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WARING PROBLEM WITH FACTORIALS

MouBARIZ Z. GARAEV, FLORIAN LucA AND IGOR E. SHPARLINSKI

We show that any residue class A modulo p can be represented in the form nt+--- +
ng! = A (mod p) with £ = O((log p)® log log p).

1. INTRODUCTION

Let p be an odd prime. Here, we continue to study exponential sums and various
congruences with factorials which have been considered in (1, 2, 3, 5, 6, 7, 8] and use
some results and methods of (2, 3] to study the analogue of the Waring problem with
factorials.

Namely, let ¢(p) be the smallest integer £ > 1 such that for every integer A the

congruence
(1) m!+---+n!=X (mod p),
has a solution in positive integers n,,...,n,.

THEOREM 1. For any prime p, £(p) = O((logp)® log log p).

It certainly remains a challenging open question to prove that ¢(p) = O(1), which
we believe to be true.

2. PREPARATIONS

Here, we obtain some bounds on the number of solutions of some congruences and
some exponential sums. We present them in forms more general that we need in the
paper, but which we believe to be of independent interest.

The implied constants in symbols ‘O’ and ‘<’ are absolute (we recall that U <« V
and U = O(V) are both equivalent to the inequality {U| < cV with some constant
¢ > 0). In particular, they do not depend on the auxiliary parameter ¢ which occurs in
our estimates.
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We denote by J,(IN) the number of solutions to the congruence

¢ 2¢
Zn,-!EZn.-! (mod p), 1<n,...,ne < N.
i=1 i=t+1
Our treatment of J,(N) is based on exponential sums. Accordingly, we define

ey(2) = exp(2miz/p)

and recall the identity (see [9, Exercise 11.a in Chapter 3])

Pl _Jo, ifuz#0 (modp),
(2) Zep(a“) = { p, ifu=0 (modp),

a=0

which we repeatedly use, in particular to relate the number of solutions of various con-
gruences and exponential sums.

LEMMA 2. For any positive integers {, N with { < N < p,
Jt(N) < €2N2l—-l+l/(£+l).
PROOF: Let us define exponential sums

N
Sa(N) = ep(an!).

The identity (2) implies that

p-1

3 I = 5 SIS (M)
a=0 .

Put

e [y

Using the Holder inequality, we derive

Z Z e,(an!)

k=1 (k—1)NK-'<mgkNK-!

K
Z ey(an!)

2k—1
<K E
k=1!(k—1)NK-1<mgkNK—!

1S.(0)|* =

2¢

b

hence
Ji(N) < K¥7'G(K, N),

https://doi.org/10.1017/50004972700038223 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038223

(3] Waring problem with factorials 261

where G¢(K, N) is the number of solutions of the congruence

¢ 2
> omil= > m! (modp), 1<my,..,my<N,
i=1 i={+1
subject to the conditions jm; — m;] < NK~! for 1 < 4,5 < 2¢.
Obviously, G¢(K,N) < 285‘,(1{ ,N), where 5¢(K ,N) is number of solutions of the
same congruence with the additional restriction that

my = min m;.
1<i<2¢

To estimate é((K, N), we write m; = m+t;, where t;, = 0 and 0 < t; < NK!,
2 € 1 € 2¢. Then, after dividing by m;! # 0 {mod p), the above congruence takes the

form
(4) Fiy,..ta(m) =0 (mod p),
where
[ A
th,---,tu(x) = Z H(X +v) — Z H(X +v).
i=1 v=1 i=f+1v=1

The polynomial F, ., (X) vanishes modulo p if and only if the sequence tpy,..., 22
is a permutation of the sequence t;, = 0,15,..,t,. Therefore, this happens for at most
O(NK~! + 1)*7! values of ¢, = 0,t5, .., t5. For these values, the congruence (4) is sat-
isfied for all values of m = 1,..., N. For the other at most (NK~! + 1)%-! values of
t; = 0,2, .., tz, the congruence (4) is satisfied for at most deg F},,. 1, < NK~!+1 values
of m. Hence,

GuK,N) < (NK™'+ 1)"'N + (NK™' + 1)%
= ON'K~H 1+ KN+ N¥ K1+ KNT)™

We now remark that by our choice of K and the Stirling formula, we have

=1\ 1/(£+1)
1+KN"<1+(1—V—) =1+0(1/¢).
T4
Therefore,
GiK,N) < OIN'K~**! 4 NXK-%
and hence,

Ji(N) € L(IN*K* + N¥K1).

By our choice of K, we see that

ON'KE < N*K-!
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and also that for sufficiently large N

NEy 1/(E+1) N+
> (@) 1> s
Therefore,
Jo(N) < g()V/ &+ N2e-1+1/(e+1)
which finishes the proof. 0

For positive integers k, H, N < p we now consider double exponential sums of the

form
Z e,(ahn!)

n=1

Wa(k; H,N) = Z

h=1

We estimate Wo(k; H, N) using essentially the same arguments as in {9, Exercise 14.a in
Chapter VI].

LEMMA 3. For any integer £ > 1
|Walk; H, N)| < (pH (V).

PROOF: Using the Holder inequality we derive

Z e (a,hn')

n=1

Zep(ahn'

n=1

|Wa(k; H,p)|* HZ

Ahl

<HY

h=1

—PHJ/:(N),

which finishes the proof. ]

3. PrROOF OF THEOREM 1

For some positive integers s, ¢, H < p we denote by T the number of solutions of the
congruence

2s 2
D hi(nal+ - +na) + Y mid =X (mod p),

where
1<nl,l)"',n23,l1ml, . m?l _1 lgh‘la“-thasH-

By the identity (2), we have
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Separating the term HZ*p?**+2-1 corresponding to a = 0, we derive

r-1 2s 2¢
IT — H¥p?t+2t1| < 1 Z (Z Ze,,(ahn') ) i e,(am!)
m=1

p h=1'n=1
Thus, using Lemma 3 and then Lemma 2, we get the inequalities

Z e,,(an'

m=1

|T H23 2584280~ l| < (PHJc(P Z

a=1

’G

psHs(J[(p)) s+1 < H3£2s+2p2ls+2l—1+(s+1)/(£+1).

Therefore, the inequality

T> H2sp2sl+2l—l _ CHse2s+2p2£a+2l—1+(s+1)/(€+1)

holds with some absolute constant C > 0. Selecting £ = |logp], s = |loglogp], and

H = [e5¢%], we see that T > 0. Adding, if necessary, several terms of the form p!, we

see that every residue class A modulo p can be represented by a sum of the same number
¢(p) of factorials, where £(p) < 2sfH + 2¢ <« (logp)3 loglogp. 1]

4. REMARKS

As we have mentioned, the question whether {(p) = O(1) remains open. In [4, F11],
it is conjectured that the values of n! hit about (1 — 1/e)p of the residue classes modulo
p. Proving such a result would immediately imply that ¢(p) = 2. Unfortunately this
conjecture appears to be very hard.

Our method can also be used, without any substantial changes, to study the Waring
problem with more general functions F'(n) given by the products

Fm) = [[/0) (mod ),

where f(j) is any rational function defined modulo p which has no zeros or poles for all
j=1,...,p. In particular, one can easily extend our results to congruences

() + -+ (n)f =X (mod p)
with a fixed integer k > 1. In fact one can also consider negative values of k.
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