the s c a l a r p roduc t of two a r b i t r a r y v e c t o r s of 

Œ 
T is p r o p o r t i o n a l to the s c a l a r p roduc t of one of the v e c t o r s with 

x 

the t r a n s f o r m of the o ther by J . This m e a n s that for any 
CD 

u, v € T , one has 

(2 .1) (u, Jv) = \ (u, v) 

whe re (u, v) deno tes the s c a l a r p roduc t g . . u v . Re la t ion (2 .1) 

can be w r i t t e n in the fo rm 

( 2 .2 ) J G = \ G . 

In the above c a s e we sha l l say tha t V is endowed with a 
m 

s ingu la r r i e m a n n i a n s t r u c t u r e subord ina te to I T - s t r u c t u r e , b r i e f ly , 

R - s t r u c t u r e . Let us r e f e r the space T to an adapted b a s e . 
-n x 

F r o m the r e l a t i on (2 .2 ) we obtain 

XI O 
11 1 2 

O -XI 
2 1 2 2 

G 
l l 

G 2 1 

G 
1 2 

G 2 2 

= x 
G G 

1 1 1 2 

G G 
2 l 2 2 

It is e a s y to see tha t G h a s the f o r m 

G = 
G O 

1 1 1 2 

O O 
2 1 2 2 

w h e r e G = (g ) is an n v n m a t r i x of r a n k n . 
i l tfp i l 1 

THEOREM 2. 1. Given an a r b i t r a r y q u a d r a t i c f o r m on V 
m 

defined by a t e n s o r (a .) of r a n k m and a l i nea r o p e r a t o r J on 

~ ~ o — r~ iJ — 
T such tha t J = X2 ( ident i ty) , one i s able to obtain f rom (a. .) 

x i j 
an R - s t r u c t u r e . 
— TT 
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Proof . Indeed, we sha l l show that one i s able to take for G 
the m a t r i x given by 

( 2 .3 ) G = J A + XA 

w h e r e A = (a . . ) . We c l e a r l y have 

JG = JTA + JXA 

= X2A + XJA 

= X(XA + JA) 

= X G . 

M o r e o v e r , f rom (2. 3) we have tha t , with r e s p e c t to an adapted b a s i s , 
G has the fo rm 

G = 
2XA O 

11 1 2 

o o 
2 1 2 2 

w h e r e A (a ) is n * n m a t r i x . This m e a n s that 
tfp i i 

e = 2Xa , g * = o* = g * * = 0. Since (a. .) is of r a n k m , Bap> <*p s a p 5<*p &a $ ij 

we have det(g ) £ 0. M o r e o v e r , we note that under a change of 

b a s i s 

h i 
a = A A a 

j«k» j» k" hi 

In p a r t i c u l a r we have 

<*f p 1 a% & h i 
A X A ^ a , 

a» p ! X^x 
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so that det (A' ) = det (A1 )2 det (A ) * 0 , which shows that 
u l u 

det (g ) ^ 0 does not depend on the chosen adapted base. Hence 
ûf(3 

(g..) i s of r a n k n . 

3. R - adap ted b a s e s . C o n s i d e r at a point x of V an 
^ m 

adapted b a s i s (e.) and the c o r r e s p o n d i n g dual b a s i s 

(61). We have 

ds2 = g . . eV = g 9 a e p . 
* i j ë<*(3 

Since the q u a d r a t i c fo rm is of r a n k n , one can a lways find an 

o r t h o n o r m a l ba se (e . ) of T by tak ing sui table l i n e a r c o m b i n a t i o n s 

of (e ). By doing so 

n 

ds2 = s (e*)2 • 
l 

One can a l s o find the se t of v e c t o r s (e , *) by sui table l i nea r 
a 

combina t ions of (e *) such tha t J e * = - \ e * . The v e c t o r s 
a a1 af 

(e ) = (e , e *) then f o r m an adapted b a s i s for which (e ) a r e 
i1 a! a ax 

o r t h o n o r m a l . We wi l l say tha t such a b a s i s i s adapted to the s u b ­
ord ina te R - s t r u c t u r e . In the s equa l , we sha l l denote t h e s e b a s e s 

TT 

by R -adap ted b a s e s . 

then 

Suppose now tha t (e ) and (e. f ) a r e two R - adap t ed b a s e s , 
1 j 1 IT 

«W -AL.AJ 
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w h e r e (A, t ) = A = 
k1 

A O 
11 1 2 

O A 
2 l 2 2 

a n d ( g k t l . ) = G 

I O 
n l 1 2 

o o 
2 1 2 2 

F o r the sake of conven ience , we sha l l use A, and A for A... 

and A r e s p e c t i v e l y . We m a y then wr i te the above condit ion in 

the f o r m 

(3 ,1) G = A • (AG), 

w h e r e (AG) is the t r a n p o s e of (AG), 

I O 
n i 1 2 

O , O 
21 2 2 

A O 
1 1 2 

O A 
21 2 

(A ) O 
V 1 1 2 

o o 
21 2 2 

A (A ) O 
1 1 1 2 

O o. 

which m e a n s that A . (A ) = I or A is o r t h o n o r m a l . We 
i l n 1 

l 
thus see that a t r a n s f o r m a t i o n m a t r i x of any two R -adap ted b a s e s 

i s of the fo rm 

R = 
A O 

1 1 2 

O A 
2 1 2 

where A = (A ) 6 0(n , a). 
i k ! l 

Let 0 (n , n ) be the set of m a t r i c e s of the fo rm R. This set i s 
1 2 

the subse t of G(n , n ) such tha t i t s e l e m e n t s sa t is fy the r e l a t i on 

( 3 . 2 ) R (RG) = R . 
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THEOREM 3 .1 . 0(n , n ) is a Lie subgroup of G(n , n ), 
1 2 i i 

Proof . Let R, R1 be long to 0 (n , n2 ). Then 

(R .R 1 )*(R R1 G) = (R R1 ( V * G J . ^ R ) 

= RtR'V1 G)] V ) 

= R[G]. *(R) 

= ( R / I O V ) as G = *(G) 

= ( R ) V G ) = G 

- i t - l - l t t - i 
and (R ) (R G) = (R ) (G) (R ) 

= (R^HGlV 1 ) 

= ( R ^ R V G J I V " 1 ) 

= (R"1 X R ^ R G J V " 1 ) 
t t - i t - i 

= (RG) (R ) = (R RG) = G. 

i - 1 

Hence RR and R both be long to 0(n , n ). Th is shows that 
0 (n , n ) is a subgroup of G(n , n ). Since 0 (n , n ) i s an 

a l g e b r a i c subgroup of the Lie group G{n , n ), then n e c e s s a r i l y 

0(n , n ) is i t se l f a Lie group [ 7 1 . Let E (V ) be the set of the 

R -adap ted b a s e s at the di f ferent poin ts of V and let 
IT m 

p1 :E (V ) -* V be the canon ica l mapping which to a b a s e r e l a t i v e 
R m m 

to x m a k e s c o r r e s p o n d x i tself . F u r t h e r m o r e , let p ! be the 
r e s t r i c t i o n of the canon ica l mapp ing p : E (V ) -> V [E fV ) 

d m m Œ m 
being the set of a l l the c o m p l e x b a s e s l such tha t E (V ) h a s , wi th 

( D m 
r e s p e c t to p , a n a t u r a l s t r u c t u r e of a p r i n c i p a l f ibre bundle with 
b a s e V and the s t r u c t u r e group GL(m, Œ). We a l s o know that 

m 
0 (n , n ) is a topo log ica l Lie subgroup of G(n , n ) and 

consequen t ly of GL(m, (D). Hence the r igh t t r a n s l a t i o n by 
g e 0 (n , n ) i s the r e s t r i c t i o n to E (V ) of the r igh t t r a n s l a t i o n & i 2 R m 
ope ra t ed on E^(V ). F r o m th i s it i s obviously t r u e that for e v e r y 

Œ m 
x € V t h e r e e x i s t s a ne ighbourhood u of x and a d i f fe ren t iab le 

m 
sec t ion of E (V ) with values in E_ (V ). Hence one can deduce 

(E m R m 
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f rom a p ropos i t i on of D. B e r n a r d [5 , P r o p o s i t i o n 1 ,5 ,2 ] that 
E^ (V ) is a different iable p r i nc ipa l subfibre bundle of E (V ) 

JK- m ( C m 

with base V and s t r u c t u r e group 0(n , n ). 
m i 2 

4. R - c o n n e c t i o n s . We wil l ca l l R -connect ion any inf ini te-
TT IT 

s i m a l connect ion [21 defined on the f ibre bundle E (V ). Given L J R m 
a cove r ing of V by ne ighbourhoods endowed with local c r o s s 

sec t ions of E (V ) an R -connect ion m a y be defined in each ne igh -
R m ir 

bourhood u by a fo rm W with v a l u e s in the Lie a l g e b r a LO(n , n ) 
7 U & 1 2 

of the group 0(n , n ). Such a form m a y be r e p r e s e n t e d by x € V 
1 2 m 

by m e a n s of a m a t r i x of o r d e r m whose e l e m e n t s a r e complex 
va lued l inea r f o rms at x; it wil l be denoted local ly by 

W = (W1) w h e r e w) € LO(n , n ). 
u j j 1 2 

To d e t e r m i n e the fo rm of the e l e m e n t s of LO(n , n ) we 

r e c a l l that 0 (n , n ) c o n s i s t s of m a t r i c e s R of GL(m, Œ) such 
t 

that R (RG) = G. The Eie a l g e b r a of 0(n , n ) c o n s i s t s of the 

set of a l l the in f ine te s ima l r ight t r a n s l a t i o n s of 0(n ,, n ) defined 

by a tangent v e c t o r at the ident i ty e l emen t of 0(n , n ). Thus , one 

can show that 0(n , n ) c o n s i s t s of m x m m a t r i c e s 

(4 .1) R 

O 
1 2 

w h e r e RG + (RG) = O , 

w h e r e RG is the conjugate of RG. Indeed, let us a s s u m e that* 

RG + (RG) = O and R1 G + (R1 G) = O. F o r s imp l i c i t y , we se t 

RG = X and R1 G = Y. Al so set Z = [X ,Y] = XY - YX. 

\z) = VY) - Vx> = W(x) - Wm 
= ( - Y ) ( - X ) - ( - X K - Y ) 

= Y . X - X . Y 

= - Z . 
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Hence (Z) + Z = 0 which i m p l i e s tha t [X, Y] 6 LO(n , n ). 

With r e s p e c t to an R - adap ted b a s i s (4. 1) can be w r i t t e n a s 
TT 

A O 
1 1 2 

° 2 , °ZZ 

1 1 2 

o o 
2 1 22 

o o 
1 1 1 2 

o o 
2 1 2 2 

( 4 . 2 ) A + (A ) = O 
l l 

E (V ) be ing a subbundle of the f ibre bundle E (V ), one 
Rv m 7 & (L m ' 

conc ludes that any R - connec t ion def ines canon ica l ly a l i nea r 
TT 

connect ion with which it can be ident i f ied . 

C o n v e r s e l y , let us c o n s i d e r a c o m p l e x l i n e a r connect ion and a 
c ove r ing of V by open s e t s , each equipped with a loca l f o r m , wi th 

m 

v a l u e s in the Lie a l g e b r a of GL(m, (C), r e p r e s e n t e d by a m a t r i x 

(W.) whose e l e m e n t s a r e c o m p l e x va lued loca l Pfaffian f o r m s . In 

o r d e r tha t the given connect ion be able to be ident i f ied wi th an R -
TT 

connect ion it is n e c e s s a r y and sufficient tha t (W. ) be longs to the 

Lie a l g e b r a of the s t r u c t u r e group 0(n , n ) of E (V )» tha t i s 
1 2 j<_ m 

to say tha t the following condi t ions be sa t i s f i ed : 

( 4 . 3 ) 6 * a 
WH = W = O 

a p* 

( 4 . 4 ) 
(3 a 

wr + w = o 
a p 

As shown by G. Le grand [ l ] the condi t ion (4. 3) e x p r e s s e s tha t 

the t e n s o r J = ( F . ) h a s abso lu te d i f fe ren t i a l z e r o (which i s a 

n e c e s s a r y and sufficient condi t ion that the given connec t ion be a 
TT- connection).. 
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a 
The condition (4.4) expresses that the submatrix (W ) 

belongs to the l ie algebra of the group 0(n , (C). In order to 

interpret (4.4) we introduce the absolute differential of the tensor, 
assuming the condition (4. 3). We have 

k k 
Vg.. = - W. g - W. g 

IJ l kj j ik 

We also recall that with respect to R -adapted basis g = Ô 
IT aft a$ 

Hence we have 

^aps'^\p+wl SxV- (Wpg«x+Wp e*x*)=-(Wa + w J ) = 0 

Vg * = - (W g * + W • g * *) - (W *g + W * g *) = 0 
#p a \ p <* \ p p a\ p a\ 

Ve * * = - (W *£ -!< + W -!cg * *) - (W *g * + W *g * *) = 0 V ë a p V a H p a ë \ p ; K p ë a X p ga \ } 

Hence yg.. = 0 . 

THEOREM 4. 1. The absolute differential of the metric 
tensor in an R -connection is zero. 

TT 

Combining this result with VF = 0, we have 
j 

THEOREM 4.2. A complex linear connection can be identified 

with an R -connection iff the tensors (F ) and (g ) have absolute 
TT j i j 

differential zero. 

We will say that a complex linear connection defined on a 
complex metric (g .) is euclidean if Vg.. =0. The preceding 

theorm expresses that one is able to identify the R -connection 
TT 

with euclidean IT-connection. 

5. Holonomy groups of the R -connections. Let us be given 
in an R -structure an R -connection. Any horizontal path con-

TT TT 

structed in E (V ) relative to the complex linear connection 
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coinciding wi th the R - connec t ion and beginning at an R - adap t ed 
TT 7T 

b a s i s b ends at an R -adap ted b a s i s . One conc ludes f rom th is 
TT 

that the holonomy group at b[2] of the c o m p l e x l i n e a r connec t ion 
is a subgroup of 0 (n , n ) 

1 2 '* 

C o n v e r s e l y , let V be a d i f ferent iable manifold endowed wi th 
m 

a c o m p l e x l inea r connect ion and let us suppose tha t at the point x 
of V t h e r e e x i s t s a c o m p l e x b a s i s b such that the holonomy grouj 

m 
\\> of the connect ion at b i s a subgroup of 0(n , n ). Let us 

b * . 
c o n s i d e r at the point x the t e n s o r s (g..) and (F.) defined on the 

* h ? 

whole manifold . Now at the point x we have F, F. = X à] and 
h J J 

i & 
Y a - X g = F g - X g 
* k g i j ë j k p ë * y yP 

= X Ô Q ' ô - X ô o 

P <*y \ P 

= Xô - Xô 
PV vp 

= X - X 

= 0. 

which i m p l i e s tha t JG - XG = O or J G = X G. T h e s e r e l a t i o n s 
r e m a i n t r u e at any point of V . One thus has defined on V an 

m . m 

R - s t r u c t u r e . Since the t e n s o r s (g..) and ( F . ) a r e i nva r i an t 

under 4v they have abso lu te d i f fe ren t ia l z e r o [2] . Thus the given 

connect ion is able to be identif ied with an R - connec t i on . We m a y 
TT 

thus s ta te the following. 

THEOREM 5 . 1 . In o r d e r that a d i f fe ren t iab le manifold h a s an 
R - s t r u c t u r e it i s n e c e s s a r y and sufficient that t h e r e e x i s t s a 

TT ' 

c o m p l e x l i nea r connect ion whose ho lonomy group i s a subgroup of 
0(nx , n 2 ) . 

6. Note on c h a r a c t e r i s t i c f o r m s . An R - connec t ion 
TT 

d e t e r m i n e s canonica l ly a IT-connect ion. We can thus a s s o c i a t e to 
it c h a r a c t e r i s t i c f o r m s defined by: 

+ = \Q , UJ = - \Q 
l a z a* 
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where Œ. = d-rr. + TT, AIT. is a tensor 2-form. If the connection is 
J J h J i 

d e f i n e d w i t h r e s p e c t t o Tr - adap t ed b a s e s b y (IT. ) , w e h a v e 

et et* 
ù = Xd(u ) . + = -Xd(lT ) 

i a 2 a * 

(3 a 
This given connection being an R -connection, we have TT + IT = 0, 

TT a (3 

o r IT + TT = 0 , o r TT = 0 . H e n c e VJJ = Xd(îr ) = 0 . T h i s 
ûf a a l a 

leads to the following theorem. 

THEOREM 6. 1. The first characteristic form \\t is zero 

for any R -connection. 
TT 

7. R -structures and infinitesimal transformations. It has 
TT ' 

been proved by G. Legrand [l] that with a TT-structure, one can 

associate a tensor field t (two times covariant and one time 

contravariant) in V called the torsion of TT-structure. He has 
m 

also shown that this torsion can be regarded as the torsion of a 

suitable TT-connection. Furthermore, one can deduce from Section 

4 of this paper that any R -connection defines canonically a 
TT 

TT-connection with which it can be identified. We conclude that the 

torsion t of a TT-structure can also be regarded as the torsion of a 

suitable R -connection. Let us recall that if TT-structure is 
TT 

integrable then t is identically equal to zero. The converse is true 

Où 

only if Tr-structure is of class C . It is obviously true that this 

condition of integrability is same for R -structure. 
TT 

We consider the set M(V ) of all the contravariant 
m 

differentiable vector fields (infinitesimal transformations) in V . 
m 

We also consider the following bilinear operators in M(V ), 
m 

associating to u, v e M(V ) a field OJ e M(V ) [9]. 

(i) a) = [u, v] (bracket of Poisson), defined with the help of 

local coordinates x and of the corresponding local components 
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u , v of u and v by 

j k 9uJ k 9V
J 

y = v — - - u (j = 1, . . . , m ) ; 

3 x 9 x 

(ii) a) = [u, v] , TT being briefly denoted by any R -

connection in V , defined by w = v u u - u V v , where V. 
m k k j 

is the covariant derivative with respect to IT; 

(iii) a) = T(u, v), T being the torsion of the R -connection 

defined by GO = T u v . At the point x e V , T(u, v) depends 
K. si rn 

only on the vectors u, v at x, whereas the bracket depends on the 

fields u, v. 

The relation [u, v] = [u, v] + T(u, v) is obviously true. 
IT 

We claim that 

(7.1) [Ju, Jv] = J[Ju, v] + J[u, Jv] - X [u, v] . 
TT TT TT IT 

Indeed, in terms of the local coordinates x , let F , be the 
k
 k 

components of the tensor field representing J(x), then y .F = 0. 

The j - th component of [Ju, Jv] is equal to 

k i vp v p 

= - X2(vP
VpUJ - uP

VpVJ) + (F J
kvP

V p(F i u ) - F 1 ^ u VpV ) 

which is the j - t h component of the second member of (7. 1). 

Replacing in (7. 1) [u, v] by [u, v] + T(u, v) we get 

(7.2) [Ju, Jv] = J[Ju, v] + J[u, Jv] - X2[u, v] + JT(Ju, v) 

+ JT(u, Jv) - T(Ju, Jv) - \ 2 T ( u , v). 
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Let us in p a r t i c u l a r a r r a n g e in such a m a n n e r that T is the t o r s i o n 
t of the R - s t r u c t u r e . Now in th i s c a s e the o p e r a t o r s J and 

IT 

T(u, v) = t(u, v) in M(V ) a r e r e l a t e d by 
m 

(7 .3) t (u , Jv) = t ( Ju , v) = - J t (u , v ) . 

These r e l a t i o n s a r e consequences of the definition of the t e n s o r t . 

Opera t ing J on the r e l a t i o n s (7. 3), we get 

J t (u , Jv) = J t ( Ju , v) = - J 2 t ( u , v) = - \ 2 t ( u , v) . 

A l so r ep lac ing u by Ju in (7. 3) , we get 

t ( Ju , Jv) = t ( J 2 u , v) = X 2 t (u , v) . 

Subs t i tu t ing these v a l u e s in (7 .2) and rep lac ing T by t , we have 

[Ju , Jv] = J [ J u , v] + J [u , Jv] - X 2 [u , v] - 4 \ 2 t ( u , v) 

or 

( 7 . 4 ) - 4 X 2 t ( u , v) = [ J u , J v ] - J [ J u , v ] - J [ u , J v ] + X 2 [ u , v ] . 

T h u s t h e c o n d i t i o n of i n t e g r a b i l i t y t = 0 c a n b e f o r m u l a t e d a s 

f o l l o w s : 

In o r d e r t h a t t h e R - s t r u c t u r e i n V b e w i t h o u t t o r s i o n 
IT m 

( i n t e g r a b l e , if t h e s t r u c t u r e i s of c l a s s C w ] i t i s n e c e s s a r y a n d 

s u f f i c i e n t t h a t [ J u , J v ] = J [ J u , v ] + J [ u , J v ] - X [ u , v ] f o r a l l 

v e c t o r f i e l d s u , v e M(V ) . 
m 

T h e N i j e n h u i s t e n s o r i s d e f i n e d [8 ] b y 

N ( u , v ) = [ J u , J v ] + J 2 [ u , v ] - J [ J u , v ] - J [ u , J v ] 
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for any v e c t o r f ie lds u, v . F o r R - s t r u c t u r e we have J 2 = X 2 , 

then 

N(u, v) = [ Ju , Jv] + X 2 [u , v ] - J [ J u , v] - J [u , J v ] ; 

c o m p a r i n g th i s r e l a t i on with ( 7 . 4 ) , we have 

(7 .5) N ( u , v ) = - 4 \ 2 t ( u , v ) . 

Hence we conclude th i s sec t ion by s ta t ing the following 
t h e o r e m . 

THEOREM 7 . 1 . In o r d e r tha t the R - s t r u c t u r e in V be 
TT m — 

comple t e ly i n t e g r a b l e it it n e c e s s a r y and sufficient (only if the 
CO 

s t r u c t u r e i s of c l a s s C ) tha t the Ni jenhuis t e n s o r be equa l to z e r o . 
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