
R E S T R I C T E D CHOICES 

M. A b r a m s o n 

( r e c e i v e d Ju ly 22, 1964) 

A subse t c o n s i s t i n g of k e l e m e n t s chosen , f rom n 
d i s t i nc t o r d e r e d e l e m e n t s , with given r e s t r i c t i o n s i s ca l led a 
r e s t r i c t e d choice . F o r e x a m p l e , one r e s t r i c t i o n on the k 
e l e m e n t s m a y be tha t no two consecu t ive e l e m e n t s a p p e a r , 
whi le a n o t h e r m a y be tha t no two a l t e r n a t e e l e m e n t s a p p e a r . 
C e r t a i n r e s t r i c t e d c h o i c e s m a y be used to obtain so lu t ions to 
p e r m u t a t i o n p r o b l e m s ( [ i , p. 349] ; [4]). E a c h r e s t r i c t e d cho ice 
c o r r e s p o n d s to a " r e s t r i c t e d sequence of B e r n o u l l i t r i a l s " a s 
d e s c r i b e d in [1], In t h i s p a p e r an e l e m e n t a r y m e t h o d of ob ta in­
ing m o r e g e n e r a l t ypes of r e s t r i c t e d c h o i c e s is given. Some 
s p e c i a l c a s e s of the r e s t r i c t e d cho i ce s and r e s t r i c t e d B e r n o u l l i 
t r i a l s a r e p r e s e n t e d in the f o r m of e x a m p l e s . A l s o , an e l e m e n ­
t a r y a l t e r n a t i v e a p p r o a c h to a r e s u l t by Biz ley [3] i s given. 
H e r e the p r o b l e m is to find the n u m b e r of ways of a r r a n g i n g 
a long a s t r a i g h t l ine b a l l s of d i f ferent c o l o r s wi th c e r t a i n 
r e s t r i c t i o n s . 

Let X = (x j , . . . , x ) be an o r d e r e d se t of n d i s t i nc t 
1 n 

e l e m e n t s . Let G and S be any n o n - e m p t y s u b s e t s of X . 

DEFINITION 1. G is a gap of S if G = ( x . * x . , x . 
i l+l i+2 

. . . , x x ) , w h e r e x )è S for i < r < i+v+1 and 
i+v, i+v+1 r 

x € S for r = i, i+v+1. The length of the gap G is v. 

N e c e s s a r i l y G con ta ins a t l ea s t two e l e m e n t s , and 0 < v < n - 2 . 

E x a m p l e . If S c o n s i s t s of two consecu t ive e l e m e n t s 
t h e r e i s one and only one gap of S, n a m e l y S i tself ; i t s l ength 
i s z e r o . 
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DEFINITION 2. Let m , y be i n t e g e r s > 0. A s u b s e t 
M of X is a m i n u s - m , y sequence if, 

(a) the length of any gap of M is l e s s than or equa l to y 

(b) M h a s exac t ly m gaps of length y . 

F o r i n s t a n c e , a m i n u s - m , 0 sequence is a subse t c o n s i s t i n g of 
m+1 c o n s e c u t i v e e l e m e n t s . Note tha t if S c o n s i s t s of k 
e l e m e n t s then S cannot conta in any m i n u s - m , y s equence for 
m > k . 

DEFINITION 3. Any s u b s e t R of X m a y be w r i t t e n a s 
R = (x , x , . . . , x ) w h e r e (i , i , . . . , i ) i s s o m e subse t of 

i . i 0 i 1 2 r 
1 2 r 

( 1 , 2 , . . . , n) wi th i < i for u < v. R is sa id to hold (have , 
u v 

contain) a m i n u s - m , y s equence if for s o m e p a i r of pos i t i ve 
i n t e g e r s a , b , a + b < r , (x. , x. , . . . , x ) i s a m i n u s - m , y 

a a+1 a+b 
s e q u e n c e . 

E x a m p l e . (x x x x , ) ho lds a m i n u s - 2 , 1 s e q u e n c e ; in 
r 1 2 4 6 

fact (x x x x ), (x x x ) a r e bo th m i n u s - 2 , 1 s e q u e n c e s . 
1 2 4 6 2 4 6 

Le t A ( n , k ; w , w , . . . ,w ) denote the t o t a l n u m b e r of 
0 1 r 

s u b s e t s of X such tha t 

(a) e a c h subse t c o n s i s t s of k e l e m e n t s , 

(b) no s u b s e t ho lds a m i n u s - w , y s equence for any 
y 

y = 0, 1, . . . , r • 

a a /a 
Denote the p r o d u c t I a JI a J . . I a J by 

w h e r e I a. 1 i s the b i n o m i a l coeff ic ient and (a. )= 0 
^a , * 
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w h e n e v e r a > a , o r a < 0 for a > 0 ; and define 
i i+1 i l+l — 

(a ) = 1 for n = 1. Define 
1 

JO for k > 0 
A(n ,k ;0 ) - l 

I l for k = 0 

Using the me thod of proof given in [ l , l e m m a 1] we obtain the 
following r e s u l t : 

w h e r e t = w and r > 0. 
y y+i 

Proof of (1). A s s u m e A(n ,k ; t , . . . , t ) i s defined for 
o r - 1 

any r > 1. Let a d a s h c o r r e s p o n d to an e l e m e n t chosen f rom 
X and a dot to an e l e m e n t not chosen . A r r a y n - k dots a long 
a s t r a igh t l ine . T h e r e a r e n -k+1 s l o t s f o r m e d , including the 
one before the f i r s t dot and the one af te r the las t . F o r the 
d e s i r e d subse t , no consecu t ive sequence of d a s h e s should be of 
length m o r e than w . T h u s , divide k d a s h e s into i g roups : 

o w 
o 

i groups of w dashes each, i -i groups of w -1 dashes 
1 o 2 1 o 
each, . . . , i - i groups of 1 dash each. These i 

» - > -
In o r d e r to obtain the r e q u i r e d r e s t r i c t i o n s we m a y i n s e r t e a c h 
a r r a n g e m e n t of the i g roups into the n-k+1 s lo t s in 

o 
A ( n - k + l , i ; t , . . . , t ) w a y s , w h e r e t =w Summing 

w o r - 1 y y + 1 
o 

ove r i + . . . + i = k, (1) i s obta ined. B e c a u s e 
1 w 

o 
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A(n, k;w) = A(n, k;w, k) and A ( n , k ; m ) = ( ) for m > k, it fol lows 
k — 

f rom (1) tha t the n u m b e r of c h o i c e s k f rom n so that no w+1 
consecu t ive e l e m e n t s a p p e a r in any cho ice is 

A(n ,k ;w) = 
i + . . . + i = k 
1 w 

n - k f l 

w 

in a g r e e m e n t with [ l , L e m m a 1]. T h e r e f o r e 

v-

/ w 

2 J'-
. + i = k \ 

W \ 1 

2 A ( k - 1 , k - u ; w-1) 
u = l 

k k n à 

k- 1 k -1 
In the ca se w=k , 2 A ( k - 1 , k - u ; k - l ) = 2 ( ) = Z 

A A k " U 

Put t ing j » k - u , (1) m a y be w r i t t e n a s , 

(2) A ( n , k ; w , w , . . . , w ) = 
o 1 r 

k - 1 
2 A ( k - l , j ; w -1) A ( n - k f l , k - j ; t , . . . , t ) 

. ~ o o r - 1 
J=° 

w h e r e t =w . F o r e x a m p l e A ( n , k ; l ) =( ) . 
y y+1 * k 

A l s o , A ( n , k ; w ) is the coeff ic ient of t in the g e n e r a t i n g 
function 

n -k+1 
i \ 

2 t 
U = 0 

( l . t ) ' ( n - k + 1 , ( l . t W + 1 ) n - k + 1 

Hence we obtain 
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(3) A ( n , k ; w ) = 
i +. . .+ i =k 
1 w 

/ n - k + l \ 

\ •. / 

s = 0 

. s . n - s w - s , n -k+ l 
(-D ( , )( ) 

n - k s 

T h e r e f o r e we have 

(4) A(n, k; w , . . . , w ) 
o r 

2 
a - 0 

o 
a =0 s =0 

r o 

s +. . .+s . . 
S (-1) ° r / k - a o \ ( k - V a i 

s =0 V So A S l 
r 

k - a - a 

k - l - s w \ / k - l - a - s w \ / k - l - a - a - s w 
o o w o l l \ / o l 2 Z 

k - l - a k - l - a - a 
o 1 

k - l - a - a -a_ 
o 1 2 

' k - l - a - . . . - a - s w N 

o r - 1 r r 
k - l - a - . . . - a 

n - ( r + l ) k f r + l + r a + ( r - l ) a + . - . .+a 
o 1 r - 1 

k -a - . . . - a 

No doubt (4) could be fu r the r s impl i f ied . Some s i m p l e r 
e x a m p l e s us ing (2) or (3} a r e now c o n s i d e r e d . In each , the 
n u m b e r of c h o i c e s k f rom n with given r e s t r i c t i o n s a r e found. 
E x a m p l e 1 i s p roved a s L e m m a 3 in [ l ] . 

E x a m p l e 1. The r e s t r i c t i o n is that no subse t (x , x ), 
i i-f 2 

i - 1, . . . , n - 2 , a p p e a r s in any cho ice . The i r n u m b e r i s given 
by 

I n-2k+2+j 
A ( n , k ; 2, 1) = S ( k - j 

j = 0 \ j 
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In any t o s s of a coin denote the head H and the t a i l by T. 
The p robab i l i t y tha t n e i t h e r H T H n o r H H H a p p e a r in n 
t o s s e s of a coin (p be ing the p robab i l i t y of H in one t o s s ) i s 

S A ( n , k ; 2 , l ) p k ( l - p ) n " k . 
k = 0 

E x a m p l e 2. The r e s t r i c t i o n is tha t x , x (i = l , . . . , n -2 ) 
i i+2 

do not both a p p e a r in any cho ice u n l e s s x. a l s o a p p e a r s in 

tha t s a m e cho ice . The n u m b e r i s given by 

A(n,k;k,l) = S ( k :S r ' k + 2 + J ) -
j = o J k"J 

The p robab i l i t y of H T H not a p p e a r i n g in n t o s s e s m a y be 
obta ined . 

E x a m p l e 3. The r e s t r i c t i o n is tha t n e i t h e r the s u b s e t 
), i = l , . . . , n - l , n o r (x. , x. 

.+ 1 i i + 3 
in any c h o i c e . The n u m b e r i s given by 

(x , x ), i = 1, . . . , n- 1, n o r ( x , x ), i = l , . . . , n - 3 , a p p e a r 
i i+1 i i+3 

k- 1 n- 3k+ 3+i 
A ( n , k ; l , k , 1) = A ( n - k + l , k ; k , l ) = S ( . ) ( , . ) • 

j = o J k~J 

The p robab i l i t y tha t n e i t h e r H H n o r H T T H a p p e a r in n 
t o s s e s m a y be ob ta ined . 

E x a m p l e 4 . The r e s t r i c t i o n is tha t none of the s u b s e t s 

( x . , x ) , ( x . , x ), . . . , ( x . , x ) , ( x . , x >x , . . . , x ) 
l l+l l i+2 l i + r - 1 l î+r i+2r î + s r 

a p p e a r in any c h o i c e . The n u m b e r i s given by, 

A ( n , k ; 1 , 1 , 1 , . . . , 1 . s) = A ( n - k + l , k ; 1, . . . , 1 , s) 
r - 1 r - 2 

A ( n - ( r - l ) k + r - l , k ; s ) , 

th 
w h e r e 1 d e n o t e s the r " l 1 

r 
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Put t ing s = 1, A(n, k ; l , . . . , 1 ) = ( . ) is the n u m b e r of 
© r k 

c h o i c e s k f rom n such tha t if x. a p p e a r s in any cho ice then 
l 

none of the e l e m e n t s x , . . . , x a p p e a r in that cho ice . Th i s 
i+1 i+ r 

i s one g e n e r a l i z a t i o n of A(n, k ; l ) . A(n, k; 1, . . . , 1 ) m a y a l s o 
r 

be obta ined f rom the r e l a t i o n 

(A) A ( n , k ; l , . . . , 1 ) = A ( n - 1 , k ; l , . . . , 1 ) + A ( n - r - 1, k- 1 ; 1 , . . . , 1 ) 
r r r 

with p r o p e r in i t i a l v a l u e s . Th i s r e l a t i o n is a s imp le g e n e r a l i z a ­
tion of the r e l a t i o n for r = 1 given by Kaplan sky [4] and is 
obta ined by dividing the c h o i c e s into those not conta in ing x and 

t hose conta in ing x 

S i m i l a r l y we obtain the r e c u r s i v e r e l a t i o n 

(B) A(n ,k ;w) = A ( n - l , k ; w ) -f A ( n - l , k - l ; w ) - A ( n - w - 2 , k - w - 1 ;w) 

for n > w+2. F o r n < w , 

A(n ,k ;w) = ( ) and A(w+l ,k ;w) 
k 

,w+l 
( ) for k < w+1 

k 
k = w+1 

H e r e the n u m b e r of cho i ce s conta in ing x is given by the l a s t 
two t e r m s of the r e l a t i o n s ince we need to s u b t r a c t f r om 
A ( n - l , k - l ; w ) the n u m b e r of t hose cho i ce s of k -1 f rom n - 1 
each conta in ing the set (x < x , . . . , x ). Since x cannot 

& v 2 3 w + l ' w+2 
a p p e a r , t h i s n u m b e r is A ( n - w - 2 , k - w - 1 ;w). The r e l a t i o n s (A) 
and (B) a r e the s a m e for r = w = 1 a s A(n- 1, k - 1 ;1) - A(n- 3, k - 2 ; l ) 
= A ( n - 2 , k - l ; l ) . The n u m b e r s F(n) = S A ( n , k ; l ) a r e F ibonacc i 

k = 0 
n u m b e r s . 

n n 
J u s t a s (, ) = ( , ) b e c a u s e a one-one c o r r e s p o n d e n c e 

k n - k 
e x i s t s be tween the c h o i c e s of k and the c h o i c e s of n - k (in 
p a r t i c u l a r "k e l e m e n t s c h o s e n " c o r r e s p o n d to " n - k e l e m e n t s 
not c h o s e n " ) so does a c o r r e s p o n d e n c e in a c e r t a i n s ense ex i s t 
be tween r e s t r i c t e d c h o i c e s . To a subse t cons i s t i ng of n - k 
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elements with the restriction that it does not contain any minus-

m,y sequence corresponds the subset of k elements not chosen 

with the "complement" restriction. For example A(n,n-k;w) 

gives the number of choices k from n such that at least one 

of the elements x , x , . . . , x belongs to each choice if 
i i+1 i+w & 

(x., x. , . . . , x. ) is contained in (x , . . . , x ). From 
l l+l i+w 1 n 

example 4 we see that the probability that neither the sequence 

T H T nor T H H T nor . . . nor T H H . . . H T appear in 
r " 1 

n tosses is S A(n,n-k; 1, . . . , 1 )p (1-p) , p being the 

k = 0 

probability of H in a single toss. 

An additional restriction is now briefly mentioned. S is 

called a (n; a , . . . , a )- subset of (x , . . . , x ) if 
1 m I n 

(a) S consists of a +.. .+a subsets, no two having 
1 m 

any common elements, and no element of any one of the subsets 

is consecutive with an element of any other subset. 

(b) a. of the subsets of S consist of i consecutive 
i 

elements. 
m 

It follows that S consists of 2 ia elements. For example, 

i = l i 

x , x o X o X c x / L X n x > i n x > . C : i s a (n;1, 2, 1 )-subset for n > 15. 1 2 3 5 6 9 10 15 — 
Denote by A(n;a , . . . , a ;w , . . . , w ) the total number of 

1 m l r 

(n;a , . . . , a )- subsets of (x , . . . , x ) such that no subset 
1 m I n 

holds a minus-w , y sequence for any y = 1, . . . , r. 
y 

Then evidently 

(5) A ( n ; a . . . . , a ;w , . . . , w ) = A(n-k+l,i ;t ,...",t 
1 m l r \ . / m o r 

m m 
where k = 2 ia , t = w and î = 2 a., u = l , . . . , m 

• , i y y+1 u j 
i = l y y j=m-u+l J 
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Put t ing r = 1 and w = S ia , the to ta l n u m b e r of 
1 = 1 

(n ; a , . . . , a )- s u b s e t s is obta ined. 
1 m 

Using a p p r o p r i a t e modi f ica t ion in the proof of (1) a co r ­
r e s p o n d i n g r e s u l t m a y be obtained for c i r c u l a r r e s t r i c t e d 

c h o i c e s i. e. , w h e r e x and a r e consecu t ive . As th i s 
1 n 

r e s u l t i s qui te involved we give h e r e only one p a r t i c u l a r c a s e . 
c 

Denote by A (n, k; w) the n u m b e r of c h o i c e s of k f rom n 
ob jec t s a r r a n g e d in a c i r c l e so that no w+1 consecu t ive ob jec t s 
a p p e a r in any cho ice . Then 

A (n, k; w) = 
a + . .+a =k 

1 . w 

n - k - 1 
a - 1 

w 

V1 

\ 

(w+l) + 

n - k - 1 
a - 1 

w 

V1 
a l 

/n- k - l \ 

w 
w + 

To obtain th i s fo rmula we note tha t in us ing the proof of (1) 
we c o n s i d e r only n - k s l o t s . Le t the slot be fore the f i r s t dot and 
af te r the l a s t dot be m a r k e d X. Then the i " t e r m (i = l , . . . ,w) 
in the above e x p r e s s i o n is the to t a l n u m b e r of r e s t r i c t e d c h o i c e s 
such tha t only one g r o u p of w- i+1 d a s h e s is i n s e r t e d in the slot 
X and the r e s t e l s e w h e r e . The l a s t t e r m is the to t a l n u m b e r of 
c h o i c e s such tha t no g roup is i n s e r t e d in s lot X. F u r t h e r , any 
i n s e r t i o n of a g roup of r d a s h e s into the slot X gives r i s e to 
r+1 c h o i c e s , s ince t h e s e d a s h e s m a y r e p r e s e n t any one of the 

s u b s e t s (x , x , 

(x 
n - r + 1 

X ) . 
n 

. , x ), (x , x , x , . . 
r n 1 2 

When w = 1, 

c, , v n - k - 1 n - k - 1 n , n - k 
A ( n . k ; l ) = 2 ( k _ 1 , + ( R ) = ^ ( f c ) 

in a g r e e m e n t with [3 , L e m m a 2] . 

We now give a se l f - con ta ined e l e m e n t a r y solut ion to a 
p e r m u t a t i o n p r o b l e m which h a s been solved in 1963 by Biz ley [3] . 
The p r o b l e m is to find the n u m b e r of ways of a r r a n g i n g 
a +. . .+a b a l l s of n d i s t inc t c o l o r s , 

1 n 
of co lo r A. a long a 
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straight line so that no j.-f 1 balls of color A. a re consecutive. 

This number is denoted by g(a , j ; a_, j • . . . ; a , j ). The 
1 1 2 Z n n 

special symmetr ica l case g(a , 1 ; a , 1 ; . . . ; a ,1) , denoted by 
1 Z n 

f(a , a , . . . , a ), ( i . e . , the number of a r rangements such that 
\ Ci n 

no two consecutive balls of the same color appear) is obtained 
first . 

The formula for f(a ,a , . . . ,a ) given by Bizley is 
1 2 n 

simpler for actual computation. Our beginning is the same as 
Bizley1 s. 

We have a + . . . + a balls of n distinct colors , a of 
1 n i 

color A.. The a balls of color A may be divided into t 
i i i i 

groups (with at least one ball in a group) and these groups 
may be arranged along a straight line. The total number of ways 

I a i _ 1 \ of doing both these things is I J . 

Suppose 2 < r < n -2 , and a + . . .+a balls a re 
— — 1 r - 1 

arranged along a straight line without res t r ic t ion . Then 
a + . . .+a +1 slots a r e formed, including one before and one 1 r - 1 > B 

after all the bal ls . Let c be the total number of pai rs of 
i 

adjacent balls of color A., forming c. slots in this a r r ange ­
ment. The t groups of the a balls of color A may be 

r r r 
inserted into the a + . . .+a +1 slots, with at most one group 

1 r - 1 
inserted into any one slot, in 

(
c \ / c \ /a + . . . + a + l - c - . . . - c \ 

M . . . ( " M f 4 r"1 } r"M 
hi \ j r - l A V J r - " J r - l / 

1 r -1 
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ways. Having done this the t groups of a balls may be 

inserted in 

T I 1 1 \ / r - 1 r -1 \ I r r 

\ s / \ s / \ s 
s = 0 s = 0 \ 1 ' V r -1 / \ r 

1 r 

V - + a r - l + 1 - V - - C r - l V - - - + j r - l + t r \ 
t - s - . . . - s y w a y s-
r+1 1 r 7 

Note that the t groups give r i se to a -t pairs of adjacent 
r r r 

A colored balls, 
r 

For r = 2, the t groups may be inserted in 

/ a ^ n / 2 \ 
S I I . I ways. Inductively the t groups for 

i =0\ Xl A Y V 
1 

r = 3, . . . , n - l may be inserted. In inserting the a balls of 

color A , all slots formed by 2 adjacent balls of one color 
n 

need to be filled and t =a . Hence, if r+1 =n then 
n n 

s = c -j for m = 1, . . . , n- 2 and s - a - t 
m m m n-1 n-1 n-1 

It follows that 

(6) f(a . . . , a ) = 
1 n 

a a 
2 n-1 n-1 / a - 1 \ /a - 1 \ / 2 \ 
s . . . z n u ) s ( ? )( . ) s s 

t = l t = i u=2 \ u / i = 0 \ *1 /V t2""1l/ io = 0 i = 0 
2 n-1 1 2 3 

/ a - l - i \ / a ~ t \ / t - i +2 \ /a -1 - i - i \ 

( • )( • )( -1 • ) 2 S = ( 4 . 1 2 ] 
V l2 A X3 A W ^ / i =0 i =0 i = 0 \ X4 / 

4 5 6 
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' a - t - i \ / a - t \ / t +t +i + i +i + 2^ 
2 2 3 3 3 \ [ 2 3 1 2 3 

S S . . . E(. . . ) . . . ( . 

Vl)(n-2) 

, t +. . .+ t +i +. . . + i , j w ^ + 2 ' 
2 n - 1 1 ( n - l ) ( n - 2 ) 

a + . . . + a - a +1 
1 n - 1 n 

In the t r i v i a l c a s e , f(a , a ) - I 1 . H o w e v e r , the 
1 2 ^ a i - a 2 + l y / 

d e r i v a t i o n s by B iz l ey a r e m o r e e legan t . Using h i s f o r m u l a 
we obtain 

a a^ a 
1 2 n 

f(a , . . . , a ) = 2 2 . . . S (-1) 
1 n A A A 

r =1 r =1 r =1 
1 2 n 

2 a - 2 r / 1 V 2 
r - 1 / \ r - 1 

, 1 / v 2 

11 \ v S r . ! 

i V V V V ••• V 

Eviden t ly , in the g e n e r a l c a s e 

(7> g( a „>J , Î- • • ;a >j ) 1 1 n n 

S \ /pi \ /x- \ 

1 

f(or. , p . , . . . , X.. ) , 
J l h Jn 

(the sum taken ove r or +. . . +or = a ; . . . ; X + . . . + \ = a ) 
1 Jd 1 1 j n n 

= 2 A(a - l , a - r ;j -1) . . . A(a - 1 , a - r ;j -1) f(r . . . . , r ) 
1 1 1 1 n n n n 1 n 

(the sum t aken over r = 1, . . . , a ;. . . ;r =1, . . . , a ) 
1 I n n 

* o ^ 
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n s / a . - l - s j . \ / r . \ 

i = l \ i / V i / 

(the sum taken over 

r = l , . . . , a ;. . • ;r = l , . . . , a ; s = 0, 1, . . . , r ;. . . ;s 
1 1 n n 1 1 n 

- 0 , 1 , . . . , r ) 
n 

using (3). 

Checking for g(a , a ;a , 1 ;a ,1 ) we obtain , us ing (6) and 

(7) , 

r = 1 

lCAE(V) '2 / a - 1 ^ t / a -1W 2 \ &1 / a - l - i \ / t+i+2 ^ 

Vt-i/ ,.?! \ V r A r+a2"a3+1 , 

' t^N1"1 A * At+a3-a2 

in a g r e e m e n t with [2] w h e r e i n we need mul t ip ly the a n s w e r by 
a ! a I a ! s ince the c o l o r e d b a l l s a r e r e p l a c e d by d i s t i ngu i sh -1 2 3 F y s 

ab le ob jec t s of a kind. 

By d ropp ing the s u m m a t i o n s igns f rom (7) we obtain 
s t r o n g e r r e s t r i c t i o n for the a r r a n g e m e n t s : 
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/ h h ; h 
1 i Z i \ / n i 

' J l i J 2 \ ! n 
(8) . i : î . . . ! : • f ( , h . h . , . . . . h . 

. I N / \ 2 h l \ n h l 

w h e r e .h + .h + . . . + h = a for i = 1, . . . , n, g ives the 
i 1 i 2 i i. i B 

i 

n u m b e r of a r r a n g e m e n t s a long a s t r a i g h t l ine of the a + . . . + a 
1 n 

b a l l s such tha t exac t ly h - h m a x i m a l r u n s of j - r 
i r+1 i r i 

c o n s e c u t i v e b a l l s for r = l , 2 , . . . , j - l of co lo r A and exac t ly 
i i 

h m a x i m a l r u n s of 1 ba l l of co lo r A a p p e a r , 
i 1 i 

The p r o b l e m of the b a l l s m a y be r e s t a t e d in t e r m s of 
r e s t r i c t e d c h o i c e s s ince g(a , i ;a , i ;. . *a , i ) g ives the 

n u m b e r of ways of d ividing a +. - .+a d i s t i nc t o r d e r e d e l e m e n t s y ^ 1 n 
into n d is jo in t s u b s e t s such tha t the i^n (i = 1, . . . ,n) subse t 
con ta in s a. e l e m e n t s of which no j .+ l e l e m e n t s a r e c o n s e c u t i v e , 

i i 

F ina l ly , a v a r i a t i o n of the above p r o b l e m of the b a l l s is 
men t ioned . 

We a r e given r+a +a +. . .+a b a l l s of n-fl d i f ferent 
1 2 n 

c o l o r s , r of co lo r R and a. of co lo r A, for i = 1, . . . , n . 
i i 

Denote by h ( r ; a , i ; a . i ; . . . ; a , j ) the n u m b e r of w ays of 
y v ' 1 J l 2 J 2 n n y 

a r r a n g i n g a l l the b a l l s a long a s t r a i g h t line such tha t 

(a) no j +1 b a l l s of co lo r A (i = 1, . . . ,n) a r e c o n s e c u t i v e 
i i 

in any a r r a n g e m e n t and 

(b) no ba l l of co lo r A i s ad jacen t to a ba l l of co lo r A 
i j 

for i ^ j and i, j = 1 , . . . , n . 

P l ac ing the r b a l l s of co lo r R a long a s t r a i g h t l ine hence 
fo rming r+1 s lo t s and then i n s e r t i n g the o the r ba l l s into the 
s lo t s in the a p p r o p r i a t e m a n n e r we obtain 
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(9) h ( r ; a j ; . . . ;a , j ) 
1 1 n n 

y; S 
a + . . . +a = a p +. . . +6 =a^ 

1 i l l j ^ 2 
J l J 2 

/ "• ; . P; 

\ + ... + \ =a 
1 i n 

Jli / h 

^ | l 2 
*1 \ P 1 

r + l . / r+l-cc , / 

'1 / \ 

h\ 
P. 

J-

/ r + 1 - a - p 
j l j 2 

/ r + l - » . - p . - . . • -X\ 
J l J 2 J n - 1 

v + . . . + v n n / a . - l - v j v /U 

2 ... 2 S 2 (-D 
u. = 1 u =1 v =0 v =0 

1 n 1 n 

n n 
i = l k = l 

u . - l 
l 

( r + l ) ! 

(u )!(u ) ! . . . (u ) ! ( r + l - S u )! 
1 2 n . x 

x = l 

[Although we do not s ta te one h e r e , a m o r e involved fo rmula 
conta in ing the fu r the r r e s t r i c t i o n that no y ba l l s of co lo r R 
a r e ad jacen t m a y be given. ] 

To find the n u m b e r of a r r a n g e m e n t s of the b a l l s with r e s t r i c t i o n 
(b) only, we put j = a (i = 1, . . . , n) and obtain 

i i 

(10) h ( r ; a , a ;. . . ;a , a ) = 
1 1 n n 

1 
S 

u =1 
1 

n 
Z 

n 
n 

' a -1 
i 

U =1 1 = 1 \ 1 
n 

( r+ l ) ! 

( u . ) ! ( u j ! 
1 2 

n 
(u ) ! ( r + l - 2 u ) 

n t x 
x = l 

Rep lac ing the b a l l s of a c e r t a i n co lor by d i s t inc t ob jec t s of a 
c e r t a i n kind, we see tha t the n u m b e r of w a y s of a r r a n g i n g a long 
a s t r a i g h t line r+a +a +. . .+a d i s t inc t ob jec t s of n+1 dif ferent 

1 2 n 
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k inds , r of kind R and a of kind A (i = 1, . . . , n) such 
i i 

tha t no object of kind A. is ad jacen t to one of kind A. for 

i i j i s equal to ( r ) ! (a )! (a )! . . • (a )! h(r ; a , a ;. . . ;a , a ) . 
1 2 n 1 1 n n 

F o r e x a m p l e , us ing the spec i a l c a s e r = 44, a = a = 4 the 

p robab i l i ty tha t at l e a s t one J a c k and one Queen a r e ad jacen t 
in a shuffled deck of o r d i n a r y p laying c a r d s i s found to be 
. 4 8 6 3 . [Th i s is p r o b l e m E1713 . A m e r . Math. Monthly 
Vol. 71 (63) p. 793. j 
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