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§ 1. Consider the system of n first order linear differential equations:

—j r 2u g,/. [x) Ui; — u (i — i , &, . . . . n),

dx t = 1 '
together with the n boundary conditions

i aikuk (a) + 2 bikuk (b) = 0 (i = 1, 2, . . . . n ) ,
k=\ k=l

where «,,, 6,; are constants and where we assume for simplicity of
notation that gH = 0.
We write this system of equations and boundary conditions in matrix
notation thus:

= 0,

d.dx gx

g21 d/dx .
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u, (b)

_u,,(b)_

= o,

or with an obvious notation
PU = 0

Wa U (a) + Wh U (6) = 0.

It is the product of operator systems of the form

and
Wa

Q

za

(1)

(2)

(3)

that will be considered in this paper. It will be shown in § 2 that if
we define the product of two such systems in the same manner as
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J. M. Whittaker1 denned it in the case n = 1, then the Green's matrix
of the product system is the product by composition of the second
kind of the Green's matrices of the component systems. In § 3 the
product of a sjstem into its adjoint system will be considered and it
will be shown that the differential equations of the second order
which appear in the product system can all be obtained from a
quadratic form in the elements of the component systems in the same
way that the Lagrange's equations in dynamics are obtained from the
energy function. Lastly a relation is obtained between the solution
of the non-homogeneous product system and the solutions of the
component systems, when n = 1 and the order is no longer restricted
to be the first.

§2. The Green's matrix for the system (1) is denned by Birkhoff2 to
be the matrix

OU (x, $), . . . . , Gln (x, £)

_Onl (x, i), . . . ., Gnn (x, $)_

where G,j (x, £), i=^j are continuous functions with continuous first
derivatives, while Git (x, £) each have only one discontinuity, a jump
of amount 1, at x — $, i.e.

G {x, x - 0) — G (x, x + 0) = / ,

where / is the unit matrix. Further, each column of the above
matrix satisfies the system of equations except at x = £, and satisfies
the boundary conditions identically in £.

Let L (x, | ) , M (x, £) be the Green's matrices thus defined for the
systems (2) and (3) respectively; then the Green's function of

PQU = 0 ,
Z,Jl{o)+Zh £7(6) = 0,
[WaQ]U(a) + [Wl,Q]U(b) = 0, (4)

is given by

G(x,i)=C M(x,v)L(v,i)dv. (5)
Jo

For since
Gi, (X, i)=\ S Ma {X, rj) Lkj (v, i) drj

Ja i=l

1 Pruc. Edin. Math. So,:., 3 (1932), 10; Dr Whittaker considers the case when the
operator is of any order.

2 Birkhoff and Langer, Pro,:: Amer. Acad. Arts ,0 &., 58 (1923), 59.
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we see that Gv- (x, £) is continuous. It is also seen from the nature of
the discontinuities of Lik (x, g) and Mit {x, g) that Gi; has a continuous
first derivative unless x = $ where Gi{ has a jump of magnitude unity.
Further,

QG (x, $) = T
Ja

'd/dx q12 . . . . qln

qn d/dx q,n

_q,n qn2 .... djdx_

~Mn(x,V) Mln(x,r)
M2l (x,r)) M2n (x, 7])

_Mnl (x,r]) Mnn(x,r])_

x

Ln i

An'

~LU (7],$) Lln (T), £)~

— Lln (x,

dr,

) • • • • Lnn (x, £)_

since each column of M (x, f) satisfies the system Q, the only
discontinuities being along the principal diagonal; hence

PQG(x,i) = 0,

and G(x,E) satisfies the boundary conditions of (4), and so is the
Green's matrix for the product system.

§ 3. The adjoint to the system (1) is given by1

" — d/dx g.n . . . . gnl

gl2 — d/dx gn2

_ 9lr, .... —d/dx_ -Vn_

or P'Y = 0

together with the boundary conditions
[Vl (a) .... y n (a)] I F ; 1 + [yx (6) . . . . y n (b)} I F , ; 1 = 0 .

Then we state the following result which can easily be verified: let

(u)= S griu'iU,.+ 2 g\ku\,
i, 1 = 1

where gss = 0 and in the second summation i=)=r; then the differential
equations of the system

PP' 7 = 0

1 Birkhoff and Langer, loc. cit., 64.
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are given by

dx {cutJ dut

This incidentally proves that this system is self-adjoint.1

§ 4. Let

[Aiy^+lBii/d^O (i=l, 2 . . . . J 5 ) , (6)

where P is a linear operator of order p, be an incompatible system.

The solution of

[Ci Z]a+[A«]» = 0 (» = 1, 2, . . . . 2),

when the corresponding homogeneous system is incompatible, is
given by

Then we state the following result: the solution of the product system

PQu(x)=f(x)

[Ctu\a + [ A 4 =0
is given by

u(x)=\ M{x, 7)) yx (rj) dr,
J a

in terms of solutions of the component systems; where

is the solution of the system

Pyy=f{x)
[Aty{\a + [Biyi-\b = 0 (» = 1, 2, .. . ., p).

1 See Hilbert, Gott. Nitch. (1906), 474.
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