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CONVOLUTION KERNELS OF (n + 1)-FOLD MARCINKIEWICZ
MULTIPLIERS ON THE HEISENBERG GROUP

A.J. FRASER

We prove a characterisation, in terms of regularity and cancellation conditions, of
the convolution kernels of Marcinkiewicz multiplier operators m(L;, ..., Ly,,iT) on
the Heisenberg group H,, where £;,..., L, are the n partial sub-Laplacians. The
necessity of these regularity and cancellation conditions was established by Fraser
(2001); here, we prove their sufficiency.

1. INTRODUCTION

This paper deals with a class of convolution kernels on the Heisenberg group H, =
C* x R which in a sense correspond to the product-type Calderén-Zygmund kernels on
R™, and involve an underlying multi-parameter structure. These kernels were defined in
{3], where they arose as the convolution kernels of spectral multiplier operators on the
Heisenberg group analogous to the n-fold Marcinkiewicz multipliers on R™. We show here
that they always arise as such.

The situation thus corresponds to that of Marcinkiewicz multipliers in R”, (see
[1, 5, 7]) whose convolution kernels can be seen to be precisely the class of product-

type Calderén-Zygmund kernels. Just as multipliers on R® can be viewed as func-

tions of ia—, e ,ia—, we take for our operators on the Heisenberg group functions
I T

m(Ly,...,Ln,iT) of iT and the partial sub-Laplacians L;,...,L,. The (n + 1)-fold

Marcinkiewicz-type condition we require is that

(1) |(€10¢,) -+ (a8e,) ™ (n05) m (€, m)| < Ciy.

Our work uses the methods of Miiller, Ricci and Stein who in [6] studied the case of
functions m(L,iT) of :T and the sub-Laplacian £, where m satisfies a two-fold Marcin-
kiewicz-type condition,

|(€8¢)'(ndn)’m(€,m)| < Cij.

In [3], by lifting to a larger product group, where multi-parameter methods can be
used, and then transferring the results obtained back down to H,, we established the
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boundedness on L?, for 1 < p < o0, of these Marcinkiewicz multipliers and showed that
their convolution kernels are polyradial distributions on H,,, which are smooth away from-
the z; = 0 planes and satisfy the regularity and cancellation conditions (4)—(7) given in
Section 3 below. We now show that these conditions in fact characterise the convolution
kernels of Marcinkiewicz multipliers m(Ly, ..., L,,iT).

The proof is analogous to the proof in R™ of conditions on the multipliers of Calde-
rén—Zygmund operators, starting from estimates on their convolutions kernels.

We do not have to work with the full group Fourier transform on the Heisenberg
group, because our kernels are polyradial, and so their Fourier transforms are diagonal-
isable operators on the representation space. We are thus able to deal simply with their
eigenvalues; that is, with the Gelfand transform of the kernels. Thus, making use of
Geller’s explicit expression ([4]) for the Gelfand transform of a polyradial function on
H,, in terms of Laguerre functions (this and other facts about the Fourier transform
on H, are outlined below in Section 2), we begin in Section 4 by considering the case
of a smooth, compactly supported kernel satisfying (4)-(7), and show that its Gelfand
transform is bounded.

In Section 5, we show that a discrete Marcinkiewicz-type condition on the Gelfand
transform of C2° kernels follows from the boundedness proved in Section 4, by the simple
observation that certain differential and difference operators, applied to the Gelfand
transforms of our kernels, still yield Gelfand transforms of the same kind of kernels. This
corresponds to the fact in R™ that
(2) &0, F = (=f - 20, 1),
and — f—z;0;, f is still a Calderén-Zygmund kernel if f is. The relations on H,, analogous
to (2) are proved in Lemma 5.1. This discrete Marcinkiewicz-type condition on the
Gelfand transform is then shown in Proposition 5.3 to extend to give the required Mar-
cinkiewicz condition on the multiplier m. This is really a result about interpolation
between integers to go from difference conditions on a function on Z™ to differential
conditions on an extended smooth function on R™. (The argument is an adaptation to
n-variables of that in [6]).

Thus, in Sections 4 and 5, the main result is established for smooth kernels of
compact support. The general case is then proved in Section 6 by an approximation

argument.

2. PRELIMINARIES

We denote by H, the 2n + 1-dimensional Heisenberg group, H, = C* x R, with
multiplication (z,t) - (w,s) = (z+ w,t + s + 2Im z - W). The identity under this multi-
plication is (0,0), and the inverse (z,t)! of (z,t) is (—z, —t). The Heisenberg group is
a connected, simply connected nilpotent Lie group. We define one-parameter dilations
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on H,, for r > 0, by r(z,t) = (rz,r%t). These dilations are group automorphisms. A
homogeneous norm on H, is given by

Al = |(z, )] = (J2I* + 121)"* .

Using coordinates h = (2,t) = (z + 1y, t), for points in H,, the left-invariant vector

fields X;, Y; and T on H, equal to d = at the origin are given by

3z, By; T Bt
3 9 9 9 9

oz, T Yy D an

X = oy, ot Bt

respectively. These 2n + 1 vector fields form a basis for the Lie algebra b, of H, with
commutation relations

[Y}axj] =4T,
for j =1,...,n, and all other commutators equal to 0.

A differential operator D on H, is called homogeneous of degree d if

D(f(r)) =r*(Df)(r) .

Thus, Xi, ..., Xa, Y1, ..., Y, are homogeneous of degree one, and T is homogeneous of
degree two. The homogenous dimension of H, is 2n + 2, the sum of the degrees of the
homogeneous basis elements X,,...,X,, Y4,...,Y,, and T.

The partial sub-Laplacians £y, ..., £, on H, are given by
1
‘Cj = _Z(XJZ +}/]2) s

for 5 = 1,...,n. The operators Ly,...,L,, and iT form a family of commuting self-
adjoint operators with commuting spectral measures, and so, by the spectral theo-
rem, for m € L“((R“”)” X R), we can define the joint spectral multiplier operator
m(Ly,...,Ln,1T) which is then a bounded operator on L%(H,). Since £,...,L,, iT are

left-invariant, m(Ly, ..., La,tT) commutes with left-translations and is therefore given
by convolution with a distribution K € S'(H,): m(Ly,...,L,iT)p = ¢ * K, for all
¢ € S(H.).

Given any 7 € T, the n-torus, define the operator p, on functions f on H, by

p,f(z,t) = f(T 'th) .

A function f on H, will be called polyradial if f = p,f for all 7 € T*. A distribution
K ¢ §'(H,) is said to be polyradial if K(¢) = K(p-p) for all 7 € T" and all ¢ € S(H,).
Since Ly, ..., Ly, and T commute with all p,, so does m(L,, ..., £,,:T). Therefore the
convolution kernel K of m(L,,...,L,,:T) is polyradial.

We now set down some facts about the Fourier transform for polyradial functions
on the Heisenberg group. These are covered in detail in [4].
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The Fock-Bargmann realisation of the (infinite-dimensional) irreducible unitary rep-
resentations of H, is as follows. For A > 0, the Fock space H, is the set of all holomorphic
functions F : C* — C such that

22\ 2 2
2 __ (22 —2A|w|
IF||? = (W) /C"|F(w)| el gy < oo

H, is a Hilbert space, with orthonormal basis

[kl
v
VE!
for k = (ki,...,k,) € N* (where [k| =k, +-- -+ ko, k! = k! -+ - k,!, and w* = w{‘l cowkn
for w € C*). For A < 0, Hy = H_y, E} = E{*. The irreducible unitary representations
7y of H,, on H, are given by, for A > 0,

Ei(w) =

ma(z, 1) F(w) = e=Me M +2:) py, 4 7)
for FF € H,, and for A < 0, .
m(z, ) F(w) = e~ M- ey, _ 5)

for FF € Hs. Then dmy(iT) = Al, and for =1, ..., n, dry(L;) is diagonal on the basis
{E}}, with eigenvalues (2k; + 1)|A| corresponding to E}.

A function f € L'(H,) is polyradial if and only if m\(f) is diagonal on the basis
{E}}, for all A # 0. In this case, let

m(f)Ep = f(k,NE} ,

for k € N*, A # 0, then fis the Gelfand transform, also given by

(3) Flk, ) = / e~ M (2M\121) f(z,t) dz dt

n

where |z]* = (|2, ..., |2a|?) for z € C*, and €, = £} is a Laguerre function, defined as
follows. For z > 0, and k € N, m € NU {0}, the Laguerre polynomials are

-3 ()

i=0

The Laguerre function ¢ on R* is then

k! 1/2
8@ = (i) T HE

And finally, for k € N*, m € (NU{0})", z € (R*)", the Laguerre function £7 is given by

G (z) =67 (z) - 7 (2a) -
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The inversion formula for polyradial f is

flz,t) = ca / D Fle, e (21M121%) (21A)"d .
 keNn '
Thus, the convolution kernel K of m(Ly,...,Ly,iT) for bounded m on (R*)" x R is given
by

K(z,1) / 3 (ks + DA, ka4 1DIAL A)

 keNn
e (21A1217) (21A])"dA
The joint spectrum of Ly,. .., Ln,iT is the closure in (R*)” x R of
{((2k1 F DAL (ke + D)ALA) t ke N, X # o} :

The multiplier m(€,7n) on this joint spectrum is then related to the Gelfand transform
p=K by
p(k, A) = m((2k + 1)[Al,. .., (2k, + 1)|A|, A)
for k = (k1,...,k,) € N*, & € R\{0}.
The following properties of Laguerre functions £, = £ on R* (see for example [2])
will be used throughout this paper:

. 1 .. " T 1
(i) Ifk—k(fk—fk_n)—ixlk (ii) z k+£;_zek=_(k+§)gk
(ii1) | <1 (iv) |&] < Ck+1)

3. KERNELS OF MARCINKIEWICZ MULTIPLIER OPERATORS ON THE
HEISENBERG GROUP

Before stating our main result, we first define what will be referred to as a product-
type kernel on a product group G = G x --- x Gy. This definition applies in the
generality of homogeneous groups; however, for our purposes in this paper we shall only
consider products of the homogeneous groups C (where @ = 2), and R (Q = 1).

For j € {1,..., N}, we let G; be a homogeneous group of homogeneous dimension
Qj. Then Gj is equipped with an automorphic one-parameter dilation (which, for r; > 0,
we denote simply by z; — r;z;, for z; € G;) and a homogeneous norm |-|. Given a basis
{X;1,..., Xjn,} of left-invariant vector-fields, for I € (Z*)™ (where Z* denotes the set
{0,1,2,...}), the degree of the left-invariant differential operator X! = X;,ll ... X}'",:) on
G; will be denoted by d;([).

NOTATION: Throughout this paper, we shall adopt the following notational conventions
for product groups. For z in a product group G = G, x -+ x Gy, we let

Izl = (lzi,-- - lznl),
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so that, given J € (Z*)V,
Izl” = [z - |zl
For j € Z*, we denote by j the multi-index (4,...,7) € (Z*)™ for a dimension m which

will always be clear from the context. We set @ = (@y,...,@n), and for a multi-index
I=(L,...,In), with I; € (Z*)%,5 =1,..., N, we also set

d(Iy = (di(L),. .., dn(IN)).

The differential operator X! = X' ... X,{," on G, with X]-Ij on G; defined as above, then
has degree |d([)|.
We denote multi-parameter dilation, given r = (ry,...,rn) € (R*)V, by

6,(z) = (7‘1.’51, ce . ,T‘N.'L'N)

forz € G.
Frequently it will be necessary to split a variable z in a product group G into two
component variables. In such cases we shall write z = (r(,_, :c_l)), where

"E(‘_ = (xl’---axl), -73_1* =($(+1,...,.’L‘N)

for1 € €< n,and

X<Ji =x... x}, xif =X£t;rl o XK
for J = (J1,...,Jo) € (Z*)™ x -+ x (Z*)"~¥ and K = (Kg41,...,KN) € (ZF)™ 41 x -+ x
(Z*)"~ We also set

Ge=Gix-xGe, Gg=GCex-xGp,

with corresponding definitions of Q‘,_, Q_,), d‘,_, and d_,*.

We note that for z € CV, |z]® = |z1| -+ - |2n/|?, while |22 is the square of the usual
norm, |z;[* + -+ - +|zn|%

We shall define the product-type kernel conditions in terms of normalised bump
functions. A C function ¢ is called a normalised bump function if ¢ is supported in
the unit ball, and ¢ and all first order partial derivatives of ¢ are bounded by a fixed,
pre-determined constant.

A function K on G} X --- x Gy is said to be a kernel of product-type (or to satisfy

product-type kernel conditions) if it satisfies the following conditions:

(a) the regularity condition:
| X K(z)] < Crlz}~@74D

forall I = (h,...,In), I; € (Z*)¥, j=1,...,N;
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(b) foreach £=1,..., N, the cancellation condition inz, :

. Xi,’K(x)(ér(xé)) dz | < C,|z_,>|—04—44<n
for all I = (Ig4r,...,In), I; € (Z*)>, j = €4 1,..., N, all normalised
bump functions ¢ on G, and all r € (R*)-.

In addition, for each permutation o € Sy K must satisfy the cancellation condition
in T,( ) obtained from (b) by permuting the indices 1,..., N by o.

In the case where K is a tempered distribution, we assume that K is smooth away
from the “planes” {z € G : z; = 0}, 7 = 1,..., N, and the cancellation conditions
are to be understood as follows. Given ¢ in the Schwartz space S(G ), we define the
distribution K, by K,(¥) = K(p ® ¢) for all ¢ € S(Gy), where ¢ ® ¥(z1,...,an) =
ez )(zy) -

The cancellation condition then states that for all normalised bump functions ¢ on
Gy,andforallr € (R*)¢, the distributions Ko, € §'(Gy), are smooth away from the

planes {z_[) €G, :z;= 0}, 7=£4+1,...,N, and uniformly satisfy
—Qo-d . U
Xy Kpos, (2)| < Crlz ] 7047740

for all I = (Ig41,...,IN) € (ZF)M+1 x -« x (ZF)"N.

We now state the main result of this paper, the characterisation of kernels of
Marcinkiewicz multipliers m(L,, ..., L£,,iT), and observe that these kernels form a sub-
set of the product-type kernels on C* x R. The cancellation conditions (5)—(7) below are
to be interpreted for distribution kernels in the same manner as indicated above in the
case of the product-type cancellation conditions.

THEOREM 3.1. Let m be a function on (R*)* x R satisfying the Marcinkie-
wicz-type condition (1) for all iy,...,1,,7 € Z*. Then, the convolution kernel K on
H, corresponding to the operator m(Ly,. .., L,,iT) is polyradial, smooth away from the
z; = 0 planes, and satisfies the size condition

(4) 008K (2,5 < Cralzl ™" (12 + 121) ™"

for all I € (Z*)*, k € Z*; as well as the following cancellation conditions: for all £,
1<2<n,

- P _a_ —1—-k

(5) ’/Clazl_l.af[\(z,t)tp(ér(z‘,_))dz‘,_ < Crelzg ]~ I(|z_,’|2+|t|) '

for all normalised bump functions ¢ on Ct, r € (R*)%, I € (Z*)"~¢, and k € Z%;

(6)

/c[/kaz’iK(z,t)w(é,(zé,;)) dz‘(_dt‘ <Crlzg |

https://doi.org/10.1017/50004972700019833 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019833

360 A.J. Fraser [8]

for all normalised bump functions ¢ on C¢, r € (R*)**!, and I € (Z*)"~*; all conditions

obtained from (5) and (6) by permuting the indices 1,...,n; and

(7) ’/ K (z,t)p(rt)dt| < Crlz]| %!
R

for all normalisedp on R, > 0, and I € (Z*)*. The converse also holds: every polyradial
distribution K on H, which is smooth away from the z; = 0 planes and satisfies (4)-
(7) is the convolution kernel of a multiplier operator m(L,,...,L,,iT) for some m on
(R*)* x R satisfying the Marcinkiewicz-type condition (1) for all 1y,...,i,,7 € Z*.

The forward direction was established in [3]. We prove the converse here.

4. THE RESULT FOR SMOOTH COMPACTLY SUPPORTED KERNELS

ProrPOsSITION 4.1. IfK € C®(H,) is polyradial and satisfies (4)-(7), then
u(k,A) = K(k,X) (as given in (3)) is bounded by a constant that depends only on the
constants in the conditions (4)—(7).

PROOF: By homogeneity, we may assume A = 1. We have
#(k,1)=/ e (2)21°) K (2,t) dzdt .
H,

We break up the integral according to the size of the |2]|’s by introducing a normalised
bump function ¢ on R, such that ¢ = 1 on [—(1/2),(1/2)]. Observe that ¢(w) = o(lw]?)
is then a normalised bump function on C. Thus,

p(k,1) = Z Z Iiiy,..i0)

£=0 1§ <<iggn

Legiy,.i) = /Hl (1 — ¢(2k;, |2n|2)) (1 - SD(Qki,lzillz))
- (2kj |23, %) - - <p(2kjn_[|zj"_l|2)g:"“2k (2]2]1?) K (2,t) dz dt

where j; < -+ < ja_¢ are such that {iy,...,1,71,...,Jn-¢} = {1,...,n} .
Now, given £, 0 £ £ < n, by relabelling of variables, it suffices to consider only the

Since K is polyradial, we may define

F@lzil? 20z 2z - 200 t) = K(2,1)
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Then, changing variables r; = 2|z|? fori = 1,...,¢, we have,

Iya,...p = (g)l/@_‘m /(m+)t (1- o(kyry)) - - (1 - (p(ke'f'[))

 p(2kesrlzenr?) -+ 0(2knlznl?) ey, (2lzei?) - i, (2120 %)
e (1) b (e F(T1y -y T Ze41y - - s 20y t) dr dZ dE

t .
- (E) / @y (r)e(r)e ™ f(r, 2, t)u(Z') dr d2' dt
2 (R+)txCr-ExR

where r = (r,...,7¢), 2’ = (20415 - - » Zn),

®1(r) = (1 = p(kiry)) - -+ (1 — plkere)), £r) = e, (r1) - - L, (Te),

and by properties (iii) and (iv) for Laguerre functions,
u(2') = o (2kenr|zen?) - - - 0 (2knlzal®) bk, (212001 1%) - - - ko (21 20)%)

is a dilate of a normalised bump function on C*%.
We remark that using (5) directly at this stage to estimate

flr, 2, t)u(2') d2’'
Cn-¢

would yield 77 -7 (ry - - -+ 7+ |t|) ™", which is too large. There are two tricks at our
disposal to improve matters. Writing e™* as its own derivative and integrating by parts
in t, we can move as many derivatives 8, as we wish onto f, so that (5) then gives the
estimate 7' -+ 17 (i 4o e+ |t|)—N_1, which is integrable (for example, for N = ¢)

on the support of (1 — @(ki71)) -+ (1 — @(kere)), but at a cost dependent on k:

[Te,..0l < C rit --TZI/(Tl + 4T+ |t|)_e_1dtdr
riz1/(2k;),i=1,....¢ R
< C kl e kt .
The second trick is the corresponding one in the 7y, ..., 7, variables, and we begin with

this. By property (ii), we can write the Laguerre functions in terms of their derivatives:

-1 d\?2 d 1
b () = ———— i — = — =T |k, (i) .
k(r) ki+1/2 [T (dri) +dr,- 47‘]&:,(7‘)
. . d \? d
Setting L; = L? + L} + L?, with L? = ri(—) , L} = —, and L¢ = —r;/4, then,
dT,’ d’l‘,' ¢
(=1

{= ek, s 'ek, = ngk, cc Ltekl

(k1 +1/2)--- (ke +1/2)
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with L4, - - - L¢li, expanding to

(Lfekl + Lizkl + Lcllekl) T (L?Zkl + Léekt + Lgekz)
= Z L, ek"l,u Tt Lzlzekazz Lflllekﬂl T L;q Kk“ll L217+|Zk°z2+1 e Lgtek“z

at 41

where the summation is over all £,,£5, 0 < & < £, < £, and all partitions a of {1,...,¢}
into three sets, {ag+1 < -+ < ag}, {a1 < -+ < ag}, and {ag4y < -+ < ag} of
cardinalities &3 — £;, £;, and £ — ¢;. Thus, correspondingly,

¢t
Lg,.p=> > ) Ao,

6H=086L=¢ a
Given 0 € ¢, < £, < £, without loss of generality, we consider only the term
Attz = AY% | with the partition a given by a; =4, fori =1,...,£.
The proposition will be proved once we have shown that A%+ is bounded. Letting
Al — (Z)l (=1)* Bhts
2/ (ki +1/2)--- (ke +1/2) ’

then |A“%| < Cki'- - k;'|B%*%|, and so it suffices to show |B%%| < Cky ...k, (thus
giving us lee-way to use the integration by parts in ¢ trick if needed).

We thus consider

Bl c/ &,(r)f(r, 2, t)e " u(2)
(R+)¢xCr—txR

d \’ d\?
'T¢1+1"'le( > ek11+1(r€1+1)"'( ) Zkzz(rlz)

dre 1 dre,

: (ddTl) iy (ry) - (%) by, ()

. 7'(2+1 e TleleH (7'(2_‘,.1) e Zkl('f'() dT‘ le dt .

Since f has compact support, and because of the presence of the factor @,(r) = (1 -
@(kir1)) -+ (1 — @(kere)), we may integrate by parts in the r-variables. Thus, B%
becomes

C/ 6"1 T afz, 6,211“ T 63[2 [7'(1+1 e rlzdsl(r)f(ra.zla t)]
(R+)¢xCn—txR
U(r)e  u(2 Yrgyyy - - - Te drd2' dt .

In order to expand the derivative expression in the first line of the integrand, we
observe that each second order derivative produces five kinds of terms:

ar?. {7‘,‘(1 - (,o(k.-r,-))g} = 2(1 d Qo(k,"l‘,'))a”g - 2T,‘k,'g0/(k,'7‘;)a,-l.g
— 2kip'(kiri)g — ikl " (kiri)g + ri(1 — p(kiri)) 02 g.
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Thus, 3,2‘1“ e 3,2[2 [re,+1 - -, P1f] expands into a sum of 5%-4 terms given by, for {; =

J1 € J2 € 73 € ja € Js € Jo = £a, all terms obtained by permuting the variables

Tty 41,- - - ,T¢ 1N the term
O, W, U3 U, Uy D, 0P f

where @,(r) is just @,(r) without the factors (1 — (ke 417¢,41)) -+ (1 — p(ke,7e,)), and

1(r) = H (1 = g(kirs)) Uy(r) = H rikip'(kiri)

€N 1€ET2
y(r) = [] k' (kir) Ty(r) = [] rikle" (kir)
€T 1€,
Ws(r) = H 7‘,'(1 — go(k.-r;))
1€Ts

wherefori=1,....5, Zi={5i+1,...,5in}, i =0 if j; = jiy1, and B = (by,...,b) €
(Z*)* is the multi-index with all entries 0, except b; = 1, for 1 € J; U Jy,b; = 2, for
1 € Js, so that

=0 -9, 0% ...9?

r Te+1 Ti3 U Tis+1 Tey;

Next, each first order derivative produces two kinds of terms:
o, [(1 - ‘P(kiri))g] = —k,'cp’(k,'r,')g + (1 - ‘P(kiri))ar.'g
Thus, the full expansion of

Ory v+ O, Oy 6'212 [7'11+1 - e, () f(r, zl,t)]

Te 41
has 2495%-% terms given by, for each 0 < jo € 71 € J2 € j3 € Js € Js € Jo»
14 14 . . . .
the (1) ( 2 ) different terms obtained by permuting the variables ry,..., 7, and
Jo/ \J2J3JaJs
Te,+1,---,T¢g In the term

UV WU GV, U, U DO f,
with &(r) = (1 — <p(k12+17”t,+1)) s (1 - ‘P(klrl))’ and

v = [ ke'tkr) %= ] (1 - elkrs)),

€Ty €T
where for i = —1,0,(j-1 = 0), J; is defined as above, and « = B + v, with v =
(c1,---,¢e),¢i =1 for i € Jp, and 0 otherwise, so that
— 2 2
07 = Orppps 'a'JsafjsH o .a"lz ’

We also set U5 = rgpq1 ---7e®P,and Jo = {€2 + 1,...,¢}.
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The integral B%* therefore splits up accordingly into 25%2~% terms. Given
Jo, J2, J3, Ja, Js as above, it suffices to consider the term

B = / O f(r, 2, )W(r)e(r)e " u(2") dr d2' dt
(R+)¢xCr—txR

with ¥(r) = ¥_W, ¥, ¥, W5 ¥, U5 Ys. The Proposition will be proved if we show that
|B;“l’| < Ck, ---k;. We shall establish this estimate below, in Case 1 (if js < £; or
£, < £) and Case 2 (otherwise). '

CASE 1. J5U Js # 0. In this case, we use the integration by parts in ¢ trick to improve
the estimate (5) by an extra r;! for each i € J5 and by ;2 for each i € Js. That is, we
let N = |TJs| + 2|Je] = €2 — 75 + 2(£ — £;). Then, using

. d\' .
—1t AN —it
e =) (dt) €

and integrating by parts N times in ¢, we obtain,

| B! b | = C‘ / N f(r, 2, t)¥(r)e " u(2") dr dz' dt‘
(R+)IxCn—txR

<o)

where {2 is the region

aNocf(r, 2, u(z') &2’
Cn-t

|!P('r)| dt dr |

1 1 .
2_k.-<r"<k_.~’ t€J 1 U UT3U Ty
1

2k;

Q:{T€R£:
<y, iGJoUJ1UJ5Uj6}

containing the support of ¥. Estimating the inner integral by the cancellation condition
(5) in 2/, then

|Bf-"‘2| <C H r! H 7*1._3/2 H r?

OxXR e 7_\UTUTUTe ERUTUT ieJs
(ro4 - +re+ 1) [@(r)| dedr
<c[ T we [k 18 T [
xR je 7 1078 i€z i€ds  i€JUd i€Js
(ro4-+re+ 1) 7" dtar
But

/(r1+--~+n+|t|)"'”dt<C(r1+~-+re)‘”<CHrf’Hrn”?
R

€T 1€Js
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since N = |Js| + 2|Je|, whence |B;"[’| < Ck, - - - kq, as required.
CASE 2. JsUJs = 0.

In this case, the cancellation condition (5) in 2’ gives too large an estimate, which
cannot be improved by integrating by parts in ¢. We must therefore take into account
the cancellation in ¢. Recall that ¢ is a normalised bump function on R, with ¢ =1 on
[—(1/2),(1/2)]. Including the factor 1,

L= () + (1 (1)
in the integrand, we then break B%® accordingly into two integrals:
B = Bl + B
We first observe that |B;-,‘1’l2| is bounded by

/ / 3% f(r, 2, t)e " u(2")p(t) dz' dt
2] J/C xR

with Q as above. By the cancellation condition (6) in 2’ and ¢, since e~*u(2')p(t) is a

|@(r)| dr,

dilate of a normalised bump function in 2’ and %,

grel<e [ T wt T1 " ol

€T VU, I€EJoUL VT2

-1 o172 2 ~3/2
SC’/n H kit ].—Ik,rl Hk, H r. " dr

i€J_1UTs €Tz €Ty {€ESHUN
< Chioe ke
Next, for B;-"Z’b, writing e = i(—ﬁe'“, and integrating by parts in ¢, we obtain,

|B,%| = c‘ / T(r)e " u(2') (1 — o(t)) 8% f(r, ', t) dr d2’ dt
(R+)¢xC*—t{xR

=C

/(Rﬂ%"_l /R [w’(t)é’:’f(r, 2 t) + (1 — () 8,02 f(r, z',t)]

U(r)e " tu(2') dt dr dz’

f(r, 2", t)u(2’) d2’| dt

60
ot

<[]
2 (1/2)ltigt
005 f(r, 2’ t)u(2") d2’

)
[t1>1/2 1 JCn=t

Then, by the cancellation condition (5) in 2/, IB;' ‘l’] is bounded by

C/ 7‘,-_1 rl-_al2 [/ Fid e+ |tV de
H H (1/2)$|'|S1( l e+l

RieTUTUT  i€JUTUT,

dt] |@(r)| dr

+/ (T1+-+7‘£+|t|)_2dt]|w(r)| dT‘.
1t12(1/2)

https://doi.org/10.1017/50004972700019833 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019833

366 A.J. Fraser [14]

Since the integrals over ¢t are bounded, we are left with the same integral obtained for
Bf-"l'l’, which concludes the proof of Proposition 4.1. 0

REMARK. We notice from the proof that in Proposition 4.1, conditions (4)-(7) were in
fact not required for all derivatives on the kernel K, but only as follows: (4) for all 5!}

where I € (Z*)", k € Z* such that; < 2,5=1,...,nand k rnax(l, 271:(5.-]2 +_26,-J.0));
j=0

(5) for all 8] df for I, k as above, with n — ¢ replacmg n; (6) for all 8], with I as for

(5); and (7) for all 8! with I as for (4). "

5. CONDITIONS ON THE GELFAND TRANSFORM

Define the difference operators A;, 2 =1, ..., n by
Aip(k, A) = p(k,A) = p(k — 1;,A)

where 1; = (41,...,Jn) € N* with j, = d4.
LEMMA 5.1. If f € C®(H,) is polyradial, with u(k,\) = f(k, ) as in (3), then

) n a ~

® ) = =4 07 4454 D ] (k).
0 J .~

(9) EiAgu(k, ) = = £ o 2y + ilogn Nlesl 1] ()

PROOF: Since f is polyradial, we may set fo(2|z1[?,. .»2|z4|%,t) = f(2,t). Then by
the change of variables r; = 2|z;|%,7 = 1,...,n, we have

,u(k,,\)=/ M, (2N 121%) f(z, £) dz db
Hn
—(™\" —iAt 2
= (5) e, (2N 1212) folrs, - - . Tmy ) dr it .
(R+)mxR
We first prove (8). We notice that Ad/dA [e“"‘[k(l)\h)] equals

ae—u\t

Aot c(1AIr) +,>:: e~ (|Alry) -7 an(|)\|r,,)/\ ek,(p\m)
ae—u\t

n ) R 6
=t (AI) + 3 e (AIn) -7+ e (1Mira)rs 506, (1A15)
i=1

where the shorthand a, --7-- a,, will be used to denote the product
@1+ @i 1@41 - an, (that is, without the j* factor a;). Observing the presence of the
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factor r;,"and the fact that fo has compact support, we integrate by parts in- ¢ and the

r; variables, to obtain

0 T\" —int 0
Agrhlk, X) =—(5) (/(Rﬂwe Ae,c(|A|r)E(tfo(r,t)) dr dt

* Z / (Rt)"xR
=-(3) /(m),,me"*‘fk(lnr)
[(n + 1) fo(r,t) + t%fo(r, )+ ; rjairjfo(r, t)} drdt

e~ M (JAlr) 2_(rjfo(r,t)) drdt)

which proves (8), since r; %fo(r,t) = zjaizjf(z,t).
Now, for (9), using property (i) for the Laguerre function ¢,

1
k‘jAj[k,'(l’\Irj) = I/\I’I‘jf;cj(lz\l'l‘j) + 5[A|Tj€kj(|A|Tj)
and thus k;A;u(k, A) equals
(1)" e, (A1) -7+ Len (1A 9 (n t) dr dt
5 ky 7‘1) 7 kn(l |7"n)TJa k;(l |r1)f0r )dr
(R+)" xR
n 1 .
+ (g) /(M Rek(|A|r)5|A|r,~e-'“fo(r,t)drdt.
nx

Integrating by parts in r; for the first term, and in ¢ for the second, where we write

Me=™t = {(sgn A)—e~** | then the above is equal to
81 % 51

B (5) /(IR+)"XR el (I/\'T) Or; (rjfo(r,t)) dr dt
_ (g)ﬂ/(RﬂNXR —u\t[k(|)\|r)(zsgn)\) rja fo(r,t) dr dt

= /(m)"m e . (IAlr) [fo(r t)+rj=— o fo(r 1) +isgn A2 5 6tf°(r t)] dr dt

which proves (9). 0
With this lemma and Proposition 4.1 in hand, the Gelfand transform of our kernel

is easily seen to satisfy the discrete Marcinkiewicz condition
(10) [(k1An)™ - (Ba &) (205) (K, A)| < Cas

for all a;, b € NU {0}:
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CoroLLARY 5.2. If K € C®(H,) is polyradial, and satisfies (4)-(7), then
u(k,A) = K(k,]) satisfies (10), with constants C,; that depend only on the constants -

in (4)-(7).

. a 1]
PROOF: Since taK, zja—zj

Lemma 5.1, applying /\% or k;A; to the ~-transform of a C° function satisfying -(4)—(7)

K and |zj|7%K also satisfy (4)-(7) if K does, then by

still yields a ~-transform of a C° function satisfying (4)-(7). Thus the result follows
from Proposition 4.1. 0

REMARK. Further to the remark at the end of Section 4, we observe that it is of course
here in Corollary 5.2 that conditions (4)-(7) are required for all derivatives on the kernel
K.

The Marcinkiewicz condition (1) on the multiplier m then follows by the following
argument of interpolation between integers.

PROPOSITION 5.3. If u(k;A) = m((2ky + 1)|Al,...,(2ks + 1)|A], )) satisfles
(10) then m satisfies (1) with constants Cy, depending only on the constants C,y in the
condition (10) on u.

PROOF: Let ¢ € C®(R) be supported in [—(37/2),(37/2)], with ¢ = 1 on
[—(77/2),(#/2)], and

Z p(z+2km) =1

kEZ
for all z € R. Then, setting ®(z) = ¢(z1) - p(z,) for z € R*, we have
B(k) =6k forkez".

For all A # 0, we set ax(A) = u(k, A) for k € N?, and ax(A) = —ap/()) for k, k' € Z7, if
k and k' differ only in one component, say the j*", where k; = —ki. For v € R™, A # 0,

define
B 2) = > a(NB(v — k) .
keZn
Then 885(k,A) = du(k, A) for k € N*, for allb € NU{0}, so that % is a smooth extension
of p. ‘

For fixed A # 0, and b € NU {0}, let @ = (A8))*ax(A). Then by definition, the @
are odd in each k;-component. By (10),

[(k121)%" - - - (knDn)*" k| < Cab
for all @ € (NU {0})". And consequently

(11) |AT - AZRES - k2nay| < Cab
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holds for all a € (N € {0})". Since in particular, [dx] < Cs, then the series

§ : Eketk-z

ke2Zr

converges in the sense of distributions to a distribution H on the n-torus T"(= [—m,7)").
We observe that, viewing H as a periodic distribution on R, then the compactly sup-
ported distribution ® H has Fourier transform

(BH)~(v) = Y @&d(v — k) = (A0:)"E(1, A) .
. kEZ"
We define
hN(.’E Z Z ake
ky=-N kn=—N

Given a € (NU {0})", if there are only finitely many non-zero @s, then fixing x, and
for t = 1,... ,n, splitting the summation in k; according to the size of |k;| with respect
to |z;|™!, it follows from summation by parts and (11) that

D (AT AR kG et

finste

< C,,_,,lzll_l N EN

independently of the number of nonzero @,s. But the sum in absolute value on the
left-hand side above equals

(1— eiz,) L (1= e®n)en (=) |°’|6°" o Zake

finite

and therefore

(12)

32 ... 927hn(@)| < Caplea] 170 . |za| 7172

holds uniformly in N, for all € (NU {0})".
Viewing hy as periodic functions on R", then for 8,7 € (NU {0})", the functions

an = 27(85,21)"" . . . (8s,24)P" (Ohw)

also satisfy the same condition (12) uniformly in N for all « € (NU {0})".

Since the @y are odd in each k;, then the periodic functions hy are odd in each z;.
Therefore, given 1 < 7 < n, if v; € NU {0} is even, then for fixed zy, ... , z;_y, Tiz1, ... ,
Z,, the functions

(BAN) (1, .-y Tic1y * 3 Tig1y -y Tn)
are odd on [~(m/2),(r/2)], where ¢ = 1. Consequently, by (12), if 8,7 € (NU{0})" with
7v; even for all + = 1,... ,n, then the functions gy satisfy the product-type cancellation
conditions on R (see Section 3), uniformly in N.
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Since gy converge in the sense of distributions to the compactly supported distribu-
tion z7(0z,71)° ... (0z,2.)""(® H), then by Lemma 5.5 below,

210, P .. (B Y (RHY ()] < Cans

holds for all 7,8 € (NU {0})" with each y; even (i = 1,...,n), and consequently by
Lemma 5.4, for all 4,8 € (N U {0})". Therefore

((r+ )2u)" - (s Do) "

for all @ € (NU{0})", and since (2H)~(v) = (A\0x)'A(v, A), then

S Ca,b

‘((Vl + %) 8,)" (vt %)a,n)""(xax)bﬁ(y, ,\)‘ < Cos

for all « € (NU {0})",b € NU {0}. Hence,

e =3(3(E5 1) 45

satisfies (1), concluding the proof of Proposition 5.3. 1]
LEMMA 5.4. Let f be a smooth function on R such that
(13) |(d/dt)’ (td/dtY f(t)] < Ci
for all j € Z* and all ¢ € 2Z*. Then (13) holds for all 1,5 € Z*.
PROOF: Given i,j € Z* with i even, we let g(t) = (td/dt)? f(t) , and show that
(14) |(d/dt)*g(t)] < Cis -
From (13), we have
|(d/dt)'(td/dt)g(t)] < Cij, and  |(d/dt)'g(t)| < Ci; -

Using _

(d/dt)’ (td/dt) = (td/dt) (d/dt)' +i(d/dt)' ,
then |(d/dt)(+Vg(t)| < Cij; |t|7*; proving (14) for |¢| > 1. Now, by (13), |(d/dt)(+?g(t)| <
Ci;, whence

|(d/dt)*Vg(t) — (d/dt)*Vg(1)| < Ci 1t - 1] .

Thus for t| < 1

|(d/dt)+g(8)] < 2C; + |(d/dt)Hg(1)]
establishing (14) for all t € R. 0
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LEMMA 5.5. Let K be a distribution on R" satisfying product-type kernel con-
ditions for all multi-indices [ with i; < 1 for all j. Then K is bounded (by a constant
depending only on those in the regularity and cancellation conditions K satisfies).

The proof in the case of K a smooth function of compact support (which is in fact
all that we require in Proposition 5.3) uses a similar (but much simpler) argument to
that in Proposition 4.1 in Section 4. The result for general K can then be obtained by
approximation, as in Theorem 3.1 in Section 6.

6. APPROXIMATION OF A DISTRIBUTION KERNEL

We now conclude the proof of Theorem 3.1. We reduce to the case of K smooth,
with compact support as follows. Let ¢ be a polyradial normalised bump function on H,
of the product form given in Lemma 6.1 below, with [ ¢ =1, and ¢(0) = 1. Denote by
®e, , the normalised dilated function

Pey (zv t) = el_zn_2(P(z/51a t/Ef)

for ¢ > 0, and by ¢(e2-), the dilated function

e(e2 (2,1)) = p(eaz,€3t)

for €3 > 0. Then the functions K, ., = ¢(e2-)(K *¢,, ) are smooth, compactly supported,
polyradial, converge to K in the sense of distributions, as £/,£; — 0, and by Lemmas 6.1
and 6.2 below, satisfy (4)—(7) uniformly in £, and ¢,.

By Corollary 5.2 and Proposition 5.3, the multipliers m,, .,, such that

Meyeo(L1y-- o LnyiT)f = fx K,

1,62
for f € S(H,), satisfy the Marcinkiewicz condition (1) for all ¢y, ... ,i,,j € Z*, uniformly
in €1, €2 > 0.

It follows by Ascoli’s Theorem that a subsequence m.,, ., , with €1; = 0, €2; = 0
as j — oo is uniformly bounded, and converges pointwise to a function m on (R*)" x R
satisfying (1). But since K, ., converge to K in S'(H,), then K is the convolution
kernel of m(L,,...,La,tT).

LEMMA 6.1. Let % be a radial normalised bump function on C, 1y a normalised
bump function on R, and define ¢ on H, by

p(2,t) = P(21) - - P(2n)o(?) -
If . denotes the normalised dilate,

Ye(2,t) = 7 2p(e7 2,7 %)

of p, for € > 0, then the smooth functions K *gen+1 . obtained by convolving K as a
distribution on R***! with ¢,, are polyradial, and satisfy (4)~(7) uniformly in € > 0.
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PRrROOF: All convolutions in the proof of this lemma are Euclidean, rather than
Heisenberg, and thus henceforth we shall drop the subscripts to *.

Let € > 0 be given. The function K #* ¢, is easily seen to be polyradial. For f on
RV, and u € R", we let f(:z) = f(—z) and denote by fi*! the Euclidean translate by u of
f. That is, f*(v) = f(v —u) = f(uy —vy,...,uny —vn) . Thus, K % p.(z,t) = K((pLz’t]).
Given 7 € T", since by construction ¢ is polyradial, '

AT, ) = EA(r7C,8) = oG, 5).

But as K is a polyradial distribution, K (p,-xcp[:’t]) =K (cp[:’t]), from which it follows that

K « ¢, is polyradial.
We now show that K * ¢, satisfies the regularity condition (4). Let (z,t) € H,, with
zi#0fori=1,...,n. Forany I € (Z*)*, and k € Z*,
(15) 0;0F (K * ¢c)(2,t) = K % (8[0;0:) (2, 1) = K ((9{8;0c))
with
(0785 0)9(¢, 8) = (9B pe)(z =t — 9)
= (G5 we)(G) (92 %)) (Ga) (8F (wo)er) ™ (s)
where 15 and (¢g).2 are the usual (Euclidean) normalised dilates of 1 on C™ and of
on R.

We shall consider separately the cases corresponding to the sises of the |z;|, j =
1,...,n, with respect to e. When all |z;| are large with respect to &, then (15) is just
the convolution of a smooth function, BéajK , with ¢, and we shall use the regularity
condition (4) on K. (Case 1 below.) When some of the |z;| are small compared to e,
then the corresponding (88 :)%! are essentially normalised bump functions, and so we
shall use the relevant cancellation condition (5) or (6) on K. (Cases 2 and 3 below.)

Case 1. If |z;] > 2¢ for all j = 1,...,n, then since 9. is supported in the e-disc,
{weC:|w]<e}inC, (8]0%p.)!*! is supported in the region

{(¢,9)€eHy: |Gl >e, i=1,...,n},

in which K is a smooth function. Therefore

BLOFK s p)(aut)| = | [ BLOEK(G s)elz = Gt - s)dgds

<Cr [ 1P+ Isl) ™ ele - e = 9] dcds

by (4). But for (¢, s) in the support of ¢ (z2~(,t—s), we have |(;] > |z|/2fori=1,...,n.
If |t| > 2¢?, then for (¢, s) in the support of ¢.(z — (,t — 5) we also have |s| > |¢|/2. Thus

8108 (K * ¢c)(2,8)| < Cralz] 2 (I212 + ) * / o4, 5)|d¢ ds

< Cralz 17222 + 1)) ™
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If [t| < 2¢2, then |2|? > (]2|? + |t]) /2, and therefore

|0]0F (K * @) (2, 8)] < Cf,klZl'z_IIZI_Z‘%/|¢£”‘](C,S)|dcds
< Crelzl ™ (2 + 1)
CASE 2. If only £ of the |z| < 26, 0 < £ < n, we may assume, by relabelling variables
if necessary, that |z1|,...,]|z¢e] < 2¢ and |zp3q] ..., |2a| > 2¢. We split ¢ accordingly:
9(¢,5) = e1(¢ ) 2(C s, 8)- Now,
Fytpe = e (B p) 067!
‘fori € Z*. Forj =1,...,¥4, since (ng)ofs‘1 is supported in the e-disc in C, and |z;| < 2¢,

then ((62; w)oe'l)[zj !is supported in the 3e-disc in C, and is thus a dilate by (3e)7! of
the normalised bump function h;(w) = ( v ¥)(e™'2; — 3w) on C. Therefore

B(Ce) = (B on)eb) £ (¢) = b (3)72) -+ he((39) 760

is a dilate of a normalised bump function on C%. Here, e = (¢7},...,e7!) € (R*)%.
Consequently, by the cancellation condition (5), the distribution Kg on H" ¢, defined
as in Section 4, is smooth away from the ;17 =0,...,(, = 0 planes and satisfies

. _9_ —1—7j
16, 81Ka(C )] < Crpoas e 17277 (1 P+ 1s) ™

for all J € (Z*)"~¢, j € Z*, where the constant does not depend on £. But

2|1

I
DLOF (K % o) (z,1) = € Ve Ky (9404 (102)e)4Y)

and since |2zg41],...,|2a] > 2¢, we are therefore reduced to the situation of Case 1 on
H"~¢. Thus,
—20—|I I,
0108 (K x 00)(2,8)] = 718! |: 8F (Ka x (2)e) (2, 1)

—20~{I,| —2-1 —1-k
Crae &z |74 (l2g P+ 1)

<Crx
e —1-k
< Crplz|™ I(|Z|2 + [t]) ,

using the fact that |21(,...,|2¢e) < 2 < |2e31), .- -, |2nl-
Case 3(a). If |z <2 foralli=1,...,n, and |t| > 2¢2, we define ® on C" as in Case
2, with £ =n.

Then ¢ is a dilate of a normalised bump function on C", and so by the cancellation
condition (5) on K, the distribution K on R is smooth away from 0, and satisfies

|87 Ka(s)| < Crjls| ™7
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for all j € Z*, where the constant does not depend on €.
Since |t| > 2¢2, and 8%(tp).2 is supported in [—¢?,€?], then (9* (1/)0)52) is supported
outside [—¢2,&?]. Therefore

010K * 00) 2, 8] = e Ko (05 (o)) )|

/R OF Ko (s)(%o)e2(t — 5) ds

— 6-—2n—|1'

< Cppe= M1 / 1517 (o) (¢ — 3)] ds .
R

But for s in the support of (¢o)e2(t — 5), |s| 2 |¢[/2, and since |¢| > 2¢2, and |2;} < 2¢ for
i=1,...,n, then [t| > ¢(|z|? + |t|). Thus, the result follows.

CasE 3(b). Ifall |2;] < 2¢, and |t] < 2¢2, then (8’6'%/95)[2 A = g=2m-lll-2-2% § where

@ = ((@fw)ee ™)™ (0 )ee™)* (Fun)oe )

is a dilate of a normalised bump function on H,, and so the cancellation condition (6)
on K yields

Ia]ak K *gont1 QOE) 2, t l __ E-—2n—|1| 2- 2k|K (D)l < 6211—]1]—2—21:
SOl > (JeP +1e) 7

concluding the proof of (4).

Before proceeding with the proof of the cancellation conditions (5)—(7), we recall
that for a distribution K on RM*M and f; € S(RM), the distribution K;, on R™: is
defined by

(16) Kp(f2) = K(f1® f) for all f, € S(R™).

We observe that if g1, /i € S(RM), go € S(RM?), then letting g = ¢; ® g5,
(17) (K *g)fl =K %92

The cancellation conditions (5)-(7) are defined using (16). To consider these can-
cellation conditions, we write H,, = Hy x --- X H,, where exactly one H; = R and all
others are C. Abusing terminology somewhat, we shall refer to a kernel on H, satisfying
(4)-(7) as a product-type kernel on Hy % --- x H,. A product-type kernel on C* or on
R, however, will mean the usual product-type kernel on C x - - - x C or respectively on R
(one-fold product) defined in Section 3.

We let Gy = H‘,_, G, = H_l), and split ¢ into ¢, @ w9, with ¢; on G;, i = 1, 2. For
the cancellation in the G;-variables on K * ¢, given a normalised bump function 7 on
G1, and r € (R*)*!, we must show that (K * )0, satisfies the product-type regularity
condition on G, independently of n or r.
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But by (17),
(K * 0c)nos. = K(nos,)ed:, * P2,

and so if we show that K(;os,).5,, is a product-type kernel on G, then it will suffice
to prove that the regularity condition on Gy is satisfied by K * ¢, whenever K is a
product-type kernel on G;. But we proved this above for the case where G; = H,,. For
G, = C*¢, the result follows as in Cases 1 and 2 above; for G; = R, as in Cases 1 and
3(b).

To see that K(yo5,)s3,, is a product-type kernel on G2, we let @ = (0d,) * @),. Then

P(z,) = /G (8- (z _ ey))@1(y)dy = /G 1(8-(ey)) 1 (E - y) dy,

"and we see that l@z@(x(_” < Cs;, where s; = min(r;,e™!), while @ is supported in the
region where |z;| < € + 7' < 2s7'. Thus P(z,) is a dilate by s = (so,...,5s¢) of 2
normalised bump function on G;. It follows easily from the product-type cancellation
conditions on K that Ky is thus of product-type on G, which concludes the proof of
Lemma 6.1. 0

LEMMA 6.2. Let y be as in Lemma 6.1, and denote by ¢(e-) the dilate

e(e- (2,1)) = plez,e%)

of ¢, fore > 0. If K is a polyradial distribution on H, satisfying (4)-(7), then K, =
(e )K are polyradial, and satisfy (4)—(7) uniformly in € > 0.

PROOF: We first prove (4). This follows directly from (4) on K. Since K is smooth
away from the z; = 0 planes, then so is K,. We set e = (,...,¢,€2) € (R*)"*!, so that
w(e') = pod., where § denotes multi-parameter dilation on H, = C* x R, and let 2 be
the region in H", containing the support of ped., where |zy|,...,|z.| < €7}, and [t| < e72.
Then given any (z,t) € H, with z; #0fori=1,...,n,

05K < 303 av

8V 0} (1po8.) (2, 1)~V K (=,1)|

Ugl v=0
j
< Cr; Z Z VM2 xa(2,1)|0] V0 K (2, 1))
UgT v=0
J
<Cri 3> eVl + 1) "oV o K (2, 1))
UL v=0

<Crj el (|22 + 1)~

by (4) on K. The summations in U above are over multi-indices U € (Z*)" such that
ujLijforj=1,...,n.
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For the cancellation conditions (5)-(7) on K., we write H, = Ho x -+ x Hy, as in
the proof of the previous lemma. Given £,0 < £ < n, we let G, = H‘,_, G, = H_[’, and’
split ¢ and e accordingly into ¢; ® 2 and e; ® e, respectively. Given a normalised bump
function 7 on Gy, and r € (R¥)‘*!, we observe that

(A,e)noér = (‘102°5=2) K(‘P1°‘se;)("l°‘5r)

as distributions on G,. But (p0é,, )(1704,) is a dilate of a normalised bump function on
G,. Consequently, by the cancellation condition in the G-variables on K, K(,,0s.,)(nos.)
satisfies the regularity condition on G,. We are therefore reduced to the situation of
estimate (4) proved above for the case of G = H". The cases G, = C*~¢ and G, = R
follow in the same manner. This concludes the proof of Lemma 6.2. 0
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