RESTRICTED CHOICES
M. Abramson
(received July 22, 1964)
A subset consisting of k elements chosen, from n

distinct ordered elements, with given restrictions is called a
restricted choice. For example, one restriction on the k

elements may be that no two consecutive elements appear,
while another may be that no two alternate elements appear.
Certain restricted choices may be used to obtain solutions to
permutation problems ([41, p. 349]; [4]). Each restricted choice
corresponds to a '""restricted sequence of Bernoulli trials' as
described in [1]. In this paper an elementary method of obtain-
ing more general types of restricted choices is given. Some
special cases of the restricted choices and restricted Bernoulli
trials are presented in the form of examples. Also, an elemen-
tary alternative approach to a result by Bizley [3] is given.
Here the problem is to find the number of ways of arranging
along a straight line balls of different colors with certain
restrictions.

Let X = (x1, ...,x ) be an ordered set of n distinct
n

elements. Let G and S be any non-empty subsets of X.

DEFIN ON 1. i f S if = s s s

INITI G isa gapo if G (x, XX

X, X, ), where x £S for i<r<itvt1 and
i+v, i+v+i r

X, €S for r =i, itv+1. The length of the gap G is v.

Necessarily G contains at least two elements, and 0 < v < n-2.

Example. If S consists of two consecutive elements
there is one and only one gap of S, namely S itself; its length
is zero.
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DEFINITION 2. Let m,y be integers > 0. A subset
M of X is a minus-m,y sequence if,

(a) the length of any gap of M 1is less than or equalto y ,
(b) M has exactly m gaps of length y .

For instance, a minus-m, 0 sequence is a subset consisting of
m+1 consecutive elements. Note that if S consists of k
elements then S cannot contain any minus-m,y sequence for
m> k.

DEFINITION 3. Any subset R of X may be written as
R=(x ,x ,...,x ) where (i ,i_,...,1 ) is some subset of
1 i i 12 r
1 2 r
(1,2,...,n) with i <i for u<v. R is said to hold (have,
u v —_—

contain) a minus-m,y sequence if for some pair of positive

integers a,b,a+tb<r, (x. ,X. R ) is a minus-m,y
— i i i
a at1 a+b
sequence.
Exarnplé. (x1x2x4x6) holds a minus-2,1 sequence; in

fact (x1x2x4x6), (XZX4X6) are both minus-2, 1 sequences.

Let Af(n, k;WO’Wi’ ...,w ) denote the total number of
r

subsets of X such that
(a) each subset consists of k elements,

(b) no subset holds a minus-w ,y sequence for any
Yy

y=0,1,...,r.
a a
2 3 n
Denote the product (ai)(az). .. (an_ 1) by
a
n
%1 i+1
where (a? ) is the binomial coefficient and (a, ): 0

2 i i
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whenever a_>a. , or a, <0 for a, > 0 ; and define
i i+1 i i+1 —

(a1)§1 for n =1. Define

[0 for k>0
A(n, k;0) =
1 1 for k=0

Using the method of proof given in [1, lemma 1] we obtain the
following result:

w
o)
(1) Aln,k;w , , W) = = . Aln-k+1,i ;t
o r . .
i+ +i =k . o
1 w i
o 1
where t =w and r > 0.
y+1
Proof of (1). Assume A(n,k;t ,...,t 1) is defined for
——————————————— 0 -
any r>1. Let a dash correspond to an element chosen from

X and a dot to an element not chosen. Array n-k dots along
a straight line. There are n-k+1 slots formed, including the
one before the first dot and the one after the last. For the
desired subset, no consecutive sequence of dashes should be of

length more than w . Thus, divide k dashes into i groups:
o w

o
i groups of w dashes each, i_-i, groups of w -1 dashes
1 o 2 1 o
each, ..., i - i groups of 1 dash each. These i
w wo—i wO

i
W
o
groups may be arranged along a straight line in < : >ways.
g

In order to obtain the required restrictions we may insert each
arrangement of the 1 groups into the n-k+1 slots in
w

o
A(n—k+1,iW0; to, e ’tr-1) ways, where ty zvvY+1 . Summing
over i1 o =k, (1) is obtained. Because
W
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A(n,k;w) = A(n, k;w,k) and A(n,k;m) = (2) for m > k, it follows

from (1) that the number of choices k from n so that no w+1
consecutive elements appear in any choice is

n-k+1
i
Aln,k;w) = = w
i+...+1 =k :
w .
1

in agreement with [1, Lemma 1].

Therefore
/lw k
by ( 1 = = A(k-1, k-u; w-1) .
i4...+41 =k \j u=1
w i
1
1
. ¢ ket ket
In the case w =Kk, z A(k-1,k-uk-1) = T (k ) =2
u=1 u=1 -

Putting j = k-u, (1) may be written as,

(2) A, k;w ,w ,...,w ) =
o r
k-1
Alk-1,j; w -1) A(n-k+1,k=j; t ,...,t )
. o o) r-1
j=0
-k+1
where t =w . For example A(n,k;1) :(n ) .
y oyt k

Also, A(n,k;w)

k
is the coefficient of t
function

in the generating
n-kt+1

> ot

-(n-kt+1 ‘w+1 n-k+1
= (1-t) ( ) )
i=0

(1-t

Hence we obtain
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W s n-sw-s_ n-k+1
(3) A(n,k;w) = = . = = (-1) ( ) ( ) .
. . . n-k s
i+...+1 =k . s=0
1 W .
i
\ 1
Therefore we have
(4) Aln,k; w ,...,w ) =
o r
S +...+s
k- k-a -
= s = s (-1 ° r( ao)( 26 a1)
a =0 a =0 s =0 s =0 So 51
o r o r

k-1-a -...-a -5 W
o r-1 r r
< k-1-a -...-a >
o r
n-(r+1)k+r+1+ra +(r-1)a +...+a
( o 1 r-1

k-a -...-a
(o] r

No doubt (4) could be further simplified. Some simpler
examples vusing (2) or (3) are now considered. In each, the
number of choices k from n with given restrictions are found.
Example 1 is proved as Lemma 3 in [1].

Example 1. The restriction is that no subset (x,,x,+2),
i i
i=1,...,n-2, appears in any choice. Their number is given
by
,n=-2k+2+j -
An,k; 2,1) = = < k-j )
j=0 J
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In any toss of a coin denote the head H and the tail by T.
The probability that neither HT H nor HH H appear in n
tosses of a coin (p being the probability of H in one toss) is

Kk -k
= Aln,k; 2,1)p (1-p)" .

k=0
Example 2. The restriction is that x_, x.+2 (i=1,...,n-2)
i1
do not both appear in any choice unless x, also appears in

i+1
that same choice. The number is given by

k-1 -2k+2+4]
Alm kk, 1) = = (L oeen
j k-j

j=0

)

The probability of H T H not appearing in n tosses may be
obtained.

Example 3. The restriction is that neither the subset

X ,X , i=1,...,n-1, nor (x,x ,1=1,...,n-3, appear
(%) (%% 5) PP

in any choice. The number is given by

k-1. n-3k+3+j
Aln,k;1,k,1) = Aln-kt1,k;k,1) = = (j y (% ke Iy,
j=0

The probability that neither HH nor HT T H appear in n
tosses may be obtained.

Example 4. The restriction is that none of the subsets

Yoo oo (%,

X., X X
( 1’7 +2 1 Titr-1

), (x., %, ), (x.,x,
1 1 1

X, s X,
i+r  i+2r it+sr
appear in any choice. The number is given by,
An,k;1,1,1,...,1 ,8) =A(n-k+1,k; 1,...,1 s
r-1 r-2
=A(n-(r-1)k+r-1,k;s) ,

h
where 1 denotes the rt o,
r
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n-rk+tr

Putting s =1, Aln,k;1,..., 1r) = K ) is the number of
choices k from n such that if x appears in any choice then
i
none of the elements x, ,...,x, appear in that choice. This
i+1 it+r
is one generalization of A(n,k;1) . A(n,k;1,..., 11_) may also
be obtained from the relation
(A) A(n,k;1,...,1 )=An-1,k;1,...,1 )+ A(n-r-1,k-1;1,. .. ,1r)
r r

with proper initial values. This relation is a simple generaliza-
tion of the relation for r =1 given by Kaplansky [4] and is

obtained by dividing the choices into those not containing X, and

those containing X, -

Similarly we obtain the recursive relation

(B) A(n,k;w) =A(n-1,k;w) + A(n-1,k-1;w) - A(n-w-2, k-w-1;w)

for n > w+2. For n<w,

) (Wr) for k< wt1
A(n,k;w) = (k) and A(w+1,k;w) =

0 if k =wt+1 .

Here the number of choices containing x, is given by the last
two terms of the relation since we need to subtract from
A(n-1,k-1;w) the number of those choices of k-1 from n-1

each containing the set (x.,x_,...,X . Since x cannot
g ( 23 w+1) w+2

appear, this number is A(n-w-2,k-w-1;w). The relations (A)

and (B) are the same for r =w =1 as A(n-1,k-1:1) - A(n-3,k-2;1)

=A(n-2,k-1;1). The numbers F(n)= ¥ A(n,k;1) are Fibonacci
k=0

numbers.

n n
Just as (k) = k) because a one-one correspondence
n—

exists between the choices of k and the choices of n-k (in
particular "k elements chosen' correspond to ''n-k elements
not chosen'') so does a correspondence in a certain sense exist
between restricted choices. To a subset consisting of n-k
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elements with the restriction that it does not contain any minus-
m,y sequence corresponds the subset of k elements not chosen
with the ""complement' restriction. For example A(n,n-k;w)
gives the number of choices k from n such that at least one

of the elements x ,x ,...,Xx. belongs to each choice if
i i1 i+tw
(<.,

X, .,...,X ) is contained in (x ,...,x ). From
i i1 i+w 1 n

example 4 we see that the probability that neither the sequence
THT nor THHT nor... nor THH... H 1T appear in
r_
1 -
n tossesis X A(n,n-k;1,... ,11_)p(('1—p)n k, p being the
k=0

probability of H in a single toss.

An additional restriction is now briefly mentioned. S is

calleda (n;a,,...,a )-subsetof (x ,...,x ) if
1 m n

1

(a) S consists of a1+. ..+a subsets, no two having
m

any common elements, and no element of any one of the subsets
is consecutive with an element of any other subset.

(b) a. of the subsets of S consist of i consecutive
1

elements.
m
It follows that S consists of X ia, elements. For example,
1
i=1

X X X X X is a (n;1,2,1)-subset for n > 15.

X X X
123569 10 15

Denote by A(nj;a ,...,a ;w ,...,w ) the total number of
1 m 1 r
(n;a,,...,a )-subsets of (x ,...,x ) such that no subset
1 m 1 n o
holds a minus-w ,y sequence for any y =1,...,r.
Yy

Then evidently

m
- Y ; S, = “k+1,i it , ...t
(5) A(n,a1 am w, Wr) : A(n-k+ 1m o -
"
m m
where k= X ia,, t =w " and 1 = = a., u=1,. ,m
i=1 7 y y j=m-uti
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Putting r =1 and w, = =z ia,,
i=1

(n;a ,...,a )-subsets is obtained.

1

Using appropriate modification in the proof of (1) a cor-
responding result may be obtained for circular restricted

choices i. e., where x1

result is quite involved we give here only one particular case.

Denote by Ac(n, k; w) the number of choices of k from n

the total number of

and x are consecutive. As this
n

objects arranged in a circle so that no w+1 consecutive objects

appear in any choice. Then
n-k-1-
a -1
o w
A (n,k;w) = = (w+1) +
+..+a =k
T a,-1

/n-k- 1\
a -

w

-1
42

2y

.

/n-k—1

w

To obtain this formula we note that in using the proof of (1)

we consider only n-k slots.
after the last dot be marked X.

Let the slot before the first dot and

Then the ith term (i=1,...,w)

in the above expression is the total number of restricted choices

such that only one group of w-it1 dashes is inserted in the slot

X and the rest elsewhere.
choices such that no group is inserted in slot

insertion of a group of r dashes into the slot X gives rise to
r+1 choices, since these dashes may represent any one of the

) e

subsets (x ,x_,...,x ), (x ,x ,X , X
1 r n 1

2 27T e
(x y...,%x ). When w =1,
n-r+1 n
c n-k-1 n-k-1
A , k; = 2
(n, k;1) (k-1 )+ ( K )

in agreement with [3, Lemma 2].

We now give a self-contained elementary solution to a

The last term is the total number of

X. Further, any

permutation problem which has been solved in 1963 by Bizley [3].

The problem is to find the number of ways of arranging

a1+. ..+a balls of n distinct colors, a.
n i
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straight line so that no j.+1 balls of color A,  are consecutive.
1 1

Thi is denoted b dysansdysoosa L)
is number is denoted by g(a\1 Jpiaysd, a_ Jn) The
special symmetrical case g(a1, 1; aZ, 1;...5;a ,1), denoted by
n
f(a1,a2, ...,a ), (i.e., the number of arrangements such that
n
no two consecutive balls of the same color appear) is obtained
first.
The formula for f(ai,az, ...,a ) given by Bizley is
n
simpler for actual computation. Our beginning is the same as
Bizley's.

We have a1+...+a balls of n distinct colors, a. of
n i

color A,. The a, balls of color A, may be divided into t,
i i i i

.groups (with at least one ball in a group) and these groups
may be arranged alohg a straight line. The total number of ways

t. -1
i

a -1
of doing both these things is < ! >

Suppose 2 <r <n-2, and a1+. .. +a 1 balls are
—_ — r—

arranged along a straight line without restriction. Then

a1+. . .+ar_ 1+1 slots are formed, including one before and one
after all the balls. Let c. be the total number of pairs of
adjacent balls of color Ai’ forming < slots in this arrange-
ment. The tr groups of the a balls of color Ar may be
inserted into the a1+. .. ta +1 slots, with at most one group

inserted into any one slot, in

. ta Ad-c - .-
5 - <C1> <Cr-1><a1+ 217 Cr-1>
j =0 J 1:0 J'l Jl‘-1 tr‘Ji‘..."Jr_,l
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ways. Having done this the t " groups of 2 balls may be
r

inserted in

Note that the tr groups give rise to ar-tr pairs of adjacent

Ar colored balls.

For r=2, the t2 groups may be inserted in

a -1 2
Z < . )( . ) ways. Inductively the t groups for
. 1 t_-1 r
i =0 1 2 1
1
r=3,...,n-1 may be inserted. In inserting the a balls of
n
color A , all slots formed by 2 adjacent balls of one color
n
need to be filled and t =a . Hence, if r+i=n then
n

n

s =c -] for m=1,...,n-2 and s =a -t .
m ‘m . n-1 n-1 n-1

It follows that

i

(6) f(ai, - ,an)

) -1 n-1 /a -1 a,-1\/ 2
T ... T I v = | , s =
t.=1 ¢ =tu=2\'% o\ Y S\ c0 =0
2 n-1 1 71 3
a -1-i a_-t t -1 +2 a -1-1i -1
<1. 1><2. 2><t2 v > s sz <1_ 1 2>
1 1 -1 _=-1 .o A s 1
2 3 3 2 3 14—0 15~0 16~0 4
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a_-t_-i\ /a_-t_\ /t +t_+i +i_+i_+2

(2.2 3>< 3 3><2 3123 > = 2.
i i t -1 -1 -1
5 6

4 4 5 6

2

t +...+4t +1 +.. .41 +2
2 n-1 1 Yn-1)(n-2) >
2

a +...+ -a +1
1 %h-1"%n

2

-a_+1
1 2

derivations by Bizley are more elegant. Using his formula
we obtain

In the trivial case, f(a 6 ,a_ ) =
1 2 a

> . However, the

(...

Yn-1)(n-2)

a a
1 2 n a -1\sa_-1
Za-=
fla,...,a) = = = ... % (=1 2 ).
1 n r -1 /\r_-1
r1=1 r2=1 r =1 1 2

Evidently, in the general case

7 b33 --3a L]
(1) alagiya i)

a, B. N
Ji ‘]2 Jn
= = . fle. ,B. , SN ),
- J J J
N 8 N 1 2 n
1 1 1
(the sum taken over a,+...+a, =a ;...;\ +...+\. =a )
1 J 1 1 J n
1 n
= Z A(a -1,a -r ;j -1)... A -1,a -r ;j -1) £ .
( 1 1 131 ) (an an I'n Jn ) (r1
(the sum taken over r =1,...,a1;...;r =1,...,a )
n
RO
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n s a,-1—s.j,\ r.

1 1 11 1
- - f JT , ...,
== 1 (-1) - !<S> (1'11'2 n)

i=1
(the sum taken over

r =4,...,a ;...;r =1,...,a ;s,=0,1,...,r

using (3)-

Checking for g(a1,a1;a2, 1;a3, 1) we obtain, using (6) and

(7)’

;12,1
p tiags 1)

22 -1\t oy -1y 2 &1 a,-1-i\/ t4i+2

= (t-i / = < i ><t-i> = < a, -r ><r+a -a +1>
t=1 i=0 T r=1 1 / 2 3

a 1

E2 (az— ><a1+1> a1+t+1 > |

t=1 t-1 t t+a13-a2

in agreement with [2] wherein we need multiply the answer by

a, ! a, ! a3 ! since the colored balls are replaced by distinguish-

able objects of a kind.

a ,a ;a
g(11

1

M
T
" Y
! |
- [N
\/

[
=

L

o
o

[\
w

By dropping the summation signs from (7) we obtain
stronger restriction for the arrangements:
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; h h i h |
13 2 5 ) n
| JZ‘1 ! Jn;
(8) D ! f(h., _h , . h. ),
\ Lo : ti 2, R
© h h h
a7y \21/ L n 1
\
where h + h_+ ... 4+ h, =a.  for i=1,...,n, gives the
i1 12 1. i

1

number of arrangements along a straight line of the a1+. .. +a
n

balls such that exactly h - .h  maximal runs of j -r
i r+1 ir i

consecutive balls for r =1,2,...,j. -1 of color A and exactly
i

1

‘hi maximal runs of 1 ball of color A, appear.
i i

The problem of the balls may be restated in terms of
restricted choices since g(ai,j

5@ 53 553 L]
1 &JZ aan

number of ways of dividing a1+. ..+a distinct ordered elements
n

into n disjoint subsets such that the ith (1 =1,...,n) subset

contains a, elements of whichno j +1 elements are consecutive.
1 1

) gives the

Finally, a variation of the above problem of the balls is
mentioned.

We are given r+a1+a2+. ..+a balls of nt1 different
n

colors, r of color R and a, of color A, for i=1,...,n.
1 1

Denote by h(r;ai,Ji;aZ,_]ZL .

arranging all the balis along a straight line such that

.;a ,j ) the number of ways of
n "n

(a) no j+1 balls of color A, (i=1,...,n) are consecutive
i i

in any arrangement and

(b) no ball of color A, is adjacent to a ball of color A,
1 J

for i4j and i,j=1,...,n.

J

Placing the r balls of color R along a straight line hence
forming r+1 slots and then inserting the other balls into the
slots in the appropriate manner we obtain
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1 n
a, 1'- [3 A‘\ )\
31‘\ s
= = p e :
a,+ ta, =a g+ +ﬁ =a A+ +\ =a o ,51 ‘3 , \
J 1 1 j, 2 i nl 2/ 2 2
1 2 n ‘l 01 \ 61 :vvr ; X
r+1 r+l-a. | [r+1-a0, -P r+l-a, B, -...-K
J J J |
i 1 72 1 72 n-i‘
a | B Y. \. |
v +...+v n n sa-1-vj, /uk
u, =1 u =1 v =0 v =0 i=1 k=1 \ i k
1 n 1 n
(r+1)!
n
] ' 1 _ 1
(u1). (uz). c (un). (r+1- = ux).
x=1

[Although we do not state one here, a more involved formula
containing the further restriction that no y balls of color R
are adjacent may be given. |

To find the number of arrangements of the balls with restriction

(b) only, we put j, =a,  (i=1,...,n) and obtain
i i
10) h(r;a ,a ;...;a , =
(10) (r a1 a1 an an)
a a
1 n n a -1 ,
- = . i . (r+1)!
u =1 w =1 i=1 \%71 0
n (u ) (u)! . (u ) (r+1- = u )
1 2 n X

x=1

Replacing the balls of a certain color by distinct objects of a

certain kind, we see that the number of ways of arranging along

a straight line r+a1+a2+. ..+a_distinct objects of n+1 different
n
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kinds, r of kind R and a. of kind A (i=1,....n) such
i i
that no object of kind A, 1is adjacent to one of kind A for
i
i4j is equal to (r)! (ai)'. (az)! - (an)!h(r;ai,a1;. .. ;an,an)

For example, using the special case r =44, a1 = a2 =4 the

probability that at least one Jack and one Queen are adjacent
in a shuffled deck of ordinary playing cards is found to be
.4863. [This is problem E1713. Amer. Math. Monthly
Vol. 71 (63) p. 793. ]
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