BULL. AUSTRAL. MATH. SOC. MOS 06A60, 46A40

VOL. 4 (1971), 35-39.

Minimal vector lattice covers

Paul F. Conrad

We show that each abelian I-group G 1is a large I-subgroup of

a minimal vector lattice V and if (G is archimedean then V
is unique, in fact, V 1is the [-subspace of (Gd)A that is

generated by (G , where Gd is the divisible hull of (¢ and

A .
(Gd) is the Dedekind-MacNeille completion of Gd . If ¢ is
non-archimedean then V need not be unique, even if (¢ 1is

totally ordered.

Throughout this note group will always mean abelian group. An
l-subgroup A of an Il-group B i§ large if for each l-ideal L # 0 of
B, LnA#0 (or equivalently each l-homomorphism of B that is one
to one on A is an isomorphism). In this case we shall also call B an

essential extension of A .
We define U +to be a v-hull of an Il-group G if

i} U 1is a vector lattice and G is a large [-subgroup of U ,

and
ii) no proper I-subspace of U contains G .
. d . Gd . P
Note that U contains a copy of G and since is divisible and
large in U it is dense in U (that is, O0<u €U implies 0 <g < u

for some g ¢ A }. Thus ([13, p. 116), the infinite Joins and

intersections that exist in (G agree with those in U .

PROPOSITION. Each 1-group G admits a v-hull. Thus if G is an
l-subgroup of a unique minimal vector lattice U then U must be a
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v-hull of G .

Proof. G is a subdirect sum of o-groups and by the Hahn
representation theorem, ([4], p. 59), each o-group can be embedded in a
vector lattice of real valued functions. Thus we may assume that G is an
l-subgroup of a vector lattice V . Let W be the intersection of all the
l-subspaces of V that contain G . Let B be an I-ideal of W that is

maximal with respect to B n G =0 . Then

e

G=(B®G)BcCWB

and this is an essential extension. For if U is an I-ideal of W that
contains B and U/Bn (B&G)/B=B, then B=Un (B+G) =B+ (U nG)
and so UnGE€B. Thus UnG=0 and UDB andso U =25.

Therefore W/B is a wv-hull of (B@® G)/B .

THEOREM. An archimedean 1-group G adnits a unique v-hull. This

v-hull is (l-isomorphic to) the 1-subspace of (Gd)A that is generated

by G and hence it ig archimedean.
Proof. Let U be a wv-hull of G .

(1) U 1is archimedean. For suppose by way of contradiction that
0<ag, b €U and na < b for all integers 7n > 0 . Since (¢ 1is large in
U there exists 0 < x € G such that x <ma for some m > 0 . Since U
is minimal,

U= \Julg) for all g € G ,

where U(g) is the I-ideal of U +that is generated by g . Thus
b = bl + ...t bt , where bi € U(gi] for 7 =1, ..., t and hence

b

[, + ... + b

N 7:|5|b

N R ETRIR N 1

Now there exists k > O such that bi = kgi for 7 =1, ..., t . Thus

b = k(gl + ...+ gt) =y € G and hence

nx <mma <b<y for all n >0 ;

but this contradicts the fact that G 1is archimedean.

(2) U 1is unique. Since U is divisible we may assume that Gd is
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an l-subgroup of U . Thus Gd is dense in U and hence, (see [2]),

[Gd)A is the I-ideal of 0" that is generated by Gd and so (Gd]A is

A . :
an l-subspace of U  that contains Gd . Also since UA is archimedean

it follows that U 1is an I-subspace of UA , (see [3]). Thus
ccdcve (@

and so U 1is the I-subspace of (Gd]A that is generated by ¢ and

hence it is unique.

COROLLARY I. If U and V are wv-hulls of an archimedean l-group
G then there exists a unique I-isomorphism T of U onto V such that
gn =g forall g €G.

d

Proof. This is true for G~ and for- (Gd)A .

COROLLARY II. If G 1is a subdirect sum of reals then its v-hull

18 contained in this sum of reals.
Proof. If G C R, , then ()" <TTR, , (see [21)
. < i = i .

If A is an Il~subgroup of an I-group B then B is an
a-extension of A if L > L nA is a one to one mapping of the I-ideals
of B onto the I-ideals of 4 (or equivalently for each 0 < b € B
there exist 0 < a € A and a positive integer #n such that a < nb and

b <nal.

PROPOSITION. Each wv-hull of an o-group G 1is an o-group, but it
need not be an a-extension. An o-group G adnits a v-hull that is an

a-extension, but it need not be unique.

Proof. If H 1is an essential extension of G, 0 < a, b € H and
a Ab =0 then there is a positive integer n and 0 < x, y € G such
that na >z and nb >y . Thus O =nlaAb) =naAnb=2xAy=0
which contradicts the fact that G is an o-group. Thus H is totally

ordered and so each wv-hull of G 1is an o-group.

Let U=R®R®R 1lexicographically ordered from the left and let
G be the subgroup of U generated by (0, 0, 1), (m, 1, 0) and

(1, m, 0) . Then each subspace N of U that contains G must contain
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w(m, 1, 0) - (1, m, 0) = (w2-1, 0, O) and hence N = U . Therefore U is
a v-hull of G but clearly not an g-extension since U has two proper

convex subgroups, but G has only one.

REMARKS. Note that

ne

G (the subgroup of R generated by T and 1) &R

and so R® R is a wv-hull and an a-extension of G . If we let
U=R®R lexicographically ordered from the left and let (G be the
subgroup of U generated by (m, 1) and (1, m) then U is a minimal
vector lattice containing G but it is not an essential extension and so

not a wv-hull. Also, G but not U is archimedean.

Now by Hahn's representation theorem each o-group G can be embedded
in a vector lattice V that is an a-extension of ( and hence the
intersection of all the subspaces of V that contain (¢ 1is a wv-hull and

an a-extension of G .

oo
Finally let V = I I Ri lexicographically ordered from the left and
i=1

o)
let f ©be a group isomorphism of A onto R. such that
1=2

f(1) = (1, 0, 0, ...) and in general f(x) = (fo(zx), falz), -..) .

Define
(X1, %2, «..)T = {x1, 2+f2(xy), xa+f3lxy), ...) .

Then T 1is an o-automorphism of V . For each x € V and »r € R

define
ra(xt) = (rx)T .
Then (V, #) 1is a vector lattice. Note that

ra(z, f2lx), f3(x), -..)

r*((x, 0, 0, ...)T)
(rx, 0, 0, ...)T

(rz, falrz), falra), ...) .

1}

In particular, for x =1 we have

ra(l, 1, ...) = (r, f2(2), fa(r), o)
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Thus (V, %) is a v-hull and an g-extension of the I-group G =

1~ 8
o]

i
and G is also a vector lattice with respect to the natural scalar
multiplication and so G is its own v-hull. But G and V are not
o-isomorphic since V is a-closed (that is, admits no proper

a-extensions) and G is not.

REMARK. If the chain of convex subgroups of an o-group G
satisfies the DCC then the Hahn group corresponding to G is the unique

v-hull of G that is also an a-extension.
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