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ON THE CAPABILITY OF GROUPS

by GRAHAM ELLIS
(Received 19th August 1996)

We show how the third integral homology of a group plays a role in determining whether a given group is
isomorphic to an inner automorphism group. Various necessary conditions, and sufficient conditions, for the
existence of such an isomorphism are obtained.

1991 Mathematics subject classification: 20F29.

With regard to the classification of prime-power groups, P. Hall [11] remarked that:
“The question of what conditions a group G must fulfil in order that it may be the
central quotient group of another group H, G = H/Z(H), is an interesting one. But
while it is easy to write down a number of necessary conditions, it is not so easy to be
sure that they are sufficient.” Following [10] we say that a group G is capable if there
exists a group H such that G = H/Z(H). An account of the basic theory on capability
is given in [3]. The capability of finitely generated abelian groups was studied by Baer
[1]: such groups are capable if and only if their two highest torsion coefficients agree.
In this article we investigate the capability of other classes of groups. Our method
involves the third integral homology of a group, and can be applied to any class of
groups G for which one can compute the image of a certain homomorphism
1: Hy(G/Z) = Z A G* of abelian groups. Throughout, Z denotes the centre of G. The
crux of our method is Theorem 4 below. Our method is particularly successful when
applied to finitely generated nilpotent groups of class two; Theorem 7 provides a
straightforward computation for determining the capability of such groups.

We shall assume that the reader is familiar with the basics of homology of groups (see
{12]), and with an exact homology sequence involving a nonabelian exterior product of
groups which was obtained (by algebraic methods) in [7] and (by topological methods) in
[5]. A self contained algebraic account of this nonabelian exterior product is given in {4].

Let us begin with two propositions on capable groups, the first of which is to be
found in [2] (although our proof is slightly different). These provide easily checked
criteria for a group not to be capable.

We denote the exponent of a finitely generated abelian group A by exp(4). We set
exp(4A) = 0 when A contains an element of infinite order, and note that in this case
exp{A) is divisible by all integers.
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Proposition 1 [2]. Let G be a finitely generated capable group. Then every central
element z in G has order dividing exp((G/(z))™).

Our second proposition is a more general result. In its statement we denote the order
of a group element x by o(x). We set o(x) =0 when x is of infinite order. When a
central element z in G has been specified, we denote by X the image in (G/(z))* of
x €G.

Proposition 2. Let G be a capable group with generating set J(G). Let z be a non-
trivial central element in G and let z # 1 be a (not necessarily proper) power of z. Then
there exists a generator x € J(G) such that: (i) 2 # y*® for all elements y in Z; (ii)
% £ a® for all elements a in (G/(z))™; (iii) Z is not a power of x; (iv) if G/Z is abelian
and no element in J(G) has even order then 7 # w*® for any w € G.

Although Proposition 2 is not a particularly deep result, it nonetheless has many
useful consequences. We deduce a sample of these now. Firstly, note that assertion (i)
implies Proposition 1. Assertion (ii) implies that if G is a group whose abelianization
G is a divisible group and whose centre contains a non-trivial element of finite order,
then G is not capable. Assertion (iii) implies the well-known fact that the quaternion
group Q,, = (x,y| x"=y* y'xy=x"") of order 4n, n> 2, is not capable (since its
centre is the group of order two generated by y*). Assertions (iii) and (iv) imply that
the group G = (x,y | X’ = y* = 1, xy = yx*) is not capable; this group is of class 2 and
order 27, and its centre is generated by x’.

Our proof of Proposition 2 involves the tensor product Z ® G* of the centre of G
with the abelianization of G. (This is the usual tensor product of abelian groups
considered as Z-modules.) In fact the proof involves a quotient of the tensor product,
namely

ZAG*=ZQRG*/(z®%:2€ Z),
where in this instance z denotes the image in G of ze Z. The following easy
lemma (whose proof is left to the reader) gives a more computational description of
Z AG™.

We shall use additive notation for abelian groups such as Z® G®, and reserve
multiplicative notation for groups that are not necessarily abelian.

Lemma 3. Let J(Z) be any generating set for Z. The subgroup (z®z:z€Z) of
Z ® G® is generated by the elements

xX® X,
xR+ y®X,

Jor x,y € J(Z).

https://doi.org/10.1017/50013091500019842 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019842

ON THE CAPABILITY OF GROUPS 489

In order to give a systematic proof of subsequent results, we introduce a certain
subgroup of Z A G®. It is convenient to introduce this now (even though the full details
are not needed for our proof of Proposition 2).

We denote by H,(G) the n-th homology group of the group G with integer
coefficients. Recall from either {S]} or [7] that for any group G with centre Z there is a
natural exact sequence

Hy(G) — Hy(G/Z) —> Z AG® —> Hy(G) — H,(G/Z) — ZN[G,G] — 0. (%)

(Strictly speaking the papers [S] and [7] involve the “‘non-abelian™ exterior product
Z A G. Since however G and Z act trivially on each other by conjugation, Proposition
2.4 in [5] implies an isomorphism Z A G 2 Z A G®.) The image of the homomorphism 1
is the subgroup of interest.

A characteristic subgroup Z*(G) of G was defined in [2] using the Schur multiplier,
and shown to have the property that Z*(G) is trivial if and only if G is capable. We
shall call Z*(G) the “epicentre’ of G, and give an alternative definition of it.

Let us define the epicentre of a group G to be

Z'(G)={ze€ Z|zAae€im(1), for all a € G*},
where z A a denotes a generator of Z A G®. Since im(t) is a subgroup of Z A G*,
the set Z*(G) is clearly a (central) subgroup of G. The following characterization of

capable groups is a “more computational’” version of characterizations given in [2],
[3] and [9].

Theorem 4. The group G is capable if and only if its epicentre Z*(G) is trivial.

Proof. Recall from [S] (or [7]) that (*) implies an exact sequence
Hy(G/Z) = ZAG® -5 GAG—» (G/Z)A(G/Z) — 1 (%)
involving the nonabelian exterior square G A G. (The definition of this exterior square

can be found in [4], [S], or [7]; it involves the conjugation action of G on itself.) A
central subgroup of G, namely

ZA(G)={geG:gAx=leG/\GforallxeG},

was considered in [9]; it was proved that G is capable if and only if Z"(G) is trivial.
Since ((z A X) = z A x (for all z € Z, x € G), we clearly have Z*(G) = Z'(G). O

Proof of Proposition 2. Fix a non-trivial element z € Z, and fix some power 2’ # 1
of z. There is a canonical homomorphism
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$:(2)®(G/(z)® — Z A G

(If y is the image in (G/(z))® of y € G*, then ¢(z® y) =z A J.) Let us fix for the
moment some generator x € J(G), and let x and % denote its images in (G/(z))* and
G*, respectively.

If condition (i) fails for x, then the element z ® X is trivial in (z) ® (G/(z))® since
for some element y € Z we have

Zx=yP@x=y®x% =y®0=0.

Similarly, if condition (ii) fails then z’ ® x is trivial. Hence if either (i) or (ii) fails then
Z A X = ¢(z ® X) is trivial and consequently lies in im(7).
If condition (iii) fails for x then the relation

XAx=(xAx)=1,

which holds in the nonabelian exterior product G A G, implies that z' A x is trivial in
G A G; exactness of the sequence (+*) then implies that 2’ A X lies in im(t).

If condition (iv) fails for x then G is of nilpotency class 2, and z = w" for some
w € G and n = o(x) where n is odd. The relations

L= (W AG" A W), wI™ A x) (0w, X A w)
= (W" A X)X A w)([x", w2 A X)W, XM A w)
=w'AX
=ZAXx

hold in G A G. So (**) implies that z’ A X lies in im(7).

In conclusion, the epicentre Z*(G) is non-trivial if there exist non-trivial central
elements z and z' such that at least on¢ of conditions (i)—(iv) fails for each x € J(G).
Proposition 2 thus follows from Theorem 4. [

Using Theorem 4 one can attempt to determine those capable groups lying in some
class of groups G for which the image of the homomorphism 1 : H;(G/Z) — Z A G*
can be computed.

There are many groups G for which im(7) = 0. For instance, if G/Z is an aspherical
group [6] (such as the free abelian group on two generators, or any knot group, or any
other one-relator group whose relator is not a proper power) then im(t) = 0 since in
this case H,(G/Z) = 0. Alternatively, suppose that Z is a direct summand of G; since in
this case the surjection G —» G/Z is split, the induced homomorphism
H,(G) — H,(G/Z) is necessarily surjective and consequently im(t) = 0. The triviality
of im(1) is of course equivalent to the surjectivity of the homomorphism
H,(G) — H4(G/2).
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Theorem 5. Let G be a group whose centre Z is a direct sum of cyclic groups. Suppose
that Z has exponent exp(Z), and that im(z) is trivial.

(i) If G® has a cyclic summand C which intersects trivially with the image of Z, and
if exp(Z) divides the exponent of C, then G is capable.

(ii) If the canonical homomorphism Z —s G® maps Z isomorphically onto a direct
summand of G®, and if at least two of the cyclic summands of Z have exponent equal to
the exponent of Z, then G is capable.

Proof. In case (i) let us suppose that G* = B@ C. So

ZAG*>2ZAB®C)
~“ZAB®ZAC
~ZAB®Z®C.

Suppose that Z = @;(x;) where x; ranges over a set of generators J(Z). Fix any
generator x € J(Z). The generator ¢ of C is such that

0#ix®ceZ®CCZAG®

whenever A is a positive integer not divisible by o(x). So if Ax is the non-trivial
projection of some central element z onto the summand (x) of Z, then

0#£zAceZ®CCZAG™.

Since x is an arbitrary generator it follows that the epicentre Z*(G) is trivial, and G is
capable by Theorem 4.

In case (ii) the condition that two cyclic summands of Z have exponent equal to
the exponent of Z readily yields that

Z(Z2)={z€eZ:zAx=0€ZAZforall xin Z)
is the trivial group. But in this case G =2 Z @ 4 for some abelian group A. Hence

ZAGP=ZA(Z®D A)
~ZAZBZ® A

In particular, ZA Z is a subgroup of Z A G*®, and so the epicentre Z°(G) must be
trivial. Theorem 4 implies that G is capable. O

Suppose that G is a finitely generated abelian group. Then im(z) = 0. So Proposition
1 and Theorem 5(ii) together imply Baer’s result (1] that G is capable if and only if
its two highest torsion coefficients are equal to exp(G).
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Suppose that G is the group generated by two elements x and y subject to the
relations x’y = yx* and x* = 1. Then the centre of G is the subgroup of order two
generated by x’, and the quotient G/Z is isomorphic to the free product C, * C.,. The
composite of the canonical surjections C, *C,, —» G, G —» C, * C,, = G/Z induces a
surjection Z, = H,(C, * C,) —» H,(C, * C,) = Z,. Consequently the induced homo-
morphism H;(G) —» H,(G/Z) is surjective, and im(t) = 0. Theorem 5(i) implies that G
is capable.

Suppose that G is the group generated by four elements w, x, y and z subject to the
relations [w,x)=[w,y]=[w,z]=[x,z] =[y.zZ]=1 and zx = x*y. The centre of G is
generated by w and z, and G/Z is aspherical (as it is a one-relator group). Theorem
5(ii) implies that G is capable.

The capability of a finite nilpotent group G is completely determined by the
capability of its Sylow subgroups, thanks to the following proposition.

Proposition 6. Let G =P, x ... x P, be a direct product of finitely generated groups
whose abelianizations P® have mutually coprime exponents. Then G is capable if and only
if each P, is capable.

Proof. For this proof it is convenient to work with the description of the
epicentre

Z(G)={ge G:gnx=1€ GAG for all x € G}

given in [9] (and recalled in the above proof of Theorem 4). If G = G, x G, is a direct
product, then from [4] we have an isomorphism

(G, x Gy)) A (G, x G,) = (G, AG)) x (G, A G,) x (G* ® GP).
If in addition the exponents of G and G2° are coprime, then G* ® G2 is trivial and
Z* (G, x G,) = Z*(G,) x Z*(G,).
We thus have
2 (G)=Z*'(P) x...x Z(P),

and so Z*(G) is trivial if and only if each Z*(P) is trivial. ]

We can compute im(t) for any finitely generated nilpotent group G of class 2, since
the third integral homology of the finitely generated abelian group G/Z is readily
determined. For the remainder of this article let us assume that G is such a group; let
J(G,Z) be a minimal subset of G whose image modulo Z generates G/Z. The
computation involves two subgroups S,,, and §;,. of Z A G*®.

tor
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For each x € G set n(x) = 0 if no power of x lies in Z; otherwise let n(x) be the least
positive integer such that x™ lies in Z. Then S, is the subgroup generated by the
tensors

XA X 1)
for x € J(G, Z), and the tensors
(w" A D0 A B[, W AR, X A ) (1)

for those w, x € J(G, Z) with n = n(w) = n(x).
The subgroup §;,. is generated by the elements

J(x,y.2) =[x, y]®Z+ [y, 2] ®X +[2,x] ® y (tt1h

for x, y, z € J(G, Z).
The following proposition implies that §,, + S;,. does not depend on the choice of
generating set J(G, Z).

Theorem 7. For any finitely generated group G of nilpotency class 2, we have

tm(‘t) = Stor + Sjac‘

Proof. The abelian group G/Z can be expressed as a direct sum of cyclic groups
G/Z=C,®...06C, with C;, corresponding to generator x; in J(G,Z). (So
m = |J(G, Z)|.) Repeated use of the Kiinneth formula for the homology of a direct sum
(see page 233 in [12]) yields an isomorphism H4(G/Z) = A& B & C, where

A= @ Hy(C),

I1<i<m

B= @ C.'®Cj®ck-

I1<i<j<k<m

C= @& Tor(C,C).

1<i<j<m

A careful analysis of the homomorphism 7 shows that 1(B) = §,. (cf. [8, Lemma 11])
and that 1(A & C) = §,,, (cf. [9, Theorem 9}). O

The problem of determining the capability of any given finitely generated group of
class two can thus be reduced, using Theorems 4 and 7, to a straightforward
computation of finitely generated abelian groups. As an illustration we use these
theorems to obtain the following two propositions.
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Proposition 8. Let G be a group of class two. Suppose that G is generated by elements
x and y, and that {(x)NZ = (y)NZ = 1. Then G is capable if and only if exp(Z) divides
exp(G®).

Proof. The subgroup §,. is trivial since J(G,Z)=({x,y} contains just two
generators and the identity

JO,x, 2y =[x, x]AZ+[x, Z]A X+ [z, x] A X
=[x, z]AXx —[x,z] A X

=0

holds in Z A G®. The subgroup S,,, is trivial since (x})NZ =(y)NZ = 1. Theorem 7
implies that im(7) is trivial. Note that Z is finitely generated. Therefore the proposition
follows from Proposition 1 and Theorem 5(i). O

Proposition 8 implies for instance that the Burnside group B(2,3) = (x,y | X’ =)’ =
(xy)* = (x"'y)’ = 1) is capable.

Proposition 9. Let G be a finitely generated group of nilpotency class two and of
prime exponent. Let {x,, ..., x,} be a subset of G corresponding to a basis of the vector
space G/Z, and suppose that those non-trivial commutators of the form [x;, x;] with
1 <i <j<k are distinct and constitute a basis for the vector space [G,G]. Then G is
capable.

Proof. Let G be such a group of class two and exponent p. Since its centre Z is of
exponent p, the commutator subgroup G’ is a direct summand of Z, say Z = G' & A.
Furthermore A is isomorphic to a direct summand of G*, say G* = 4 @ B. Note that
A may be trivial, whereas B =~ G/Z is a non-trivial elementary abelian group. Now

ZAG?P2G AGP D AANG?
G QRG*DAN(ASDB)
(GG S(ANA)D(A® B).

Let J(G,2)={x,,...,x}. Since G is of exponent p we have (x)NZ =1 for all
x € J(G, Z). Thus S, is the trivial subgroup, and im(1) =S5, C G ® G®. Since B# 1,
no element of A4 can lie in the epicentre Z*(G).

Now a basis of G’ consists of certain non-trivial commutators [x;, x;] with x;, x; €
J(G, Z2), i < j. For such a commutator and integer 0 < 4 < p, the tensor A[x, y] ® x is non-
trivial in G’ ® G® € Z A G®. Moreover, since the commutators [x;, x;] are linearly
independent, the tensor i[x, y] ® x does not lie in Sj,.. It follows from Theorem 7 that
A[x, y]does not lie in Z*(G). Consequently Z*(G) = 0, and G is capable by Theorem4. []
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Proposition 9 implies that a group G of class two and prime exponent is capable if
G/Z is a 2-generator group. This provides an alternative explanation for the capability
of B(2, 3).
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