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Abstract. In our previous work, we established the theory of multi-variable
Witten zeta-functions, which are called the zeta-functions of root systems. We have
already considered the cases of types A», A3, B>, By and Cs. In this paper, we consider
the case of G,-type. We define certain analogues of Bernoulli polynomials of G,-type
and study the generating functions of them to determine the coefficients of Witten’s
volume formulas of G,-type. Next, we consider the meromorphic continuation of the
zeta-function of G,-type and determine its possible singularities. Finally, by using our
previous method, we give explicit functional relations for them which include Witten’s
volume formulas.

2010 Mathematics Subject Classification. Primary 11M41; Secondary 17B20,
40BO05.

1. Introduction. Let N be the set of positive integers, Ny = N U {0}, Z the ring of
rational integers, @ the rational number field, R the real number field, C the complex
number field, respectively.

In our previous papers [5, 9, 10, 16] we defined the multi-variable version of
Witten zeta-functions, or ‘zeta-functions of root systems’, inspired by the original
work of Witten [18] and of Zagier [19]. We recall these results as follows.

Let g be a complex semi-simple Lie algebra with rank r, h be a Cartan sub-algebra
of g and h* be its dual. Let A C h* be the set of all roots of g, A the set of all positive
rootsof g, ¥ = {«ay, ..., «,} the fundamental system of A, and ozjv the coroot associated
with «; (1 <j <r). Let A1, ..., A, be the fundamental weights satisfying A;(e)) = §;
(Kronecker’s delta). In the following, we denote the pairing A(k) of & € h and A € h*
by (h, A).

In [5, 9] we defined the multi-variable version of Witten zeta-functions by

Gse) = -y [[le mr+-4ma) (1.1)

my=1 m=laeA,
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for s = (Sa)uea, € C", where n is the number of all positive roots. In the case that g
is of type X, we call (1.1) the zeta-function of the root system of type X,, and also
denote it by ¢,(s; X,), where X = 4, B, C, D, E, F, G. Note that the original Witten
zeta-function ¢y (s; g), studied by Witten [18] and Zagier [19], coincides with

K(9)'¢r(s, -, 55 9), (1.2)
where
K@= [ m+- 41 (1.3)
acAy

Witten’s motivation of introducing the above zeta-functions is to express the volumes
of certain moduli spaces in terms of special values of ¢y (s; g). This expression is called
Witten’s volume formula, which implies that

tw(2k; 8) = Cw(2k, g) > (1.4)

for any k € N, where Cy(2k, g) € Q (see [19, Theorem, p. 506]). In general, the explicit
value of Cy(2k, g) was not determined in their work.

In our previous work [5, 10], we defined the Bernoulli polynomials of root
systems and proved a formula which expresses Cy/(2k, g) in terms of those Bernoulli
polynomials. Consequently, we were able to obtain a certain generalisation of (1.4).
We further gave some functional relations for zeta-functions of root systems, which
include (1.4) as special value-relations. In fact, we studied explicit functional relations
for zeta-functions of 4, type in [16, 5], and of B, and C, types in [10, 7] (see also [6]).

In this paper, we continue our research mentioned above. The main aim of the
present paper is to study the zeta-function of Gs-type. In Section 2, we define the
Bernoulli polynomials of G,-type and study the generating functions of them. By this
consideration, we give (1.4) for £,(s; G») with explicit values of Cy/(2k, G,) and more
generalised results. In Section 3, we consider analytic properties of ¢,(s; G») based on
our previous paper [9]. Actually we determine the possible singularities of £,(s; G»). In
Section 4, we quote several lemmas which were shown in our previous papers [10, 7].
Furthermore we prove a certain analogue of them. These lemmas will play important
roles in the next section. Finally, in Section 5, by using these lemmas we give explicit
functional relations for £,(s; G»), which include (1.4) at their special values. Recently, in
[20], Zhao studied ¢>(k; G») through a more combinatoric and algorithmic approach.
By his method all convergent values ¢»(k; G,) for k € N°® can be expressed in terms of
polylogarithm and double polylogarithm values at 12th roots of unity. Nonetheless,
no general formulas in the spirit of (1.4) were obtained in [20]. We will be able to give
some of these values exactly (see Example 2.2 and Remark 5.3). A part of these results
has also been announced in our previous paper [6].

Finally, we remark that it is theoretically possible to prove the same type of results
for zeta-functions of other exceptional types Eg, E7, Eg and Fy, by using our method.
However, it may be considerably harder to apply our method actually to those cases,
while it is interesting to determine Cyy(2k, g) explicitly in those cases.

2. Generating functions of the Bernoulli polynomials of G,-type. In our previous
papers [9, 10], we have already studied the general theory of zeta-functions of root
systems. We apply it to the case of G, as follows.
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Let A = A(G») C b* be the root system of G,-type and let hy = Ry’ @ Ra) be
a real vector subspace. Let Ay and A_ be the set of all positive roots and negative
roots, respectively. Then we have a decomposition of the root system A = A [[A_.
We know that A, is given by (see e.g. Bourbaki [1])

A = llt e

where ¥ = {aq, a»} is the set of fundamental roots and

o3 = 3aq + oo,

oy = 3a1 + 20,

Vo v v
a3 =) +o,,

\4 \ \
af =a +2a;,

2.2
as = a) +a, a5 =) + 3ay, @2
o6 = 201 + o, of =20y + 35 .
Let W = W(G,) be the Weyl group of G,-type. For w € W we set
Ay =A;Nw AL (2.3)

From (1.1) and (2.2) we see that the zeta-function of the root system of G-type
can be given by

5o(s; G2) = (51, 82, 83, S4, S5, S6; G2)
-y 1 ,
m 2 (m 4 n)s(m + 2n)(m + 3n)s(2m + 3n)%

m=1 n=1

(2.4)

where s; = 54, (1 <j < 6). Furthermore, for i = v/—1 and y = yja)" + y205" € ho, we
define

82(s, y; G2) = $a(s1, 82, 83, S4, S5, 86, V1, V2; G2)
0 % it +m)

= .25
; ; mS1ns2(m + n)*(m + 2n)(m + 3n)%s(2m + 3n)% @5)

Note that we only use the case when y = 0 in this paper. However, we study the case
of general y here for the convenience of our research in the future. With the above
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notation such as W = W(G,) and A = A(G>), we let

S y:G) =Y ( I1 (—1)5“)§z(wls, w'y; G), (2.6)

weW \aeA i

where (w™!s), = s, With the identification s, = s_, and w™'y is the usual action of y
by w™!

This S(s, y; G») is a “Weyl group symmetric’ linear combination of zeta-functions
of root systems, which plays a fundamental role in the study of value-relations and
functional relations in [10].

In order to evaluate S(s,y;G,) at positive integers, we consider Bernoulli
polynomials P(k,y; G,) via their generating function F(t,y;G,). This type of
generalised Bernoulli polynomials associated with any root system was first introduced
in [10], and was further studied in [8]. For a real number x, let {x} denote its fractional
part x — [x]. Applying Theorem 4.1 in [8] to the case of G,-type, we obtain

F(t,y; Go) = F(t1, ta, 13, ta, 15, te, Y1, ¥2; G2) = titat3tatsts
e{}’1}11+{}’2}lz

(e — 1D)(e2 — 1)(t1 + to — t3)(t; + 2ty — ta)(t; + 3ty — t5)(2t) + 31, — 1)

en—nln+inis
" (e = 1)(en — 1)(t1 + 12 — t3)(11 — 213 + 14)(201 — 313 + 15)(t1 — 313 + 16)
R A ) P T
T e DD G nt DE-F ) (G E )
R PR C N P RN} PR S I T R I
3= — DS+ ) (= 5) (B — 4 L) (4 15—t
e{yl—ﬁﬂ'%}tﬁ'{;"‘*}ts te [m=22+3}n+{2+3}0 te [m=2}n+{% )
" 3(et — 1)(efo — 1)1y + 15 — )4+t —2) (A +n-%)(t -+
eI=1=hn+ils

(e = 1)t — D)ty + 12 — t3)(1a + 13 — 1) 212 + 13 — 15)(t2 + 213 — 1)
1= {2y1=hua+iyty

B (e — 1)(e™* — 1)(t1 + 2ty — ta)(t2 + t3 — ta)(ta + 14 — t5)(t2 — 2ts + t6)
e(=Br1=y2h+n)s

e S )b — D)1 + 36 — 15)2h + 15 — 15)(a + 1a — 13)31s — 215 + 1g)
. e{—%‘ﬂ’z%}fﬁ{%ﬂ“%}% )t {3 e
A =)o =D (1 +2—8)(2+6-2) (2 —t+8) (e -i5+%)
21—l —y2)is
(e — 1)(et — D)(ta + 13 — ta)(t1 — 213 + ta)(t3 — 24 + 15)(t3 + 14 — 1)
. B3 (- (%))
e [ | [
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eBn=2n}u+(1-{y1—32Di

+
(e — 1)(efs — 1)(3t3 + 15 — 216)(t2 + 213 — t6)(t3 + ta — t6)(t1 — 313 + t6)
3=y} a+(1—-{2y1-32D1s

(et — 1)(efs — 1)1 + ta — 15)(13 — 284 + 15)(1) — 314 + 215)(31g — 15 — 1)
1=3y1=-2nmDta+{2y1—y2}t6

(e = D)l = D0+ 3y = 2615 + 14— 16)(12 — 214+ 16)31a — 15— 1)
e(l—{)’l—zf%bfﬁ-{yl—%z}le +€[—y1+2¥+§lls+{y1—%+%}zs +e{—}’1+2’3'2+§}f5+{y1—y32+§}f6)

et =Dt = Do+ is— )i+ 5 = F) (=5 = 5) (2= F +5)

Then F(t, y; G) is holomorphic at the origin and can be expanded as
ke
Fity:G) = ) Phy:Go) [] 25
keNg acAy

for y € hy. From our previous results [10, Theorem 4.4, (4.19) and (4.20)], we obtain
the following.

THEOREM 2.1. For k € N,

27 i)k
Sk, y; G2) = ( B 3 Pk, y; Ga). 27
aeAL o
EXAMPLE 2.2. In the case k = (2m, 2m, ..., 2m) for m € N and y = 0, we see that
S((2m), 0; G2) = 128:((2m); Gr). (2.8)

On the other hand, from the definition of F(t, y; G;), we can calculate P(k, 0; G,).
Combining this fact with (2.8), we can obtain the explicit values of ¢,((2m); G»), for

example,
23

22:G)) = — > 12.

022222 260) = 357504566960
8165653
4,4,4,4,4,4,Gy) = *
64 4 ?) = 1443838676129559305994400000 "
55940539974690617 .

$2(6,6,6,6,6,6,G)) =
£(8,8,8,8,8,8,G)

131888156302530666544150214880458495963616000000

47346365461279256768015189 43
= .
1485697621623958244738368714652675148113575302412190275200000000000

Furthermore, in the case when k = (2p, 2¢, 2q, 2q, 2p, 2p) (p, ¢ € N), we have
S(k, 0; G2) = 1265(2p, 29, 24, 24, 2p, 2p; G>).

This is because the lengths of a1, s and «g (and of «;, @z and «oy) are the same, and
the roots of the same length form a single Weyl-group orbit. Hence we can obtain, for
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example,
£(2,4,4,4,2,2,6) = 213955054969790672000”18’
£(4,2,2,2,4,4,Gy) = 106061805(3);;759238407118’
£(2,6.6.6,2.2,62) = 1449347623(9)(1)(6)§Z1428400000”24’
€2(6.2,2.2.6.6:62) = 5557501 13890194721054188320324400000”24’
£(2,8,8,8,2,2:G2) = 105645584604;222323222425960000000”30’
1802533972626341 %0

2,2,2 ; =
£(8,2,2,2.8,8,G2) 1364308801602394759022133342471831480000000

It is possible to compute the numerical values of the left-hand sides of the above
formulas from the definition (2.4). We have already checked that those numerical
values agree with the above formulas.

3. Analytic properties of the zeta-function of G,-type. In the preceding section, we
studied ‘value-relations’ for ¢»(s; G,), but we can further discuss ‘functional relations’
for this function. For this purpose, we first consider analytic properties.

THEOREM 3.1. The function {(sy, 52, 83, S4, S5, S¢; Go2) can be continued meromor-
phically to the whole space C°, and its possible singularities are located on the subsets of
C® defined by one of the equations:

S1+s3+sa+ss+ss=1—1 (I eNyp),
S+ s3+sa+ss+ss=1—1 ([ eNyp),
St 48+ 853+ 854+ 55+ 56 = 2.

The meromorphic continuation of ¢»(s; G»), as well as zeta-functions of other
exceptional algebras, can be deduced from earlier results given by Essouabri [2, 3],
Matsumoto [14, Theorem 3] and Komori [4]. However, the following argument
of determining the possible singularities also includes a proof of meromorphic
continuation.

At the end of [9, Remark 6.4], we discussed when the determination of possible
singularities can be achieved just by shifting the path of integration. The arrow from
G5 to C; in the diagram in [9, Section 5] is horizontal, hence this is the case when the
shifting of the path is sufficient. Therefore, our argument here is not so complicated,
similar to that in [12, 11, 13]. Note that such simple shifting argument is not sufficient
when one studies analytic properties of zeta-functions of other exceptional algebras.

At first, assume Ns; (1 <j < 6) are sufficiently large. The Mellin—Barnes integral
formula is

1 L+ 2)IT(—2) .

where Ms > 0, |argh| <7, A #0, c€ R with —%s < ¢ <0 and the path (¢) of
integration is the vertical line Rz = ¢. By using (3.1), we first prove an integral
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expression of £»(s; Go) in terms of the zeta-function of C,-type defined by (see [9,
equation (6.1)] and [10, Example 7.3])

(o] o0 1
0o(s1. 52,83, 54:C) = > > e Y e 7S

m=1 n=1

Writing

n —S85
30y = (m+ 20y~ ( 1
(m+ 30) = (m + 2n) ( +m+2n)

and applying (3.1) to the second factor of the right-hand side, we have

B ['(s5s + z)(—z1)
/(.01)

—S§5 __
(m +3m)™ = 2 I'(ss)

(m+2n)"5 ' n"'dz,,

with —ss < ¢; < 0. Similarly,

1 (s I'(—
(2m + 3,,[)*3‘6 — 2_ / M(m + 2n)*So*Zz(m + n)ldeZ’
i J(ey) I(s¢)

with —Nse < ¢» < 0. Hence

. 1 ['(s5s + 21 (s6 + 22)T'(—21)T'(—22)
0(8:G2) = 5
(2771) (c1) J(c2) F(SS)F(S6)
X &o(S1, 820 — 21, 83 — 22, 84 + 85 + 86 + 21 + 22; Cr)dzdzr. (3.2)

The singularities of ¢»(s; Cy) are determined by [9, Theorem 6.2]. We find that the
singularities of the zeta factor on the right-hand side of (3.2) are

S1+s3+s4+ss+s¢+zi=1—1 (I eNy), 3.3)
Ss+s3+sa+ss+se=1—1 (I eNy), 3.4
St + 8+ 83+ 54 + 55+ 56 = 2. 3.5)

Let L be a large positive integer, and define

-1
CD(S)=H(Sz+s3+s4+55+s6—1+l)(s1+S2+S3+S4+S5+s6—2).
1=0

We can rewrite (3.2) as

T I(s, z5)dzs, (3.6)

where

1 C(ss + z)T'(—z1)
/(.6’1)

I(S, 22) = % F(Ss) CD(S)

X o(s1, 82 — 21, 83 — 22, 84 + 85+ S + 21 + 225 Cr)dzy. (3.7)
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The singularities of the integrand on the right-hand side of (3.7) are z; = —s5 — [,
z1 =1 (I € Np), singularities of type (3.3), and of type (3.4) with / > L. Shifting the
path to Mz, = M| — ¢, where M is a large positive integer and ¢ is a small positive

number, and counting the residues at z; =0, 1,2, ..., M; — 1, we obtain
M-l
—Ss
I(s, zp) = Z ( >‘1>(S)§2(S1, §y —my, 83 — 22, 84 + 85 + 8¢ + my + 22, Cr)
mi
m1:0
1 I'(ss+ z))T(—
_/ (s5 +z)I'( Zl)q>(s)
2mi (M;—¢) F(Ss)
X &o(S1, 82 — 21, 83 — 22, 84 + 85 + 86 + 21 + 22; Cr)dzy, (3-8)
where
<S> B s(s—l)(s—i)!»»-(s—k-‘rl) (k c N),
k 1 (k=0).

The above integral is holomorphic in the region

Nss > —M; + &,
Ny +853+54+55+56) >—M;+1+¢,

and
Ry +53+854+55+56)>1—L. 3.9

Since M is arbitrary, we now find that I(s, z3) is continued meromorphically to the
region (3.9). We can also show that I(s, z5) is of polynomial order with respect to the
imaginary parts of variables. The singularities of I(s, z;) in the region (3.9) are located
only on

S1+s3+sa+ss+ss=1—1 (I eNyp), (3.10)

which come from the zeta-factors in the sum-part on the right-hand side of (3.8).
Now go back to the situation when 9is; (1 <j < 6) are large, and consider (3.6).
Let

L-1
W(s) = [ [s1 + 53+ 54+ 55+ 56 — 1 + 1),
1=0

insert ®(s)~'W(s)~! on the right-hand side of (3.6), and shift the path to Rz, = M, — ¢

to obtain
My—1 —s
0(s; Go) = q’(S)_l‘V(S)_l{ > (m;)‘I’(S)I(S, ;)
my=0
1 I'(s¢ + 22)I'(—22)
+% ae) T‘I’(S)I(S, Zz)de}. (311)
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This gives the continuation of ¢,(s; G») to the region (3.9). Since L is arbitrary, we
obtain the meromorphic continuation of ¢(s; G;) to the whole space. Its possible
singularities come from ®(s)~'W(s)~! and W(s)I(s, m,) on the right-hand side of
(3.11), which are exactly those stated in the theorem. This completes the proof of
Theorem 3.1.

4. Preliminary Lemmas. In this section, we quote several lemmas from our
previous papers [15, 17, 7] and further prove an analogue of them. These will play
important roles in the next section. From now on, the symbol { } implies ordinary curly
parentheses, not the fractional part.

LEMMA 4.1 ([15] Lemma 2.1). Let ¢(s):= ). (=1)'n"" = ' — D¢ (s), and
f,g : Ng — C be arbitrary functions. Then, for a € N,

[k/2] (i @2
Z«b(a—km ka(k 2 Gor = 258V (@ =2%) (4.1)
k=0 K- £=0
and
a [(k=1)/2] (zn) 1
;aa—km_k ;0 gtk =205~ = —58(@). (4.2)

where &, .= (1 4+ (=1)")/2 forv € Z.

LEMMA 4.2 ([17] Lemma 4.4). Let { Py}, {QOa}, {Ron} be sequences such that

. 2j
Py = Zth 2’(22 T Z 2h— 2](2(”:_)1),

Jorany h € Ny. Then

h
Py = =2 "¢(2h—21)Q, 4.3)
=0
) h
On=— ;@2"‘2’“ — 1)¢(2h =2t + 2Py, (44)

for any h € N.

Note that, in [17, Lemma 4.4], we proved only (4.3). However, by just the same
method, we can easily obtain (4.4).

LEmMMA 4.3 ([7] Lemma 6.3). Leth € N, and
={CheCllez, | +0},

={DIN;m;n) e RIN,m,neZ, N#0, m=>0, 1 <n <hj,
={a, eN|l <n=<h
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be sets of numbers indexed by integers. Assume that the infinite series appearing in

h  a

D DYCEN =23 D T dlay — kg,

Nez =1 k=
Ni() n=1 k=0

a o | 0
x Y Y (=DVD(WN:k — &:m)e™” ¥ (4.5)
£=0 | Nez :

N#0

are absolutely convergent for 6 € [—m, ), and that (4.5) is a constant function for
0 € [—m, ). Then, for d € Ny,

N iNO
pRLUALLES o SPIR

Nez 1 k=0
N#0 =

Sfwo+d—1 o (=D)"D(m; k — £ — w;n)e™ | (i6)f
Z()( w >(_1) Z i+ } £l
§=0 Lo= 21;%
h ay— k
+2Z¢<d ka- kZ { >0 <”+ E)(—l)‘”
n=1 w=0
D(m;a, — 1 — w;n) | (i)
x XZ: mZ—g+w+1 } £ = (4.6)

holds for 6 € [—m, 7], where the infinite series appearing on the left-hand side of (4.6)
are absolutely convergent for 0 € [—m, 7).

Now, we prepare the following lemma which is an analogue of Lemma 4.3
LEMMA 4.4. Let h e N,
A={a()eC|leZ, |I+#0},

={BWN;m;n) e RIN,m,neZ, N#0, m>0, 1 <n<h}
={c, eN|l <n=<h

be sets of numbers indexed by integers, and

meZ

m#0 =1 k=0

h o
S4(0) = Y (i a(m)e™? =23 % " (ey — kg,

- s | (10)F
XD DN Bk — ey = 4.7
£=0 meZ .

m#0

Assume that both of the right-hand sides of S+(0) in (4.7) are absolutely convergent
for 6 € [—m, ), and that both S, (0) and S_(0) are constant functions on [—m, 7]
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Then, for d € N,

hleq/2]
2d — ey — 2k — w;
IECEEI I IECTD o) E D ae e
" =1 k=0 "
h =1
42 Z LU 95 3] G (C/E
n=1 w=0

((—1)’"+1)/3(m,cn— I —win)
X Z n2d—2kt o+
o

h eyl
—2Z§(2k) HE Y (T e

n=1 w=0

(( D" —Dpm;cy — 1 —win)
x> 2d—2tat] =0 (4.8)
meZ
m£0

for 6 € [—m, ), where the infinite series appearing on the left-hand side of (4.8) are
absolutely convergent for 0 € [—m, ].

Proof. Put

Gy (0) = Gx(0; A; B; C)

_ (2>N Z (" + l-fm)a(m)eimQ/Z
i meZ MN
m#0

h & Joj-r “l+w
23S ey — s Y ( )(—2)‘°

n=l1 j=0 p=0 =0

" m . imo/2 (:
S EETBOn —p =GP Ly )
m w P

meZ
m#0

From the assumption, we see that Qoi((?) are constant functions for 6 € [—x, ]. Also,
by using the relation

m—1 m m—1
(720 ()=("7) @mem.

%95(9) =Gy_1(6) (V eN). (4.10)

we can check that

Repeating the indefinite integration, we can write

(1) gier= Zci R @1
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for some {¢* € C|n € Ng}. Putting N =2d + 1 for d € N and 0 = 7 in (4.11), we

obtain
( 1)d d oy (iTL’)ZV
o {g2d+1(”) gztlﬂ(_”)} = ;Qz_d_zvzzd 2 m 4.12)
Similarly, putting N = 2d and 6 = = in (4.11), we have
= )d : + 2a—2y (i)
{gzd(”) + g2d( 7T) ; 02 m (4.13)

By Lemma 4.2, we have

1 d
&) {92d< )+ G-

= Z ¢2d = 20) (=) {GF, (7) — G, (7)) . (4.14)
=0

We will calculate each side of (4.14) explicitly as follows. Note that
(i =2{(=D"£ 1}, ("+iME"—i")=0
By using (4.1), we have

G3,(m) + G- = (-1’2 2 37 (T D)
ez
h o /21 j—2u 1+ow
4 Y e, mcn_,zz( )<—z>w
n=1 j=0 =0 w=0

(=)™ + 1) B(m;j — 2 — w3 ) (i)
X ZZ m2d+w (2/“(’)'
m£0

= (1)1 Z D"+ Dalm)

m2d
i
holey/2] ey— 4w
NS Z ( )(—2)‘“
n=1 &=0
D™ +1)B(m;c —w;
S s LUTELEul§ ws
m£0

Similarly, by using (4.2), we have
G () = ngm(—ﬂ)

meZ
m#0

n=1 w=0

(4.16)
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Substituting (4.15) and (4.16) into (4.14), we have

h ley/2] Cy—

—1ym 1 -1
s n=1 §=0
(=1)"+ 1) B(m; ¢ — ;1)
Z m2d+(z
o
LA 2d — 2% + w
Y Y 4(2&)2-%( )(—2)”
n=1 £=0 0=0 @
(=D)"+1)B(m;c, — 1 —w;n)
x Z mZd—ZE-&-lZ—w =L =o. (4.17)
Similarly to (4.14), we obtain
14
X (Gt — G-
1 d
=—— Z(zsz - 1)¢Qd = 2t)(=1)" {Gs,,,(m) + G5, (=)} . (4.18)
=0

Hence, similar to (4.17), we have

Cp—

1y B ley/2]
3 = Deton Z Z coe)
n=1 £=0

-2
—-l+ow ©
( )(—2)
meZ 0

w=!

m#A0
(=" =1 B(m; ¢y — 25 — win)
X T
Zii%
<= 2d - 2% +
+4 Z DD ce)1 - 25)( )(—2)“’
n=1 &=0 w=0 @
(=D" =1 B(m;cy — 1 —w;n)
x Z m2d72$+ln+w =0. (4.19)
o
Combining (4.17) and (4.19), we obtain (4.8). O

5. Functional relations for (s; G;). Now, using the results prepared in the
previous section, we construct functional relations for ¢,(s; G,) and ¢(s). First, we
recall the relation for zeta-functions of C,-type which was proved in [7], and will
extend this relation to that of G,-type. The technique is essentially introduced in our
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previous papers (see [7, Remark 7.5]). From [7, equation (8.4)], we have

(_ l)lxm ei(l+2m)9
2 2ol + my(l + 2m)

leZ, 140
zﬁf#lo
142m#0
2 2§
w+2r— »
—22 6Cp - 2) ZZ( )(—1)

£=0 w=0

2q —1+2—¢—w | > X"Me?mo (i)t
X ( ’ >(_1)2] ¢ 22r+a) Z 4

2g—1 — msT2a+Y—§+2r  g|

q 2 2§ )
SEOITTTEETD 30 D GRS (S
j=0

£=0 w=0

2p—14+2j—&— (=1 "m0 (i9)E
X(p +2 w>z( ) x"e™ (i)
1

2]7 —1 — mst2p+2j—6+2r El
+2Z o(2r — 2j) ZZ( >(—1)w
£=0 w=0
_0_ xm i0)6
y 2p+2q 2—w (—1y-1-o 1 (i)
2q_1 22j—§+w+l s t24+2j—6+2p §|
m=1
2j 2g—1
o+ 2 — »
+2Z o 2r — 2j) ZZ( )(—1)
=0 w=0

2p +2¢—-2—-w X" (i6)¢ .
x 2 —1 mX:; mst2+Y—E+2q  £| -

for 0 € [-m, 7], p,q,r €N, s € R with s > 1 and x € C with |x| < 1. Here we use
the same method as introduced in our previous papers [5, 7] by making use of
polylogarithms as follows. Replacing x by —xe” and moving the terms corresponding
to [+ 3m = 0 of the first member on the left-hand side of the above equation to the
right-hand side, we have

( 1)/+mx el(l+3m)6
2 2o (I + mya(l + 2m)>r

leZ, 140
1117;10
14+2m#0
1+3m#0
2 2§
w+2r— »
—22 $Cp - 2) ZZ( )(—1)

E=0 w=0

2q -1+ 2] _é " ( 1)111 m 3im(9 (l@)é
x ( >( 1)2] - 22r+w Z

2g — 1 ms 2+ =542 g
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Yyt w+2r— »
—22 $(2q — 2J)ZZ< )(—1>

E=0 w=0

2p—14+2j—& — g m ,2imo i0)%
X<p +2—§ w>z x"e (i0)

2[) —1 mst2p+2/—E+2r El

m=1
2j 2p—1
w+2j—¢& »
+2Z ¢(2r—2])22< i )(—1)
£=0 w=0
2p+2q—2—a) e LS (=)™ (i)
X P =1 YERatT L e
q—l 22j— m q+2j—§+2p é:l
2j 2q—1
w+2j—¢& »
+2Z Pp2r—2) > > ( )(—1)
£=0 w=0

y (2p +2¢—2— a)> Z (—=1y"xme™ (i9)t

2p—1 — msT+2=§+2q &)

( 1)]7’1
= Z 32029120 +2q+2r+s "
m=1
If we fix p, ¢,r € N and s € R with s > 1, then we can apply Lemma 4.3 to the above
equation with d = 2u. Consequently we have

(_ 1)l+mxm ei(l+3m)9
2 221+ m)24(1 + 2m)> (I + 3m)

1€Z, 1£0
ko
1+2m£0
1+3mz#0
+J1(9;x)+J2(9;x)+J3(9;x)+J4(9;x) =0, (5.1)
where
J1(0; x)
2 2j-¢& 2j—E—p
0+ 2u— w+2r—1 ”
- —22 $Cp - 2) ZZ( )(—1)" 3 ( )(—1)
§=0 p=0 w=0 w
x 3~ 2u—p 2q 1 + 2] %- pP—w ( 1)2] §-p-o Z (—1)mx"1€3im9 (16)5
2qg -1 22rtw Mttt —E g
m=1
2j 2p-1 2p—1—p
p+2— w+2r—1 "
+22 $Q2u — 2)) ZZ( )(—l)ﬂ > ( G)
£=0 p=0 =0 @
% 3-2HE—p=1 +2¢—2—p—o\ (=)o & XM (i0)
2g—1 2%rtw Mt g

m=1

We can similarly write J,(0; x), J3(0; x) and J4(0; x), but they are omitted for the
purpose of saving space.
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Next, setting x = +ie~3%/2 in (5.1) and moving the terms corresponding to 2/ +
3m = 0 of the first member on the left-hand side to the right-hand side, we have

(_ 1)/+m(:|:l-)m ei(2/+3m)0/2
2. P (L + my2(l + 2m)2 (I + 3m)2«

leZ, 130
m=1
I+m#0
1+2m#0
1+3m#£0
214-3m#0

+ J1 (0; £ie™ ) 4 J5(0; £ie30/%) + J3(0; £ie 31?4 J4(0; £ie ¥/?)
Z 1
Prms(—1 4+ m)24(—1 + 2m)* (=1 + 3m)2’

ILm=1
2/=3m

(5.2)

Note that (—1)/+m(:|:l')m — (:I:i)2[+3l71.
Now we apply Lemma 4.4 to (5.2) with d = 2v for v € N. In fact, we can see

that the left-hand side of (5.2) is of the same form as (4.7). Furthermore, by the same
method as in [7, Section 7], we can confirm that

1
Z 12ms(—1 + m)X (=1 + 2m)y¥ (=1 + 3m)* (=21 + 3m)>

Im=1
I#m

1#£2m
1#3m
20#£3m
= 0 (2p, 2q, s, 2r, 2v, 2u; Gy) + & (2u, 21, 5, 29, 2v, 2p; G7)
+ & 2u, s, 2r, 2q, 2p, 2v; G3) + £ (2v, 2r, 2q, s, 2u, 2p; G>)

+ & (2v, 2q, 21, 5, 2p, 2u; G»).

From these results and Theorem 3.1, we obtain the following theorem.

THEOREM 5.1. For p, q,r,u,v € N,

&(2p, s, 2q, 2r, 2u, 2v; Gy) + & (2p, 2q, s, 2r, 2v, 2u; Gy)
+ 2 Q2u, 21, s, 2q, 2v, 2p; G1) + £ (2u, s, 2r, 2q, 2p, 2v; G3)
+ 2 (2v, 2r, 2q, s, 2u, 2p; Gy) + £ (2v, 2q, 2r, s, 2p, 2u; G3)
+hL+L+---+13=0 (5.3)

holds for all s € C except for singularities of functions on the left-hand side, where
I, I, ..., Iy are, by using the notation ¢(s) = (2'=° — 1)¢(s), defined as follows:

N o o — 1
n==yaen - (T0T) L ()

p=0

2”’2"2’:”"’ w+2r—1\(2p+2q—1-2%k—0—p—w
X
ppwrt w 2g — 1

x 20T HTOFTHERTOD (4 Dp 4 2 + 2 + 2u + 2v — 2k)
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2p—1 k 2p—1—-0 +2u—1
_ 23" 2% (2k) (“”” : ) (p )
S gn s > ("
2p—1—0—p
N Z (a) +2r — 1) (217 +2¢—-2-0—p— w)2n—2r—w3—2u—2u+2k—a—p—l
s w 2g—1
x{e(s+2p+ 29+ 2r+2u+2v —2k)+ ¢(s + 2p + 29 + 2r + 2u + 2v — 2k)}
v 2p—1 2p—1—0o
_22(1 2k (2k)2<0+2v 2k) Z (,0+2u 1)
k=0 p=0 p
2p—1—o—p
y Z (a) +2r — 1> <2P +2¢—2—-0—p-— a))zaer32u2v+2kapl
w 2g—1

w=0
x{C(s+2p+2g+2r+2u+2v—2k)— ¢(s+2p+ 2+ 2r+2u+2v — 2k)};

2u—2k 2p—1
-1 p+2u—2k—o
gl TYEC)
p=0 P
2p—1
% PZP o+ 2r— 2[7 + 26] -2- p—w 2072r7w372u72v+2k7p71
2g —1

x;(v+2p+2q+21 + 2u+ 2v — 2k)

_222 2k§(2k)2"221<0+2v 2k> ”Z< +2u—1—a>

k=0 =0

2p—1
% pz 8 <w + 2r — ) <2p + zq -2- P — Cl)) 20—2r—w3—2u—2v+2k—p—l
2g—1

x{g“(s+2p+2q+2; +2u+2v—2k)+ ¢(s +2p + 29 + 2r + 2u + 2v — 2k)}

_2i(1 - (2k)2u2:1<0+2v 2k)2p2:1(,0+2u—1—0>
P o

p=0 P

2p—1—p
w+2r— 2p+2q—2—,0—a) A —2u—2 —p—
20 —2r—w3—2u v+2k—p—1
> ( )( 2 -1

x{g(s+2p+2q+2r+2u+2v—2k)—¢(s+2p+2q—|—2r+2u+2v—2k)};

2q—2k 2q—2k—0

o+2v—1 o+2u—1
nemyeo D (7)) 8 ()
p=0
qufzszaﬂo o+2r—1N\(2p+2q—1-2k—0—-p—ow (1) oroe—2en
pywrt w 2p—1

X £(5+ 2p + 2 + 2r + 2u + 2v — 2Kk)

https://doi.org/10.1017/5S0017089510000613 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000613

202 YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

2q—1

2¢—1—0o
+222 % (2k)Z(U+2v_2k> Z <p+2u—l)

p=0 p
2¢—1—oc—p
o+2r—\\(2p+2¢q—2—0—p—w o
—1 (T+p+a)2(7 2u—p
<X (7 21 =D

w=0
X {E(s + 2p + 29 + 2 + 2u+ 20 — 2k) + (s + 2p + 2¢ + 2 + 2u + 2v — 2k)}
2q—1

v 2q—1—0o
+ZZ(1 2k (2k)2<0+2v 2k> Z (p+2u—1>
k=0

=0 P
) 2q—12—3f_p (a, 42— 1) <2p +2¢-2—-0—-p— w)(_l)ﬁﬁwzgzup
— 1) 2p—1
x{C(s+2p+2g+2r+2u+2v—2k)—¢(s+2p+ 2+ 2r +2u+2v — 2k)};
2u—2k

14_224_(%) Z <a+2v >Z‘<p+2u—2k—a>

p=0 P

zqi:p o+ 2r— 2p+2q-2—-p—w
X
2g—1

x (-1)/’“’2 22kt 20=p=13=20=0 r (¢ 4 Dp 4 2 + 2r + 2u + 2v — 2k)

2u—1 2g—1
+20—2k +u—1-—
+2§ 22";“(2k)§:(0 ;’ )E:(" “ ")

p=0 p

Xz‘fi’J(erzr_ )<2p+2q—2—p—a)>
2p—1

X (_1)p+w2 2u+20 — —P3= —2v+42k—0—1
X {¢(s+2p +2q + 2r + 2u + 2v — 2k) + ¢(s + 2p + 2q + 2r 4+ 2u + 2v — 2k)}

v 2u—1 2q—1
+ZZ(1 ~2t) (2k)2<0+2;) 2k>z<p+2u—l—a)

p=0 P

zqi:p o+ 2r— 2p+2q-2—-p—w
X
2p—1

x (_1)p+w2 2u+20— —P3= 2v+2k—0—1

XA{¢(s+2p 42+ 2r 4+ 2u+ 2v — 2k) — ¢(s + 2p + 2 + 2r + 2u + 2v — 2k)};

r 2r—2k 2r—2k—o
Z Z o+2v—1 Z o+2u—1
=2 §(2k) ( o ) ( P )
k=0 o=0

p=0

Xz”i w+2r—2%k—0—p\ (2 +24-2—w
ppwrt w 2g—1

x (=1)P2 2 Hdt20t0=0=lr (¢ 4 Dp 4 Dg 4 21 + 2u + 2v — 2k)
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v 2r—1 2r—1—0o
ok o+2v -2k p+2u—1
-2 E 27%¢ (2k) E ( o E
k=0 o=0

p=0 L
2p—1
o+2r—1—oc—p\(2p+2q—-2—-w o _
_1p2 r+20+p—w
XZ( o)

w=0

X {C(s+2p +2q+2r +2u+2v —2k) + ¢(s + 2p + 2g + 2r + 2u + 2v — 2k)}

v 2r—1 2p—1-0
Y (1-2%) 0 Y (U +2;) _2k) > <p+2"_ 1)
k=0 o=0

p=0 L
2p—1

w+2r—1—0c—-p\(2p+2¢—2—w iy _
E: 12 r+20+p—w
x ( w >< 2g—1 =D

w=0

X (5 +2p + 2¢ + 28 + 2u + 20 — 2k) — (s + 2p + 2 + 2 + 2u + 2v — 2k)};

2u—2k

u 2r—1
22((2]{) Z <U+iv—l>z<p+2u—2k—a>
k=0 o=0

p=0 p

2p—1

2r—1-— 2p+2¢—2—

()T

ppwrt 1) 2g —1

X (—1)P2 240 4p=03=20=0 (g 4 Dp 4 D + 2r + 2u + 2v — 2k)
2u—1 2r—1

+2i2_2k§(2k)z <0+2;)—2k>z(,0+2u—1—c7>
k=0 o=0

p=0 p
= 2% -1 2
XZ o+2r—1—-p\(2p+2q—2—-w
= o) 2g — 1

X (_ l)p 2—2)‘+U+p—w3—2v—(r

X {¢(s+2p+2q + 2r + 2u+ 2v — 2k) + ¢(s + 2p + 2 + 2r 4+ 2u + 2v — 2k)}

v 2u—1 2r—1
_ o+2v-—2k p+2u—1l—-o
+2Z(1—22k);(2k)2< . )Z( )
k=0 o=0 p=0 p
2"’2_:1 o+2r—1—-p\(2p+2q—-2—-w
X
ppwrt 1) 2g —1

x (_ l)p 2—2r+a+p—w3—2v—a

X (54 2P + 2¢ + 28 + 2u + 20 — 2k) — (s + 2p + 2 + 2 + 2u + 2v — 2k)};

r 2r—2k 2r—2k—o
22((2k)2<0+20v—1> Z <,0+2u—1)
k=0 o=0

p=0 p

2g—1
wo+2r—2k—o0c—p\(2p+2¢—2—-w
_1)Pteno
(L))

=0

X £(s+2p + 29 + 2r + 2u + 2v — 2Kk)
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2r—1

v 2r—1—o
+23 2% (2k) ;) (U i 2:; - 2k> > (p e 1)

k=0 p=0 p
2q—1
9 Z <w+2r—1—a—p><2p+2q—2—a)>(_1)p+w20
ppwrt 1) 2p—1

X {C(s+2p +2q+2r +2u+2v — 2k) + ¢(s + 2p + 2g + 2r + 2u + 2v — 2k)}
2r—1

v 2r—1—o
+23 (1-2%) 20 Y (U +2;_2k> > (p+2”_ 1)
k=0 o=0

p=0 P
2q—1
><Z(w+2r_1_U_'0)<2p+2q_2_w>(—1)”+‘“2”
ppwrt 1) 2p—1
X {¢(s+2p+2q + 2r 4+ 2u+ 2v — 2k) — ¢p(s + 2p + 2q + 2r 4+ 2u + 2v — 2k)};

u 2u—2k 2r—1
o+2v—1 o+2u—2k—o
g E (Y
k=0 o=0 p=0 p
quzl<w+2r—1—p><2p+2q—2—a))
pywrt w 2p—1
x (=1)P+e203 20 (s + 2p + 2q + 2r + 2u + 2v — 2k)
2u—1 2r—1

Z<p+2u—1—o>

p=0 p

—2) 2% (2k)
k=0

Z<o+2v—2k>
o=0 o
2g—1
Z o+2r—1—-p\(2p+2q—-2—-w
X
= w 2p —1

X (_ 1)p+w20 372v+2k7071

X {C(s+2p +2q+2r +2u+2v — 2k) + ¢(s + 2p + 2g + 2r + 2u + 2v — 2k)}

v 2u—1 2r—1
_ o+ 2v -2k o+2u—1—-o
23 a-een 3 (7T X )
k=0 o=0 p=0 p
Xz‘f w+2r—1—p\(2p+2¢-2—w
ppwrt w 2p—1

% (_ 1)p+w20 3—2v+2k—0—1

X {¢(s+2p 42+ 2r 4+ 2u+2v —2k) — ¢(s +2p + 2g + 2r
+ 2u+ 2v — 2k)}.

EXAMPLE 5.2. Putting (p, ¢, r,u,v) = (1, 1,1, 1, 1) in (5.3), we have
$2(2,5,2,2,2,2;G2) + 0(2,2,5,2,2,2,G2) + 22,2, 2, 5,2, 2; Gr)

5 (., 5519 1,
=_@(2 +T)§(s+10)—ﬁ(2 —466) L2)c(s+8).  (5.4)
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In particular, when s = 2, we recover

23 12

2,2,2,2,2,2; = 507004564060
;2( s Ly Ly Ly Ly ,Gz) 2979045669607( ’

which was already obtained in Example 2.2. Also (2.7) and (5.4) give that

P((2);0;Gy) = B> By,

2 B+ 23
18187092 "% ™ 907200
where B, = B,(0) is the nth Bernoulli number. More generally, combining Theorem 2.1

(see also [10, Theorem 4.6]) and Theorem 5.1, we give an expression of our generalised
Bernoulli numbers P((2k);0; G,) (k € N) in terms of {B,}.

REMARK 5.3. In [20] Zhao expressed several values ¢>(k; G,) for k € Ng in terms
of double polylogarithms and gave approximate values of them, for example,

&2, 1,1,1,1,1;G>) = 0.0099527234 . . ..

By using the same method as stated above, we can explicitly obtain

109

;2(2, 1, 1, 1, 1, I,Gz) = — 1296

() + 155 Q) 05), 55

which agrees with Zhao’s numerical computation. We can further give a functional
relation between ¢(s; Gz) and ¢(s) including (5.5), which is an analogue of (5.4).
Under more preparations, we will be able to give evaluation formulas for a certain
class of values ¢,(k; Gy) fork € Ng in terms of ¢ (m) for m > 2. We will state the details
in a forthcoming paper.
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