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AN INFINITE CLASS OF IDENTITIES

AYSE ALACA, SABAN ALACA AND KENNETH S. WILLIAMS

An infinite class of identities relating infinite products is proved. It is shown that this
class contains a famous identity of Jacobi.

1. INTRODUCTION

Let N = {1,2,3,...} and Ny = {0,1,2,3,...}. Let C denote the field of complex
numbers. Throughout this paper ¢ € C is such that |g| < 1.

Let a(ky, ka, k3, ks, ks) ((k1, k2, ks, ks, ks). € Nj) be complex numbers (not all zero
and nonzero for only finitely many (ky, k2, k3, k4, ks) € N3) such that

(1.1) > a(ky, kg, k3, kg, ks)z* (1 + )2 (1 ~ 2)* (1 + 20)54 (2 + ) = 0
(k1 k2,k3,ka,k5)ENG ‘

identically in z. Examples are
a(0,1,3,0,0) =1,

(1.2) a(1,0,0,0,3) = 1,a(0,0,0,3,0) = —1,
a(ky, k2, k3, kg, k5) = 0, otherwise,

as
1+2)1 -2 +z(2+12)* - (1 +22)% =0;
a(0,1,1,0,0) =1,
0,0,0,1,0) = -1,

(1.3) ol )=-

a(1,0,0,0,1) = 1,

a(kl,kz,k3,k4,k5) =0, otherwise,
as

Q+z)1-z)-(1+2z)+z(2+2)=0;
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a(0,0,2,0,0) = 1,
a(1,0,0,0,0) = 4,
(
(

(1.4)

a(0,2,0,0,0) = 1,

a(ky, k2, k3, kg, ks) = 0, otherwise,
as

1-z)P+4z-(1+2)2 =0

and

a(0,0,0,1,0) = 1,
(15) a(0,0,0,0,1) = 1,

a(0,1,0,0,0) = —3,

a(ky, ko, k3, kq, ks) = 0, otherwise,
as

1+2z2)+(2+2)-3(1+x)=0.

The following example shows that there are infinitely many choices for the a(ky, k2, k3, k4, ks)-
For each m € N we can choose

(km) ifky+ky=m, ks =ky = ks =0,
1
—1, ifk4==m, k1=k2=k3=k5=0,

0, otherwise,

(1.6) a(ky, ko, k3, ks, ks) =

Z (T) i(1+z)2 - (1420)" =0
(klvkz)eN?) !
ki+kz=m

by the binomial theorem.

In Section 2 we prove the following identity relating infinite products.

THEOREM 1.1. Suppose that a(ky, ks, ks, ks, ks) ((k1, k2, k3, ks, ks) € N}) are
complex numbers (not all zero and nonzero for only finitely many (ki, k2, k3, kq, ks) € N})
satisfying (1.1). Then

[+ o]

ki1+ks k —ky—2kz42k3—4ks—k

S alky, ko ks, ke, k)20 gk [T (1 — gy R et Bhemtheks
(k1,k2,k3,k4,ks)EN n=1

o\ 3k1 +3k2+ka+10kg+ks 3n\3k1+6ka+2k3+4ka+3ks
x(1-¢*) (1-¢"
4ny—2ky1—k2—ka—4k4+2ks 6ny —9k1—9k2—Tk3—10ks—Tks
x(1 — ¢*") (1-¢™
6k) +3ka+3k3+4ke+2k,
X(l _ q12n) 1 2+9k3 4 5 0.
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In Section 3 we show that Jacobi’s famous “aequatio identica satis abstrusa” (2,
p. 147]

H(l + q2n—1)8 H(l 2n—1\8 4 16q ﬁ(l + q2n)8

n=1
is a special case of Theorem 1.1, see Corollary 3.1. Other identities which follow from
Theorem 1.1 are given in Corollaries 3.2, 3.3, 3.4 and 3.5.

2. Proor or THEOREM 1.1

Jacobi’s theta function ¢(q) and Ramanujan’s discriminant function A(q) are defined

by
(2.1) | elo)= 3 v, Al =q¢[J-gm™
Set

IR () Bk 2 ) MR i ')
(2.2) p:=p(q) = agh) k:=k(g)= o)

Then, as we showed in [1, equations (3.28)-(3.33)],
A(g) = 27%p(1 + p)*(1 — p)*(1 + 2p)*(2 + p) k"2,
A(g®) =272 (1 +p)*(1 - P)°(1 + 2p)°(2 + p)°k"?,
(¢*) =27 (1 + p)"*(1 — p)*(1 + 2p)(2 + P)K*?,
(2.3) A(g*) = 27%p*(1 + p)(1 - p)*(1 + 2p)*(2 + p) k"3,
A(g%) =27%%(1 + p)°(1 — P)*(1 + 2p)°(2 + p) kY,
A(g'?) = 27"p%(1 + p)*(1 — p)(1 + 2p)(2 + p)*k*>.
If we write
PP (1+p)* (1 — p)®(1 + 2p)*(2 + p)**
= CA(g)" A@)A(e®)* A¢")  A(¢®)* A(¢D) ™
then C = 2k1+ks and
1
= 54 (k1 = 2ky + 2ks — 4ky — ks),
L = -21—4(3k1 + 3Ky + ks + 10ks + ks),
= 21—4(3k, + 6k, + 2k + 4dky + 3ks),
1
= 5(=2k1 = ky — ks — 4kq + 2k5),
ls = 21—4(—9’61 - gkg - 7k3 - 10k4 - 7’65),

Ly = 21—4(6101 + 3kg + 3k3 + dky + 2ks),
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and so
(24) PP +p)*(Q-p)(1+2p)"(2+p)*
x
= 2k1+k5qk1 H(l _ qﬂ)—k1—2k2+2k3—4k4—k5

X(l _ q2ﬂ)3k1+3kz+ka+10k4+k5(1 - q3n)3k1+6k2+2k3+4k4+3k5
x(l . q4ﬂ)—2k1—k2—k3—4k4+2k5(1 _ qﬁﬂ)—le—9k2—7k3—10k4—7k5

X (1 _ q12‘n)6k1 +3k2+3k3+4k4+2k5'

Taking z = p in (1.1), and appealing to (2.4), we obtain the asserted identity. 0

3. EXAMPLES

Our first corollary is the famous identity of Jacobi mentioned in the Introduction [2,
p. 147].

"COROLLARY 3.1.

ﬁ(l +g 18 H(l @18 +16¢ H(l +¢™)8.
n=1

n=1

PRrRoOF: With the choice (1.2), Theorem 1.1 gives
H(l n)4 q2n)6(1 _ q3n)12(1 _ q4n)—4(1 _ qsn)—SO(l - q12n)l2
+16q H(l _ qn)—4(l _ q2n)6(1 _ qan)12(1 _ q4n)4(1 _ qen)-SO(l _ q12n)12
n=1 .
00
_ H(l _ qn)—12(1 _ q2n)30(1 - q3n)12(1 _ q4n)-—12(1 _ qsn)-so(l - q12n)12 =0.
n=1

Multiplying by

H(l n)12 q2n)-6(1 - q3n)—12(1 _ q4n)l2(l — q6n)30(1 _ q12n)—12’

we obtain
o 00 )

(3.1) H(l — qn)ls(l — q4n)8 + IGqH(l _ q")B(l _ q4n)16 = H(l _ q2n)24‘
n=1 n=1 n=1

Set

A= ﬁ(l +¢*™ Y, B:= ﬁ(l @Y, C:= H(l +¢*"),
n=1 n=1
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and
x:=[[a-¢
n=1
We have
ABC = H(1 g ) (1 + ¢™)
1+ ¢%)
— 1-— 4n 2 4an (
H( —4q )(1 —¢™)
1
=JTa-
g( q2n)
Also
H(l —q ) 4n)8 H(l 16(1 2n 1)16(1 _ q2n)8(1 +q2n)8
n;l =
H(l _ qn)B(l _ q4n)16 = H(l _ q2n)8(1 _ q2n—1) ( 2n)16(1 + q2n)16
n=1 n=1
and
)
H(l _ q2n)24 = X24 = X24ABBSCS.
n=1

From (3.1) we deduce
X24316c8 + 16qX24BBCIG — X24A8B8c8
so that
B® +16qC® = A8

as asserted.
COROLLARY 3.2.

oo

H(l 2n)6 Gn)G H(l _ qn)4 1~ )4(1 _ q4n)2(1 _ ql2n)2

243

= X#B1c8

X24BSCIG

+4q H(] - q")2(1 - q3n)2(1 _ q4n)4(1 _ qlz")‘.
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PRoOOF: Using the choice (1.3) in Theorem 1.1, we obtain

ﬁ(l - @™ (1 - g1 - ") (1 - ) 01 - ')

n=1

_ ﬁ(l _ qn)—4(1 - q2n)10(1 - q3n)4(1 _ q4n)—4(1 _ an)—lO(l _ ql2n)4
n=1

+4qﬁ(1 _ qn)—-Z(l _ q2n)4(1 _ q3n)6(1 _ q6n)—16(1 _ q12n

n=1

Multiplying by

H(l _ qn)4(1 - q2u)—4(1 . qan)—4(1 _ q4n)4(1 _ an)lﬁ(l - q12n)—4’

we obtain the asserted result.

COROLLARY 3.3.

ﬁ(l - 1-¢") = ﬁ(l -1 -¢™)(1 - ¢*)*

¥ =o0.

(6]

+8¢JT(1 - g% - ¢™)(1 - ¢*)°.
n=1

ProOF: Using the choice (1.4) in Theorem 1.1, we obtain

o0

H(l _ qn)4(1 _ q2n)2(1 _ qan)4(1 _ q4n)—2(1 _ qsn)—M(l _ q12n

n=1

+8¢ [J(1 - g™ 711 = )*(1 - ¢™)*(1 - ¢*")2(1 - ¢™)~%(1 — ¢'*")®
n=1

_ H(l _ qn)—4(1 _ q2n)6(1 _ q3n)l2(1 _ q4n)—2(1 _ qsn)—ls(l _ q12n)6 =0.

Multiplying by

00

[T = a4 = )21 = ) (1 = g1 = )8 (1 = ),

n=1
we obtain the asserted result.

COROLLARY 3.4.

[+ 1]

n=1
o0

=3[J(1 - ¢ -1 -1 - ¢ - ) (1 - ¢').

n=1
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PROOF: Using the choice (1.5) in Theorem 1.1, we obtain

o0

H(l _ qn)—4(1 _ q2n)10(1 _ q3n)4(1 _ q4n)-4(1 _ an)—IO(l _ qlzn)4

+2JJ - ¢ =™ - )21 - ¢*)*(1 - ¢*) 7T (1 — ')

-3 H(l _ qn)—2(1 _ q2n)3(1 _ q3n)6(1 _ q4n)—1(1 _ qﬁn)—Q(l _ q12n)3 =0.
n=1
Multiplying by
oo
H(l - qn)4(1 _ q2n)—l(1 _ q3n)—3(1 _ q4n)4(1 _ an)IO(l _ q12n)-2’

we obtain the asserted result. 0

CoroLLARY 3.5. FormeN

Z ( )2k k H(l 2m+k q3n)2m—3k(1 _ q4n)3m—k(1 _ q12n)3k
k=0
00 m
= (H(l -1+ q“"))
n=1
PROOF: Using the choice (1.6) in Theorem 1.1, we obtain

Z ( )21: k H —2m+k (1- q21|)3m(1 _ q3n)6m—3k

k=0
(1 —q n)—m-k(1 _ qﬁn)—Qm(l - q12n)3m+3k

ﬁ 1— q —4m q2n)10m(1 _ q3n)4m(1 _ q4n)—4m

n=1
(1 _ ) IOm(l — q12n)4m_
Multiplying by
I"_°I 1 q4n)4m(1 qﬁn)IOm
2 3 — g3n)4 —_ 12 3
n=1 1 n m(l q n) m(l n) m
we obtain
Z ( >2k k H 2m+k(1 3n)2m—3k(1 _ q4n)3m—k(1 _ q6n)m‘(1 _ q12n)3k
k=0

= H(l _ q2n)7m(1 _ q12u)m.

—

https://doi.org/10.1017/50004972700039174 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039174

246 A. Alaca, S. Alaca and K.S. Williams 8]
Then, multiplying both sides of the equation by

o0

H (l _ q6n)—m

n=1
we obtained the asserted result. 0
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