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A CHARACTERISATION OF LOCALLY COMPACT
AMENABLE SUBSEMIGROUPS

BY
JAMES C. S. WONGY

ABSTRACT. In this paper, we prove that if S is a locally compact
semigroup and T a locally compact Borel measurable subsemigroup
of S, then T has a topological left invariant mean if and only if there
is a topological left T-invariant mean M on S such that M(x) =1,
where x is the characteristic functional of T in S.

§1. Introduction. Let S be a locally compact topological semigroup and
M(S) the Banach algebra of all bounded regular Borel measures on S with
total variation norm and convolution as multiplication. Also let T be a locally
compact Borel subsemigroup of S. We obtain a necessary and sufficient
condition for M(T)* to have a topological left invariant mean in terms of the
characteristic functional of T in the dual M(S)* (see below for definitions). It is
a topological analogue as well as an extension of a result of M. M. Day for
semigroups (see Day [1, Theorem 2, page 518] and also Wilde and Witz [7] for
a slightly extended version). This criterion of amenability of subsemigroups of
locally compact semigroups is used in Wong [12], [13] and Day [2].

§2. Notations and terminologies. Let S be a locally compact semigroup,
M(S) its measure algebra and M,(S) the probability measures in M(S). As in
Wong [10], a linear functional M € M(S)** is called a mean on M(S)* (or on S)
if M(F)=0 whenever F=0 in M(S)* and M(1)=1 where 1e M(S)* is defined
by 1(n)=fdu=pu(S), peM(S). M is called topological left invariant if
M(pOF) = M(F) for any Fe M(S)* and u € My(S) where uOF(v) = F(u *v),
ve M(S). M is left invariant if M(e,OF)= M(F) for any Fe M(S)* and a € S.
Here ¢, is the Dirac measure at a.

Let T be a locally compact Borel subsemigroup of S. The characteristic
functional of T in S, denoted by xr is defined by

X () = j Grdu=pn(T), neMs)
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where &7 is the characteristic function of T in S. Clearly Zr € M(S)*. A mean
M on M(S)* is called topological left T-invariant if M(u©F)= M(F) for any
FeM(S)* and pweMyS) such that w(T)=0. It is left T-invariant if
M(e,OF)= M(F) for any Fe M(S)* and a€T.

§3. Some technical lemmas. For clarity and simplification in the proofs of the
main results, we collect some technical details in the following lemmas.

Lemma 3.1.

(1) If weM(S) and pr is the restriction of u to the Borel sets in T, then
ur€M(T) and §rfdur={sfdu for any bounded Borel measurable function f
on T where f is defined on S by f(x)=f(x), xe T and f(x)=0, x¢ T.

(2) If p,veM(S) with |u|(T)=0 and x€S, then |[(u*v)r—pr*vy|=<
§Iv| (E(x)) d || (x) where E(x)={yeS:y¢ T and xye T} T'.

(3) If 1, ve M(S) with |u|(T)=|v|(T) =0, then (u*v)r = pr*vy.

(4) If S is a group, T a subgroup of S and w, ve M(S) with |u|(T')=0, then

(k*v)y=pr*vr.

Proof.

(1) This is proved in Wong [11, Lemma 3.1] with S and G in place of T and
S respectively.

(2) Let w, ve M(S) with |u|(T')=0. For any bounded Borel measurable
function f on T and y e T, define the right translate f, on T by f,(x) = f(xy),
x € T. Similarly for functions on S. Now if g denotes the function on T by

g(y)=fs f(xy) du(x), ye T. Then

J, 169 dur= [ aur=[ Gy = [ () du=s0v)
since || (T) =0 and (f,)= (), on T. Hence
O | tdurree={ ] f09) dure) dun) = | e aviy.
On the other hand,
(%) J, faens=[ Fauwsw= | Fo) duco aviy).

From (*) and (**), we have

J, fatuen=[ faureon

= Us L flxy) du(x) dv(y)*jS g(y) dV()’)’
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| AL 76 duto-g) an(y)|
]

[ [ Fo dviy) duta

f(

f(xy) du(x) dv(y)‘ (definition of g and g)
f(

|

=1l | B0y d ul 0
because
[ Fa dv| =l vl (e,
Therefore
s vy vl = 1o (B d ] (o)

(3) This is a consequence of (2) since |v| (E(x))=<|v|(T")=0 for any x€S.

(4) If S is a group and T a subgroup of S then for any xe T, E(x)=
{yeS:y¢ T and xyeT}=¢. From (2), we have |[(u*v)r—pr*vgl=
Is|v[ (E(x)) d || (x)=fr|v| (E(x)) d |u| (x)=0 (since || (T")=0).

Lemma 3.2. If re M(T), define u(B)=1(BNT) for any Borel set B in S, then
pweM(S) and || (T')=0. (And so ur = 7). Moreover, 1€ My(T) iff u € My(S).

Proof. This is proved in Wong [11, Lemma 3.3] except the last statement
which is easily verified.

§4. Main results.

THeoreM 4.1. Let T be a locally compact Borel subsemigroup of a locally
compact semigroup S, then the following statements are equivalent:

(1) M(T)* has a topological left invariant mean

(2) There is a topological left T-invariant mean M on M(S)* such that
M(xr)=1.

Proof.

(2) implies (1).

Assume there is a topological left T-invariant mean M on M(S)* such that
M(xr)=1. For each Fe M(T)*, define F'e M(S)* by F(n)=F(uy) where
ur € M(T) is defined in Lemma 3.1. Clearly, the map F— F’ is linear, F' =0
whenever F=0 and F'=1 if F=1. Define Mye M(T)** by My(F)= M(F). It
is straightforward to verify that M, is a mean on M(T)*. We shall prove that
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M, is topological left invariant. (Using a modified topological version of Day’s
proof in Hewitt and Ross [5, §17.18 (f) page 238].)

Observe that any measure in My(T) is of the form ur with u € My(S) and
w(T)=0 by Lemma 3.2. Thus it is sufficient to prove that M((urOF)’)=
M(pOF') for Fe M(T)* and such u e M,(S). Now let ve M(S), v=0. By
Lemma 3.1 (2),

(o # v) = g * VTHSHNH [ (T) = w(T).
So
(0rOF) (v) = (WOF)(v) = F(ur * vr) = F( * v)1)
=|F(pr*vr)— F((p *v)7)|
=[Fl - lwr* vr = ()| <|[Fl| »(T")
=[|Fll xr ().

Hence (urOF) = uOF =||F|| - xr- and M((urOF)) - M(LOF) =
lE|| - M(xr)=0. (Since M(xy)=1 and xp+ x=1.) Similarly M((urOF)’)—
M(pOF')=0. Consequently M(u;OF)") = M(uOF') and M, is topological left
invariant.

(1) implies (2).

Assume M(T)* has a topological left invariant mean M,. Define M on
M(S)* by M(G)=M(G/7) where Ge M(S)* and G/;e M(T)* is defined by
Glr(pr)= G(p), meM(S), |p|(T)=0 (use Lemma 3.2). Clearly the map
G — G/ is linear, G/ =0 if G=0, G/r=1if G=1 and x{/r=1. Hence M is
a mean on M(S)* with M(x;)=1. To prove that M is topological left
T-invariant, let w, ve My(S), w(T') = v(T') =0, then by Lemma 3.1,

(LOG)/1(vr) = (WOG)(¥) = G *v) = Glr((w *v)r)
= Gl r(pr*v) = prOG/(vy).

Hence (uOG)/r=urOG/r. (Note My(T) spans M(T).) Consequently,
M(pOG) = My(LOG)/1) = My(urOG/ 1) = My(G/1) = M(G) since ur € My(T)
and M, is topological left invariant. This completes the proof.

For left invarinace, we can go a little further.

THeoReM 4.2. Let T be a locally compact Borel subsemigroup of a locally
compact semigroup S. Then the following statements are equivalent:

(1) M(T)* has a left invariant mean

(2) There is a left T-invariant mean M on M(S)* such that M(Z;) =1

(3) There is a left T-invariant mean M on M(S)* such that M(%Z;)> 0.

Proof.
(1) implies (2).
This is the same as in the proof of Theorem 4.1 (1) implies (2). The only
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required adjustment from topelogical left invariance to left invariance is to
consider only Dirac measures instead of all probability measures in suitable
places, and to observe that if u =g, then |u| (T")=0 iff xe T.

(2) implies (3).

Obvious.

(3) implies (1).

This is essentially the same as in the proof of (2) implies (1) in Theorem 4.1
by specialising to Dirac measures. (Since we no longer have M(xr) =0, we
need a better upper bound for (urOF) — wOF’ than ||F|| - x;.) Proceed as in
the proof of Theorem 4.1 (2) implies (1) except we define M,y(F)=
M(F)/M(xr), until we come to the estimate of ||(u *v)r— wr*vy|. Putting
w=¢g, x€T we have if ve M(S), v=0,

(&x * v)r ~ (&) * ve| < v(E(x))
by Lemma 3.1 (2) where E(x)={ye S:y¢ T and xye T}< T'. Hence
(£,OF)' ~ &,OF = ((&,)1OF) — £, OF = |F| - xgo)-

It remains to prove that M(xg) = 0. Our method is to “transform” M into a
mean on (bounded Borel measurable) functions on S and use Day’s argument.
(See e.g. Hewitt and Ross [5, §17.18 (f), page 238].) Let BM(S) be the Banach
space (with supremum norm) of all bounded Borel measurable (real-valued)
functions on S. As shown in Wong [10], (although the space CB(S) of all
continuous bounded functions on S are considered there, the same can be said
for BM(S)), the space BM(S) can be embedded as a subspace in M(S)* by the
linear isometry (into) ¢ :BM(S)— M(S)* where o(f)(n)={fdu, fe BM(S),
w € M(S). ¢ is non-negative, satisfies ¢(1) =1 and commutes with left transla-
tions (¢ (,f) = £,O¢(f) where we define ,f by .f(x) = f(ax), x € S). Moreover for
any Borel set B in S, ¢(£3)=xs. Now consider the adjoint ¢*:M(S)**—
BM(S)* and let m = ¢*(M), which is a left T-invariant mean on BM(S) since
M is a left T-invariant mean on M(S)*. m(&)=M(xr)>0. Clearly E=
E(x)={yeS:y¢ T and xy € T} is Borel measurable in S and we have M(xg) =
M(o(&8)) = ¢*M(£&g) = m(&) = 0 by repeating the argument (of Day) in Hewitt
and Ross [5, §17.18(f)] (where only the left T-invariance of the mean is used).
Once M(xg) is shown to be zero the rest of the proof now is carried over from
that of Theorem 4.1 (2) implies (1). This completes the proof.

REMARKS.

(1) If the semigroups are discrete Theorems 4.1 and 4.2 imply the result of
M. Day [1, Theorem 2] (see also Hewitt and Ross [5, §17.18(f)] and Wilde and
Witz [8]).

(2) For topological left invariance, we are unable to relax the condition
M(xr)=1 to M(xr)>0 because we cannot find an upper estimate G € M(S)*
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for (urOF) —uOF (where peMy(S), u(T)=0 and Fe M(S)*) such that
M(G)=0. We can no longer use G = xr, as in Theorem 4.1 since M(xr)=
1—M(xr) need not be zero. For group and subgroups, (u*v)r= pr*vr
(Lemma 3.1 (4)) and uOF = (uwOF)" so that the condition M(xr)=1 can be
replaced by M(x;)>0.

However, we shall present an even stronger result in the next section when T
is open.

§5. Special cases.

5.1 Lert IpeaLs. Let the subsemigroup T of S satisfy the condition (L):
there is some v € My(S) such that »(T')=0 and w*v(T")=0 for all u e My(S).
Then every topological left T-invariant mean M on M(S)* is topological left
invariant (since M(G)= M(u*v)OG)=MrpO(nOG))=M(unOG) for all pe
M,y(S), G e M(S)*. Consequently, by Theorem 4.1, M(T)* has a topological
left invariant mean iff M(S)* has a topological left invariant mean M such that
M(x)=1.

Notice that condition (L) is satisfied if there is some a € T such that Sac T
(take v=¢,) and a fortiori if T is a left ideal of S.

5.2 Ricar IpeaLs. If T satisfies the condition (R): there is some v € My(S),
v(T') =0 such that v*u(T")=0 for all u € M,y(S). Then every topological left
T-invariant mean M on  M(S)* satisfies M(xr)=1 (since
vOxr(p)=xr(vsu)=v*u(T)=1—-(v*u)(T)=1 and so vOxr=1). Conse-
quently, by Theorem 4.1, M(T)* has a topological left invariant mean iff there
is a topological left T-invariant mean on M(S)*.

Conditions (R) is satisfied if there is some a€ T such that aS< T and a
fortiori if T is a right ideal of S.

5.3. GROUPS AND SUBGROUPS.

THEOREM 5.4. Let T be a locally compact Borel subgroup of a locaily compact
group S, then the following statements are equivalent:

(1) There is a topological left invariant mean on M(T)*

(2) There is a topological left T-invariant mean M on M(S)* such that
M(xr)=1

(3) There is a topological left T-invariant mean M on M(S)* such that
M(xr)>0.

If in addition T is open, then each of the above statements is equivalent to

(4) There is a topological left T-invariant mean on M(S)*.

Proof.
(1) implies (2)
This is a special case of Theorem 4.1.
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(2) implies (3)

Obvious.

(3) implies (1)

Let M be a topological left T-invariant mean on M(S)* such that M(y;)>0.
Define M, on M(T)* by M,(F)=M(F)/M(xr), Fe M(T)* and F'(1) = F(pr),
weM(S). M, is a mean on M(T)*. It is topological left invariant on M(T)*
because urOF =(uOF) for any pe My(S) with w(T')=0 (see Remark (2)
after Theorem 4.2).

Assume now that T is also open.

(4) implies (1).

Let ¢ : BM(S) — M(S)* be the linear isometry (into) defined in the proof of
Theorem 4.2 (3) implies (1). If M is a left T-invariant mean on M(S)*, then M
induces a left T-invariant mean m = ¢*(M) on BM(S) and in particular on the
right uniformly continuous functions UCB,(S) on the group S (see [4] for
definition of UCB,(S)). For any fe UCB,(T), define f'(x)=f(t.) where x€ S,
t,€ T and x = t,7(Tx) where 7(Tx) is an arbitrary but fixed element of the right
coset Tx (see [5, Theorem 17.12]). Since T is open and t,, = at, for ae T and
x €S, it follows that f'e UCB,(S). Now define my(f) = m(f'), fe UCB,(T), then
my is a left invariant mean on UCB,(T). Since T is group, m, is necessarily
topological left invariant and there is a net v, in My(S) such that ||lv* v, —v,|—
0 for each vemy(T) (see [4, Theorems 2.4.2 and 2.4.3] and also [6]). This
implies that M(T)* has a topological left invariant mean by [10, Theorem 3.1].

(1) implies (4)

Since (1) implies (3) which is formally stronger than (4).

Note. The construction of f' from f is due to Fglner [3] who considers only
discrete groups. Rickert adapts it to right uniformly continuous functions (See
Rickert [7]).
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