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1. Introduction. Ramanujan’s short third notebook contains 33 pages of unor-
ganized material. On page 386 of the third notebook, in the pagination of the Tata
Institute’s publication [3], Ramanujan offers the following remarkable identity.

THEOREM 1. Let a, b, ¢, and d be any numbers such that

ad = bc. 1
Then
64{(a+b+c)+(b+c+d)f—(c+d+a)f—(d+a+b)°+(a—d)°—(b—c)®
x{(a+b+c)’+(b+c+d)°—(c+d+a)’~(d+a+b)°+(a—-d)°—(b-c)"
=45{@a+b+c)¥+(b+c+dP—(c+d+aP—(d+a+bP+@—-dP¥-(b-c)f}> ()

The hypothesis (1) was omitted by Ramanujan, although it does appear on page 385
as a hypothesis for some similar, simpler identities, which we will discuss later. If this
assumption is removed, a numerical counterexample can be found by simply setting
a=d =1 and b =c=0. Then the left and right sides of (2) are, respectively, 16,498,944,
and 11,704,500.

We first proved (2) by verifying it with the symbolic algebra system Mathematica. Of
course, such a proof is less than satisfactory, for it provides no information on how (2)
was discovered or why it exists. We still do not know what paths led Ramanujan to (2).
Nonetheless, the purpose of this paper is to give an elementary, algebraic proof of (2)
which certainly sheds more light into its raison d’etre than a computer algebra proof.

To prepare for our proof of (2), we reformulate Theorem 1. Set, for each positive
integer m,

En(a,b,c,d)=(@+b+c)*"+(b+c+d)*" —(c+d+a)*"

~(d+a+b)y*"+(a—d)*"—(b-c)™.
If we put b =ax, c =ay, and d = axy, the hypothesis (1) remains valid. It is then easily
seen that

E.(a,b,c,d)=a*"f.(x,y),
where
L, y)=1+x+ YY" +(x+y+xy)" — (y +xy + 1)*"
=y +1+x)" + (1 —xp)™ = (x = y)*". (3)
Hence, (2) takes the form
64f5(x, )fiolx, y) = 45f3(x, )- ©
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From (3), we can easily see by inspection that x =0, 1, —1, —2, —3} are zeros of
Ffom(x,y). (By symmetry, y =0, 1, —1, —2, —3 are also zeros.) Since f,,, is of degree (at
most) 2m in each of the variables x and y, it follows that f,(x, y) =0=f,(x, y). Thus, in
our earlier notation,

(@a+b+c)'+(b+c+d)'+(a—-d)y'=(c+d+a)"+(d+a+b)"+(b-c)', (5

for n =2 or 4. The identity (5) then provides a formula for producing two equal sums of
three squares or two equal sums of three biquadrates. Despite its simplicity, we have been
unable to find (5) in the literature.

Dickson [2, pp. 653-655] cites several formulas providing solutions to

W+ vt wt=xt+yt 420 (6)
Ramanujan [3, p. 386} also gives a family of solutions of (6) involving one parameter, i.e.,
3+ (2 1)+ (A +x) = (dx 1)+ (6x* — 3)* + (4x® — 5x)%

For further work of Ramanujan on this and related topics, see Berndt’s book [1].
Returning to (3), we see that f,,,(x, y) has degree 2m — 1 in either x or y when m =3,
Thus, in particular, we have shown that, for some constant c,

fslx, y) = ex(x® = D)(x +2)Q2x + 1)y(y* = D)(y +2)2y +1).

Furthermore, it also follows that f;(x,y) | fm(x, y) for every integer m = 3. In particular,
fs(x,¥) | fs(x, ), which accounts for one feature of (4). Using Mathematica, we attempted
to find further factorizations for m = 10 of the elegance of (4), but we found none.
2. An ancillary lemma. For convenience, set
r(2m>{(2m—k>_<2m—k>} _
p j i—k )y RS

e ) e o

CORC™ -Gl e
. - 1. ) 1 )
L\ K j j !
where 1=j,k=m — 1. For brevity, we shall often delete the superscript (2m) in the
sequel.

LemMa 2. Let y{3™ be defined by (7). Suppose that there exist numbers E®™, EZ™

and A,,, such that
VD = AanEPVERT, 1= k=m—1, ®)
Then

Fom(%,¥) = Aspx (1 = x*)Hy (x)y(1 — y*) Hy,(y), €

where, with the superscripts (2m) suppressed,

m-—1
Hy,(x)= D, EX*'A+x2+ ... + x 2T (10)
k=1
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Furthermore, for m =3,
m—=2
Hyn(x) =& [T 1 +x%+ ),
j=1
for certain constants p,, p,, . . ., Pm-2, depending upon m.

Proof. By (3) and the binomial theorem,

ften= 3 (e, m=1,

where
o (y) = aZ™(y) = (1 +y)" ™+ (L+y) 'y =y  +y)m*
=@ 4y) +(=p) = (Dl h
It follows immediately from (13) that
ao(y) = ¥m(y) = 2m(y) =0,
a (y) = —agm_i(y), 1=k=2m-1,
and

a(y)=—-y™a(1/y), 1=k=2m-1.

343

(11)

(12)

(13)

(14)
(15)

(16)

From (14), it follows immediately that f;(x, y) =0, as we observed earlier. From (14) and

(15), we see that (12) can now be written in the form, for m = 2,

o= 2 (T )aiet - x,

We assume hereafter that m = 2.
Returning to (13), we set

a(y)= ;i; ﬁfcz,f"))’j-
Suppressing the superscripts, we find that, by (13),
Bro=0, 1=k=m-1,
and, from (16), we see that
Bij= —Br2m-j> l=k=m-1, 0<j=<2m.
The relations (19) and (20) further imply that
Bim=PBram=0, 1=<k=m-1.
Utilizing (19)-(21) in (18), we deduce that

m—1
a(y) = Zl B, (Y =y, m=2.
“
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Comparing coefficients of y’ in (13) and (22), we find that, for 1 =<j, k=m —1,
[ 12m—k -
(2m' ) B <2m k) ’ >k,
j j—k
2m—k
ﬁk,j=< ( . )

L(2"']._ k) - (I]‘) : itj <k.

Utilizing (23) in (22), then putting (22) in (17), and finally recalling (7), we deduce that
m—1 m-1

fom(x,y) = kE 2 Ve =X -y ), (24)

=1 j=1

-2+ (-1, ifj=k, (23)

Using the assumption (8) in (24), we establish the factorization (9), with H,,,(x) given by
(10). From (24), we also see that if xo# 0 is a zero of f,,,(x, y), then 1/x, is also a zero.
Hence, the factorization (11) follows, and so the proof is complete.

By (3), fom(x,y) = fom(y, x). Hence, from (24), it follows that y, ;=vy;,, 1<j, k=
m — 1. Of course, this fact may also readily be verified from (7).

By (7), {1 =0. Hence, from (24), fi(x, y) =0, which we observed earlier.

In fact, the factorization (11) is not really necessary for the proof of Theorem 1.

3. Completion. As noted in the introduction, Theorem 1 is equivalent to (4).

Proof of (4). In turn, we set m =3, 4, and 5 and calculate the coefficients y, ; from
(7). In each case, we find that the condition (8) is satisfied. More specifically, suppressing
the superscripts, we find that

Ag=3, §=2, §:=5;
Ag=38, & =2, §:=8=T,
and
A=15, & =2, &=9, E;=16, Es=14.
Calculating the functions Hy, Hg, and H;, by means of (10), we find that
Hy(x)=2(1+x*)+5x = (x +2)(2x + 1),
Hg(x) =2(1 + x* + x*) + Tx(1 + x?) + Tx?
=201+ 1)+ Tx(1+ x%) + 522 = {2(0 + x?) + 5x}((1 + x?) + x)
=(x+2)2x +1)(x*+x +1),
and
Hig(x) =21+ x* +x* + x%) + 9x (1 + x* + x*) + 16x%(1 + x?) + 14x>
=2{(1+x%)°> — 231 + x?)} + I {(1 + x?)> — x?} + 16x%(1 + x?) + 14x°
=2(1+x%)* +9x(1 + x¥)* + 12x*(1 + x°) + 5x°
={2(1+x¥) +5x}{(1 +x») +x)?
=(x+2)(2x + (x> +x + 1)~
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Hence, from (9), we deduce that
fote, ¥) =3x(1 = x®)(x + 2)(2x + Dy(1 = y*)(y +2)(2y + 1),
fi(x, ) =8x(1—x*)(x +2)(2x + (¥ + x + Dy(1 - y*)(y +2)(2y + Y(y*+y + 1),
and
Folx, y) =15x(1 — x*)(x + 2)(2x + D(x*+x + 1)2y(1 — y)(y +2)(2y + 1)(y*+y + 1)~

The elegant identity (4) now easily follows.
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