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Abstract In this paper, we investigate the twisted GGP conjecture for certain tempered representations
using the theta correspondence and establish some special cases, namely when the L-parameter of the
unitary group is the sum of conjugate-dual characters of the appropriate sign.

1. Problem, conjecture and results

In a recent paper [GGP23], a twisted version of the Gan—Gross—Prasad (GGP) conjecture
was formulated in the context of skew-Hermitian spaces and their associated unitary
groups over local and global fields. Some evidence was provided in [GGP23] for the
local twisted conjecture, such as in low rank situations and for unitary principal series
representations. The purpose of this paper is to provide further affirmative evidence by
establishing the local conjecture for a family of tempered L-packets of unitary groups
using the technique of theta correspondence. Let us recall the setup and conjecture of
[GGP23] in greater precision and formulate our main result.

1.1. Biquadratic extension

Let F be a non-Archimedean local field of characteristic 0 and E # K two distinct
quadratic field extensions of F. Let L = F®p K so that L is a biquadratic extension
of F. We thus have the picture:
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In particular, we have set:

Gal(E/F) ~Gal(L/K) ~ (o), and Gal(K/F)~Gal(L/E)~(r).

We also fix a nontrivial additive character ¢r of F' and set ¥k = ¥p oTrg p. In this
paper, when we talk about Weil representations or theta correspondence, we always use
the additive character ¢ or ¥k (see Section 2.1).

1.2. Skew-Hermitian spaces

Let V be an n-dimensional skew-Hermitian space over E. There are exactly two such
spaces, which are distinguished by their sign

G(V) = WE/F((;in . diSCV),

where discV = (—1)*("=1/2.det V', and ¢ is a fixed trace zero element in E*. As observed
in [GGP23, Lem. 8.1], the scalar extension Vg =V ®p K is a distinguished split skew-
Hermitian space over L whose isomorphism class is independent of the choice of V. In
particular, if we continue to use the trace zero element § € L* to define the sign of Vi,
then we always have (Vi) = +1.

1.3. Twisted GGP problem

We come now to the restriction problem to be studied. For the skew-Hermitian space V'
over F, we have the Weil representation wy ,,, where i is a conjugate-symplectic character
of E*. Then we are interested in determining

my (m,pu) = dimHomy vy (m,wy,,)  for m € Tir (U(Vk)).
Here is the main local conjecture for the twisted GGP problem:

Conjecture 1.1.

(1) For each m € Irr (U(Vk)), my (m,p) < 1.
(2) Let M be a generic L-parameter of U(Vi) with associated L-packet I1p;. Then

Z Z mv(ﬂ',,u) =1,

V welly

where the first sum runs over the two skew-Hermitian spaces over E of dimension
n, and the second runs over the L-packet I1j;.

https://doi.org/10.1017/51474748024000197 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000197

Twisted Gan—Gross—Prasad conjecture for certain tempered L-packets 19

(3) The unique Vo which has nonzero contribution to the sum in (2) is characterized by

1 n(n—
G(VO) =€ (2’ ASI/E(M) ®N17wE,5> 'WK/F (52) ( 1)/2’

where § is the fized trace zero element in E* (used in the definition of e(Vy)), and
Yps =vr(Trg/p(d-)).

(4) The unique w € IIpr which has nonzero contribution to the sum in (2) corresponds
via local Langlands correspondence (LLC) (with respect to the Whittaker datum
of U(Vk) associated to i) to the character of local component group Ay =
[liciZ/2Z-a; given by

n(a;) =€ (;, IndliJ ("M; @ (M/M;)) - M_l,l/}E’(;)
=€ (;,[AS(MZ') + As(M) + As(M/M;)] ~,u_1,1pE,5),

where M; is the irreducible constituent of M corresponding to a; € Ay .

We remark that [GGP23] also formulated a conjecture in the case £ = K and
showed that, in this case, the conjecture can be reduced to the case of discrete series
representations of U(Vk) ~ GL(V'). However, we do not deal with the case E = K in this
paper.

In [GGP23, Sect. 9 & 10], the three authors have proved that:

Theorem 1.2.

(1) Conjecture 1.1 holds if n < 2.

(2) Conjecture 1.1(1)—(3) hold for unitary principal series representations (induced
from the Borel subgroup), and (4) holds as well if the unitary principal series is
irreducible.

1.4. Main result

Our main result is the following theorem.

Theorem 1.3. Let M be a tempered L-parameter for U(Vi) of the form
M=M +--+M,

with each M; one-dimensional and conjugate self-dual of parity (—1)"~1. Then Conjec-
ture 1.1 holds for M.

The parity condition on each M; is equivalent to requiring that the L-parameter M
is of good parity. Note that, though these tempered L-parameters M are maximally
reducible and hence not the most general in the p-adic case, they are the ones whose
L-packets are of maximal size. Hence, in some sense, they provide the most stringent test
for Conjecture 1.1.
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Recall that by properties of the LLC, tempered L-packets can be constructed using
irreducible parabolic induction from good parity L-packets. An immediate corollary of
our result (combining with [GGP23, Thm. 10.1}) is that we may complete Theorem 1.2(2)
above:

Corollary 1.4. Conjecture 1.1 holds for the tempered L-packets consisting of the
constituents of unitary principal series representations.

1.5. Idea of proof

The main tool for the proof of Theorem 1.3 is the theta correspondence. Using theta
correspondence, we shall effectively show that Theorem 1.3 for the case dimV =n+1 can
be reduced to the case for dim V' = n. In this way, for the type of tempered L-parameters
M considered in Theorem 1.3, we may use theta correspondence to successively strip off
the irreducible summands M; one at a time and reduce the conjecture for such M’s to
the case when dimV = 1. In fact, since the conjecture has been shown for dimV < 2, we
could have formulated a slightly more general main result. We content ourselves with just
the following corollary:

Corollary 1.5. Conjecture 1.1 holds for all endoscopic tempered L-packets of U(Vi)
when dimV = 3.

This is because all endoscopic tempered L-packets of Us can be constructed by theta
lifting from tempered L-packets of Us.

The rest of the paper is devoted to the proof of Theorem 1.3. In §2, we study a local
theta lift of a Weil representation of a unitary group to the edge of the stable range. The
main point here is to show that the resulting big theta lift is irreducible. Then in §3, we
show how the conjecture in dimension n+ 1 can be reduced to that in dimension n by
invoking two seesaw arguments. In the proofs, we have made use of the so-called Adams’
conjecture, which describes the theta correspondence in terms of (conjectural) A-packets.
But our result is not conditional on the construction of A-packets; we refer the readers
to Remark 2.2 for details.

2. Weil representations

In this section, we examine the Weil representation wy , and investigate its behavior
under the theta correspondence.

2.1. Local theta correspondence

We first recall the basic setup of the local theta correspondence. Let F' C E be a quadratic
extension of non-Archimedean local fields, V' an skew-Hermitian space of dimension n and
W an Hermitian space of dimension m. We shall use the symbol #H (resp. H') to denote
the skew-Hermitian (resp. Hermitian) hyperbolic plane.

To consider the theta correspondence for the reductive dual pair U(V) x U(W), one
requires some additional data:
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e a nontrivial additive character ¢y of F';
e a pair of characters yy and yw of E* such that
XV|FX :wg;“FV and  Xw | px :w%ileW.
To elaborate, the tensor product V @ W has a natural symplectic form, which induces a
natural map

U(V) x U(W) —s Sp(V @ W).

One has the metaplectic S'-cover Mp(V @ W) of Sp(V ® W), and the character ¥x
determines a Weil representation wy, of Mp(V ® W). The datum (¢p,xv,xw) then
allows one to specify a splitting of the metaplectic cover over U(V) x U(W) following
[Kud94]. Hence, we have a Weil representation w = wy, w of U(V) x U(W).

As explicated in [Kud94] and [HKS96], the splitting over U(V) is determined by
(Y, xw ), whereas that of U(W) by (¢, xv ). In particular, taking W such that dimW =1
and yw = p a conjugate symplectic character of E*, one gets a splitting over U(V)
associated to (¢p,u), and thus a Weil representation wy , of U(V), which is the one
appearing in the main conjecture.

Given an irreducible representation m of U(V'), the maximal m-isotypic quotient of w is
of the form

O(m) X

for some smooth representation ©(w) of U(W) of finite length. By the Howe duality
[Wal90] [GT16a] [GT16b], we have:

e The maximal semisimple quotient (7) of () is irreducible if ©(r) is nonzero;
o If m % 79 are two nonisomorphic irreducible smooth representations of U(V') such
that both 6(m) and 6(ms) are nonzero, then () % 0(m2).

2.2. A refinement of Adams’ conjecture

Next, we give a description of the theta correspondence in terms of A-parameters. We fix
a nontrivial additive character ¢ once and for all. Assume that

m=dimW >n=dimV >1.

Fix a pair of splitting characters (xv,Xxw ), and consider the theta correspondence between
U(V) x U(W) with respect to it.

Let ¥ be a local A-parameter of U(V). If we write it as a sum of irreducible
subrepresentations

=" piSe, B,

we say that W is of good parity if p;S,, X Sp, is conjugate self-dual of parity (—1)"~1 for
all i. Here, we are following Atobe-Gan’s notation [AG17] on irreducible representations
of the Weil-Deligne group WDg = Wg x SLy(C); we omit the tensor symbol between p;
and S, to distinguish finite-dimensional representations of the Weil-Deligne SL3(C) and
the Arthur SLy(C).
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Theorem 2.1.
(1) Assume that U is of good parity and
m—anax{bi—ai—i—l ’ Di :XW}.

Let m be an irreducible unitary representation in the local A-packet 1y (U(V')). Then
the theta lift 0(m) of m to U(W) lies in the local A-packet gy (U(W)) if it is
nonzero, where
0(¥) = ‘I’X{}}XV +xv XS _n.
(2) Moreover, if we further assume that
mfn>mlax{bi+ai71 | Di EXW},
then 6(w) must be nonzero for any m € Iy (U(V)).
Proof. This is [Mcegl1, Thm. 5.2]. O
Remark 2.2.

(1) There is a caveat here: Moeglin’s result [Mcegll, Thm. 5.2] is for the symplectic-
orthogonal dual pair. If one assumes Mceglin’s explicit construction of A-packets
for unitary groups (both quasi-split and nonquasi-split), then Moeglin’s proof of
[Moegll, Thm. 5.2] should also work for unitary dual pairs.

(2) In later proofs of our main result, we will only use A-packets of unitary groups
in some special cases; those A-packets are the Zelevinsky—Aubert dual of some
tempered L-packets. Since the LLC for unitary groups has been fully established
(see [Mok15, KMSW14, MR18, CZ21a]), all the properties of those A-packets that
we need can be easily checked using the properties of the LLC and the Zelevinsky—
Aubert duality. Hence, our main result in this paper is not conditional on the
construction of A-packets for unitary groups.

Recall that for each local A-parameter U, the local A-packet I1g(U(V)) is also equipped
with a map (depending on the choice of the additive character ¢r)

j : H\I;(U(V)) — II‘I‘Aq;,

where Ay is the component group associated to W. For example, if ¥ is a local A-
parameter of good parity as above, then

Ay =Y 7/2La;
J
is a free Z/2Z-module with a canonical basis {a;};, where j runs over a representative

set of inequivalent subrepresentations of W.

Theorem 2.3. In the context of Theorem 2.1(1), let m € Ilg(U(V)) and n the character
of Ay associated to . If the theta lift 6(m) is nonzero, then it corresponds to the character
0(n) of Ag(w), where O(n) can be uniquely determined as follows:
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e if n and m are of different parity, then

om) | =mn

Ay

e if n and m are of the same parity, then

b)) nles) = (i ).

where a; € Ay is the basis element corresponding to the irreducible summand ¥
of .

Here, we regard Ay as a subgroup of Ag(wy via the canonical injection Ay — Agw) sending
each basis element a; € Ay corresponding to W; C ¥ to the basis element a} € Ay
corresponding to \I/jx‘},lxy C H().

Proof. This can be proved as in [Atol8, Sect. 7.4]. See also [CZ21Db, Cor. 7.4]. O

2.3. A result of Atobe

The following lemma, which is essentially due to Atobe, is useful to us in the later proofs.
Let v be the normalized absolute value of E*.

Lemma 2.4. Let Gy = U(Vy) be the unitary group associated to some Hermitian (or
skew-Hermitian) space Vo, and ¥o an A-parameter of Go. Suppose that Uqy is of good
parity, multiplicity free and trivial on the Weil-Deligne SLo(C). Let p be an irreducible
representation of Wg and x € %Z positive such that

pRSo_1 C ¥y and pKSy,41 & Vo
Then for any mo € Iy, (Go), we have a nonsplit exact sequence:
0—7m—pv *xmy — 7 —0,

where 7 1s the unique irreducible subrepresentation and w is the unique irreducible
quotient of pr=" X my. In particular, the length of the induced representation pr~" x
o 1S 2.

Proof. Let ¢ = \TIB be the Aubert dual of ¥y, namely the L-parameter of Gy obtained
from ¥, by exchanging the Weil-Deligne SLy(C) and the Arthur SLy(C). By our assump-
tion, ¢p is a discrete L-parameter. Then apply [At020, Lem. 5.1] to g € Iy, (Go). O

Remark 2.5. Although Atobe only considered split odd orthogonal groups and symplec-
tic groups in [At020], his Lemma 5.1 is true for unitary groups as well. Indeed the three
ingredients used in his proof of orthogonal/symplectic groups are: Moeglin’s construction
of tempered L-packets, Tadi¢’s formula and a lemma of Gan-Ichino [GI16, Lem. A.6].
Since all of these three ingredients are also valid for unitary groups, his proof also works
for unitary groups with very minor modifications.
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2.4. Some local A-packets

Now, we use the Adams’ conjecture to describe Weil representations. Let E! be the
subgroup of E* consists of norm 1 elements. Let yg be a character of E' and yx the
character of E* obtained from xo by base change; we may regard x as the L-parameter
of the unitary group E! corresponding to yo. We denote by wy. u[x] the maximal
subrepresentation of wy,, such that the center of U(V) acts by xo. When n =1, the
representation wy,,[x] has been studied by [Moe87] and [Rog92]. So we shall concentrate
on the case n > 2.

Lemma 2.6.

(1) If n=2 and x = u?, then the representation wv, ] is nonzero only when the space
Vis of sign +1, in which case wy ,[x] is the generic member (with respect to the
generic datum defined by 1p) in the L-packet I1,(U(V')), where

¢ =p+p.

(2) For any n=dimV > 2, excluding the special case above, the representation wy ,[x]
is nonzero, irreducible and unitary. It lies in the A-packet 1y (U(V)), where

U=y-pu " XS, ;.
The character n € Irr Ay associated to wy ,[x] is
(Le(V)) if n is even,
n:(e,en_1)—

(e (%7XM_"7¢E,5) ,e(V)e (%,xu‘"ﬂ/}E,g) ) if n is odd.

Here, e1 and e,_1 are the basis elements of Ay corresponding to x -p~ "t and
XS, 1, respectively.

Proof. Let L; be the one-dimensional Hermitian space associated to 1 € F'*. Let xy be a
character of E* such that xy px =W /F and {1z, v the Weil representation associated
to U(L1) x U(V) with respect to the splitting character (u,xy ). Then we have

QL V‘ =WV -
1 uv) K

Hence, wy ,[x] can be regarded as the theta lift of the character =" xyv. Thus, our first
assertion follows from Theorem 2.1, and the second follows from Theorem 2.3. O

2.5. Irreducibility of big theta lifts

Finally, we investigate the irreducibility of the big theta lift of wy ,[x]. We shall work in
a slightly more general setting.

We retain the notations of Section 2.2. From now on, we assume that m is even and
m > max{2n —2,n}. Let

U=64+uRS,
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be a local A-parameter of U(V), where ¢ and p are conjugate self-dual characters of parity
(—=1)»~1 and —1, respectively. Our goal is to show the following.

Theorem 2.7. For any 7 € Il (U(V)), the big theta lift O(m) to UW) is irreducible if
it is nonzero. Moreover, we have

EXt%(V) (Q,’/T)Sm = 0

for all i > 0. Here, Q is the Weil representation associated to U(V) x U(W), and the
subscript ‘sm’ stands for taking the U(W')-smooth vectors.

Remark 2.8. Although in this theorem we do not assert the nonvanishing of O(r), in
the range we are considering (i.e., m > 2n—2 and n > 2), we are almost always in the
situation of Theorem 2.1(2), except for the following low rank cases:

e n =2 and m =2 (this case will not be used in the proof of our main theorem);
e n=3 m=4and = xw.

We shall prove this theorem by induction on the dimension of V. Let z,, = —n/2+1.
According to Meeglin [Mceg06, Sect. 2.4], we know that:

Lemma 2.9. Assume that n >3, and let m € g (U(V)). If © is not supercuspidal, then
there exists a unique mo € g, (U(Vy)) such that

T ™" X .
Here,
Vo=456+puKS, 3,
and Vy is a subspace of V such that V ~Vy & H.

Using this fact, we now do the induction step.

Proposition 2.10. In the context of Lemma 2.9, assume that
T ™" X .

Let Wy be a subspace of W such that W ~Wy@H'. Consider the theta correspondence of
U(Vp) x U(Wy) (with respect to the same splitting characters). Then if Theorem 2.7 holds
for g, it also holds for .

Remark 2.11. In the setting of Theorem 2.7, we have assumed that m > 2n — 2. Note
that the dimensions of V; and W, also satisfy this inequality. Hence, it makes sense to
talk about Theorem 2.7 for mg.

Proof of Proposition 2.10. Let P be the standard parabolic subgroup of U(V') with
Levi component GL; x U(Vp). For i > 0, by the (derived version of) Frobenius reciprocity,
we have

Ext%(v)(Q,qu" X o) = Exté;Ll y U(Vo)(RpQ,,qu" X mg),
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where Rp is the normalized Jacquet module along P. To compute the right-hand side of

above, one can appeal to the Kudla’s filtration. There is a two-step filtration on Rp§2:
RpQ=R°DOR'DR?*=0,

whose successive quotient J¢ = R*/R%*! can be described as follows:

m—n-+41

JO=xwr 2 KQq,

and

J'=Indgt S oo™ (S(EX) B 0) -
Here:

Q) is the Weil representation associated to U(Vy) x U(W);
@ is a maximal parabolic subgroup of U(W) stabilizing an isotropic line of W;
the Levi subgroup of @ is isomorphic to GLy x U(Wjy);

e S(E*) is the space of Schwartz functions on E*, equipped with the natural action
of two copies of GL; (twisted by the splitting characters);

e o is the Weil representation associated to U(Vp) x U(Wy).

Applying the functor Homgr, x u(vy) (- pv®" W mg) to the short exact sequence
0— J'— RpQ — J" —0,
we get a long exact sequence

e — Exti(JO,w/Z" K 7o)sm — EXti(RPQ,[LZ/Z" X 7o) sm

— Exti(Jl,;ww" X 7mo)sm — Exti+1(J0,,u1/w" X70)sm — -

Here, for the exactness of taking U(W)-smooth vectors, one may refer to [APS17, Lem.
5.14, Lem. 7.4]. Since by our assumptions z,, # m’T"“, we know that

Ext’(J°,pv® Kmp) =0
for all ¢ > 0. This implies that
Ext’(RpQ, uv® R 7o) gm ~Ext’ (J1, ™ B 7o) em
= (1) v* 3 Ext' (Q00,0) sm;

where p' = MX{}/lXV~ Here, in the last equality, we have made use of (an Ext-version of)
[APS17, Lem. 2.6] and the Kiinneth formula [APS17, Lem. 3.3]. In particular, we get

HomU(V)(Qv.uan X 7T0)sm = (,U/)CVI" X @(ﬂ'g)v
and
EXt%J(V) (Qhu‘yzn A 7rO)sm, =0 fori>0 (‘)

by our induction hypothesis. Similarly, we also have —x,, # m*T"H The same argument
gives that

Extiyy) (™" X 70)sm =0 for i > 0. (&)
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Now, note that Lemma 2.4 asserts that uv®" xmg is of length 2. Let 7’ be the unique
irreducible quotient of uv®" x my, the sequence
0—m— " xmy —> 7 —0

is exact. Applying the functor Homyy(€2,-) to this short exact sequence and taking
U(W)-smooth vectors, we get

T

0 — Hom(9,7) sm — Hom(Q, uv™™ X m0)sm — Hom(Qﬂr')sm — Ext! (A7) sm —

e Exti(Q”uz/x” X0 ) sm — Exti(Qﬂr')sm — ExtiJrl(Q,w)sm — ExtiJrl(Q,,uuz" X0 )sm —> + -
@)

It follows from Equation (#) that
Exti(Qﬂr')sm ~ ExtHl(Q,ﬂ)sm fori>0.

Dually, apply both the contragredient and MVW-involution (see [MVW, Chap. 4.I1.1])
to ur® xmy, we get a dualized short exact sequence

0— 7 — pv " xmyg — 71— 0.
Similar to the argument above, this short exact sequence leads to a long exact sequence
0 — Hom(, 7" ) sm — Hom(Q, urr =" X 7)) sm — Hom(Q,7)sm — Ext! (Q,7) sm —

o Extt(Qur ™ xm0) em — Ext (Q,7) sm — ExtTH( Q1) sm — ExtTH(Q,ur ™% 3 7w0) s —> -

(<)
which combining with Equation (&) similarly implies that
Ext"(Q,7) gm ~ Ext™ Q7)o for i > 0.
Playing ‘Ping-Pong’, one can see that Ext’(Q,7) is periodic:
Ext’(Q,7)gm ~ Ext™2(Q,7) g fori> 0.

Since the higher extensions vanish when the degree is sufficiently large [Ber92, Pg. 98,
Sect. 4.2], these groups Ext’(€,7)s, must vanish for all 4 > 0 with no other choice. The
same reason also gives the vanishing of higher extensions of 7’.

Suppose that ©(w) # 0. It remains to show that ©(r) is irreducible. Thanks to the
vanishing of higher extensions, we deduce from the long exact sequence (V) that

0—0(m)Y — (1) v xO(m)Y — O(7")Y — 0

is exact. In particular, ©(my) must be nonzero, hence irreducible by our induction
hypothesis. It then follows from Theorem 2.1 that © (o) lies in Ily(y,)(U(Ws)), where

9(\110) = 5X[7V1XV + NX;VlXV X Sn73 + Xv X Smfnn

Now, we claim that the induced representation (/)" x ©(mg)V is of length 2, and the
two subquotients are nonisomorphic. Indeed, if m —n =1 and § = yw, one can easily
check this by hand. Otherwise, note that:
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e G(Wy) is of good parity, multiplicity free and trivial on the Weil-Deligne SLo(C);
° ,u/ |Z|S—2wn—1 C 9(\1/0) but ,LL/ |Z|S_2xn+1 ¢ 9(\1/0)

In short, we are again in a situation such that we can appeal to Lemma 2.4, from
which our claim follows. Therefore, it suffices to check that O(n’) # 0. We shall argue
by contradiction to show this. Suppose on the contrary that ©(7') = 0. Then on the one
hand, we have

O(m)" = (1) v x6(m)",

which implies that (/)% x ©(mg)Y has socle #()". On the other hand, we also deduce
from the long exact sequence () that

0—0(1")Y — (1) v " x0(m)Y — O(7)Y — 0
is exact. Since we had assumed that ©(x’) =0, this exact sequence implies that
(1) v % O(m)" ~ O(m) ",
Applying both the contragredient and the MVW-involution, we get
O(mMVY = () v % O(m0)",

which implies that (u)° %" x ©(my)" also has cosocle §(m)Y. This contradicts our claim.
Thus, O(7') # 0 as desired. O

Now, we can prove our goal.

Proof of Theorem 2.7. By using the previous proposition, we can reduce Theorem 2.7
to the case that 7 is supercuspidal or to the case that n =0. In the supercuspidal case:

e it is well known that the big theta lift of a supercuspidal representation is
irreducible;

e all higher extensions vanish since supercuspidal representations of a unitary group
are compact.

In the case that n =0, U(V) is trivial and the Weil representation is simply a character
of U(W). Hence, Theorem 2.7 holds. O

3. Proof of the main result
In this section, we shall prove the main result: Theorem 1.3. We first note:

Lemma 3.1. Assume that Conjecture 1.1 holds for a tempered L-parameter M. Then
for any conjugate orthogonal character X of L*, Conjecture 1.1 also holds for the L-
parameter M - X.

Proof. To see this, one simply notes that
my (ILp) =my <H~Xo,u (X ]50) )7

where Xj is the character of L' whose base change to L* is X. O
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Let n > 2 be an integer, and V an (n+ 1)-dimensional skew-Hermitian space over E.
We shall start with an L-parameter of the form

M = My + M,

where M; is a conjugate self-dual character of parity (—1)".

3.1. Two seesaw diagrams: uniqueness

If there is an irreducible tempered representation II in the L-packet II); corresponding
to n € Irr Aps such that

my (H7 /’L) # 0,

we would like to lift II to some unitary group of n-variables to obtain some information.
Let {a;};_; be a canonical basis of Ajs, where each a; corresponds to some irreducible
subrepresentation M; of M (so ay corresponds to M;). We set e =n(a;) and W the unique
n-dimensional Hermitian space over L of sign e. Let (Xy,Xw ) be a pair of characters of
L* such that

Xy | =wifg and Xy =M.

Then one can consider the theta correspondence between U(Vi) x U(W) with respect to
the splitting character (Xy,Xw ). By [GI16, Sect. 4.6(P2)], one knows that there is an
irreducible tempered representation ¥ of U(W) such that

m=0(%)
is the big theta lift of X. Indeed, one knows that % has the L-parameter
O(M) = My - Xy Xy

and corresponds to the character 6(n) =7 | Aoiany” Consider the following seesaw diagram:

U (RW) U (Vk) A =0O(wy,u[x]) II=06(X)
U (W) u(v) ) wvulXl @)
where:

RW is the restriction of scalar of W to F;
the theta correspondence between U(Vi ) x U(W) is with respect to some splitting
characters (Xy,Xw);

o the theta correspondence between U(V) x U(RW) is with respect to some splitting
characters (xv,xw);
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e to make use of this seesaw diagram, we choose these splitting characters so that:
Xv=xvoNmp,p and xw=>Xw |g;

e  is the L-parameter of the central character of the restriction of II to U(V),
that is,

x = det(M) ’EX.
Then by the seesaw identity, we get
my (I, p) = dim Homywy (A, %). (R.1)

In particular, A is nonzero. By Lemma 2.6, Theorem 2.1 and Theorem 2.7, we know
that:

o wy ,[x] lies in the A-packet Iy, ,(U(V')), where
Unr,p=x-p "+ p®Sn;

e A is an irreducible unitary representation lies in the A-packet Ilg(y,, ) (U(RW)),
where

O(Waru)=Yar, X Xv +xvES,_1
=X XXy Xy BSn 1 e X v XS

To compute the right-hand side of equality (MH.1), we shall use another seesaw diagram:

U (V%) U(RW) I’ = 6(x) O(w)

UV U (W) w X (8:2)
where:

e V" is an n-dimensional skew-Hermitian space over E which will be suitably chosen
later, and V["( is its scalar extension to L;

e the theta correspondence between U(V’) x U(RW) is with respect to some
splitting characters (xy»,X{y);

e the theta correspondence between U(V}) x U(W) is with respect to some splitting
characters (Xy», Xy );

e to make use of this seesaw diagram, we choose these splitting characters so that:

Xy =xyroNmp g and Xw = X ’Ex;

e w is some irreducible unitary representation of U(Vb) which will also be suitably
chosen later.

https://doi.org/10.1017/51474748024000197 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000197

Twisted Gan—Gross—Prasad conjecture for certain tempered L-packets 31

We would like to choose these data appropriately such that w is the theta lift of certain
character of Uy, and A = O(w). To make this possible, we need to pick up these splitting
characters very carefully. Let

Xve =X Xy and Xy =M
where T is a conjugate orthogonal character of L* so that

T =
EX

It is not hard to see that such T exists. Then again by Theorem 2.1 one can see that w
(if exists) lies in the A-packet IIg, (U(V?)), where
U=y "M 4 u RS, 1, with x = det(M/My) | ..

Indeed, we have:
Proposition 3.2. Let V° be the n-dimensional skew-Hermitian space of sign
- +1 ifn=2 and x* = p?,
‘ ( ) e(V)-e(RW)-e (%, ASZ/E(Ml) -u‘l,z/JE’g) ‘wg/p(=1)"  otherwise,
(1)

W= wvb,u[Xb]-
Then A is the (big) theta lift of w to U(RW), that is, A = O(w).
Proof. We first check the special case that n =2 and x* = 2. So
0 (Uar,) = Xv + 1 X xv BS2 + (x,)
and
A C xv % (xoodet),

where Y is the character of E' whose base change to E*X is u- X;V1XV~ By the induction
principle, one knows that the theta correspondence between U(V?) x U(RW) defines a
bijection

0: 1 (U(V")) — Up(u,y, ) (URW)),

where ¢ = 1+ is an L-parameter of U(V?). Hence, A is the (big) theta lift of some
w € Iy (U(V?)). To check that w = wy» ,[x’], one can compute the character n° € Ir Ay
associated to w. Recall that A is also the theta lift of wy ,[x]. If we denote by n € Trr Ay, ,
and 6(n) € Irr Ag(y,, ) the character associated to wy,,[x] and A, respectively, then by
Lemma 2.6 and Theorem 2.3, we have

b(n)(a) = nfa) = Govwn~ s ).
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Here, a € Ag(y,,. ) is the basis element corresponding to xv, and we regard Ay and Ay, ,
as subgroups of Ag(y,, ,).- Apply Theorem 2.3 again, we get

@) =0 (0 xphves ) =1

This implies that w = th,H[Xb}.

Now, excluding the special case above, we prove the general case. It would be convenient
to consider the cases of odd and even n separately. In the following, we check the case of
odd n in full details.

Let €1, e5,—1 and e, be the basis elements of Ay(y,, ,) corresponding to x-u~"- ngl XV,
xv XS,_1 and p- X;VlXV X S,,, respectively. Then:

e Ay, , can be regarded as the subgroup of Ag(y,, ,) generated by e; and ey;
e Ay, can be regarded as the subgroup of Ag(y,, ,) generated by e; and e, 1.

Recall that wy ,[x] € Iy, , (U(V)) corresponds to the character vy,41 of Ay,, , such
that

Vp+1 : (61,€n) — (176(‘/)) .

Then by Theorem 2.3, A = © (wv,,,[x]) corresponds to the character v of Agy(y,, ,) such
that

1 1
v (elven) — (6 (vau_n 'XI/Vlv/(bEﬁ) 7€(V) € (27MXVVI &Sn,i/JE’(;)) .

The evaluation of v at e,_1 can be determined by its evaluation at (e1,e,) and the sign
of RW. To be more precise, v takes e, _1 to

1 _ 1 _
E(V) ' E(RW) € <27X : /“Lin : X{/Vlaq/}E,(s) - € (2,/.t : XWl |X|Sna’¢)E,5)

=e(V)-e(RW)-e (;,Xb 'M_n7¢E,5) -€ (;ASJE/E(Ml) 'M_1,¢E,5> wg/p(—1).

Hence, if we let V? be the n-dimensional skew-Hermitian space as in Equation (1), then
again by Theorem 2.3, one can check that:

) wa,#[Xb] € Iy, (U(V?)) corresponding to the character v, of Ags such that

1 1
Up: (elaenfl) — (6 (27Xb '/Jf_nvwE,5) , € (Vb) € (27Xb ';u’_nv’l/}E,J)> 5

o the theta lift of wa,N[Xb] to U(RW) is nonzero and exactly equal to A.

These complete the proof of the case when n is odd.
Similarly, when n is even, wy ,[x] € Ily,, , (U(V)) corresponds to

1 1
Upt1: (€1,6n) — (6 (2&(#_”_1#/@,5) (Ve (27XH_n_17'¢E,6>> .
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By Theorem 2.3, A corresponds to v € Irr Ag(y,, ) such that v Ay = Up+1, SO
: Mo

viep—1)=€¢(V)-e(RW).

Then again one can appeal to Theorem 2.3 to show that the theta lift of ww’u[xb] is
exactly A. O

With this proposition in hand, we get
mV(H7M) = dlmHomU(W)(sz) =My (anu) (%2>
is nonzero. In particular, IT” is nonzero. By [GI16, Sect. 4.4(P1)], we know that:

e The sign of the Hermitian space W is given by

1

€(W) =€ (27MO 'TMl 'Mil ONmL/Ea ¢L,6) s

where Y1 5 =¢YF (TrL/F(é- ))
e II” is an irreducible tempered representation has L-parameter M’ = My and
corresponds to n°, where

Mgy=Mo-"My-M;'-Y-p~ oNmy g,
and
0 (a;)/na;) = e <;Mi TMy ot ONmL/vaLﬁ)
for all 7 > 2.
Also note that
e(RW)=¢eW)-wg/r ((52)n wg/p(=1)".

Substitute these into Equation (), we get
1
e(vb) =e(V)-e (Q’Indf (TM1®(M/M1))'/~L17¢E75>

1 _ n
‘€ (27ASZ/E(M1) p 17?/1E,6> ‘wresr (6%)" (1)
Now, if we assume that Conjecture 1.1 holds for the L-parameter M”, then it follows

that:

(1) The multiplicity my (IL ) = 1.

(2) V is the unique (n+ 1)-dimensional Hermitian space over E predicted by the
formula in Conjecture 1.1(3). Indeed, note that for any semisimple representation
N and any character X of WDy, we have

Ast(N-X) = AsT(N)- (zc ‘E)
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Combining this with Conjecture 1.1(3) for M®, we know that

1 n(n—
€ (Vb) = (27 Asf g (Mb> ®N17¢E,5> ~wie/r (0%) e
n(n—1)/2

1 _
=€ (27Asz/E (MO) Qp 1ad)E,5) WK/F (52)

Then applying the equality (11), we get

1
(V) =e(v?) ¢ (o maf ("0 (01/30)) -
1 _ n
"€ (2,ASJ£/E(M1) 7 1,¢E,5> ‘wre/F (6%)
1 _ n(n 2
=€ <2’ASZ/E<M)®N 1,¢E,6> "WK/F (52) (nt1)/ .

(3) II is the unique member in II,; predicted by the formula in Conjecture 1.1(4).
Similar to (2), it follows from Conjecture 1.1(4) that

1
1 (00) = (500 (M, (0o 31 0
1
=c (2»TM2‘ ® (Mo/M;)-p~! ONmL/E7¢L,5>
for all i > 2. Hence,

1
n(ai) =n’(a;)-e <27Mi Myt ONmL/E,wL,(s)

1 _
€ (277M1 ® (M/M;) - p ONmL/Ead’L,&)

=€ (; Ind} ("M; ® (M/M;)) '/flﬂpEﬁ)

for all i > 2. On the other hand, recall that n(a;) = e(W). This implies the desired
equality

1
n(a1) =€ <2>M0'TM1 ! ONmL/E,ll)L,(s)
_ 1]: dE TM —1
=€ 27 1 L( 1®(M/M1))/~‘L 7¢E,6 .

The computation above shows that there is at most one II in the L-packet IIj; such
that my (IL,u) # 0.
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3.2. Reversing two seesaw diagrams: existence

Conversely, still under the assumption that Conjecture 1.1 holds for the L-parameter M®,
we can produce an irreducible tempered representation II’ € I, such that

my (H/hu) #0

for some (n+ 1)-dimensional skew-Hermitian space V', from the unique irreducible
tempered representation II” € II arv such that

mys (I, 1) # 0.

We do it by applying the two seesaw diagrams reversely as follows. First, consider an
analog of the seesaw diagram (7.2) (using the same splitting characters):

U (Vi) U (RW) P=o) =0 (w,K)

u(v?) U W) Wy u[X] 5
where W’ is the unique n-dimensional Hermitian space over L chosen by the theta
dichotomy [GI16, Sect. 4.4(P1)]; that is, the theta lift ¥’ of I’ to U(W’) is nonzero.
Symmetrically, II” = © (¥’) is the big theta lift of ¥'. By the seesaw identity, we have
mys (Hb,p,> = dimHomy ) (A, X). (.3)

In particular, A’ is nonzero. It then follows from Theorem 2.1 and Theorem 2.3 that A’
is an irreducible unitary representation lies in the A-packet Ily(y,, ) (U(RW')), where

0(Tar ) =x 1" X xv +xv B S, 1+ xuxv BS,.

Next, we shall use an analog of the seesaw diagram (f.1). The following is an analog of
the key Proposition 3.2.

Proposition 3.3. Let V' be the (n+1)-dimensional skew-Hermitian space of sign
1 - n
(V)= (V") e(RW) e <2,AsJLr/E(M1) u 1,¢E,5) -wiyp(—1) (1)
and

w' = wyr u[x]-

Then A’ is the (big) theta lift of W' to URW'), that is, A" = ©(w’). Here, we are using
the same splitting characters as described in Equation (4.1).
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Proof. We first check the special case that n =2 and x* = 2. So
War, = xw +pB S,
and
0(War) = xv+ i xw xv RS+ (x5)" -

Let V" and RW” be the companion spaces of V' and RW' respectively. Consider the
following map given by the theta correspondence:

Oy : it UV UIr U(V") — Tr URW') U Ier U(RW"),
where

oy JOrw(m) €l (URW)) if Orw () # 0;
Orw (m) € Irr (URW"))  otherwise.

This map is well defined by the theta dichotomy. Using Theorem 2.1, One can easily
check by hand that this map restricts to a bijection

04y, ,(U(V'))UlLy,,  (U(V")) — Tg(w,,, ) (URW')) Ully(w,, ) (URW")).
Hence, A’ is the (big) theta lift of some
w' €lly,, , (V")) ULy, , (UV")).

To check that w’ = wy- ,[x], one can use Theorem 2.3 and Lemma 2.6 to compute the
character 7' € Irr Ay, , associated to w’. We omit the details.

Excluding the special case above, the theta correspondence between U(V') x U(RW')
is in the situation of Theorem 2.1(2). It follows that the theta lift ©(wy- ,[x]) to URW’)
is nonvanishing. So the proof of the general case comes down to a computation of
the labellings similar to the proof of Proposition 3.2. We shall not repeat the tedious
computation here. O

Now, we can consider the following seesaw diagram, with respect to the same splitting
characters as described in Equation (7.1):

U (RW) U (Vi) A = O(wyr ulx]) II' = ©(X)

U uv’) Y wyr,u[x]
Again by the seesaw identity, we have
my (I, ) = dim Homy ) (A, %) = mys (I, 1) (F.4)

is nonzero. In particular, I is nonzero. By [GI16, Sect. 4.6(P2)], we know that II’ is an
irreducible tempered representation of U(V},) lies in the L-packet IIj;. The construction
above shows the existence of II' € IT); such that my- (II', 1) # 0.
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3.3. Conclusion

In summary, we have shown that:

Proposition 3.4. Let Vj be an n-dimensional Hermitian space over E and M/, a tempered
L-parameter for the unitary group U(Vy k). Assume that Conjecture 1.1 holds for the L-
parameter M. Then it also holds for the L-parameter of the form

M = M}- X+ M;,

where X is any conjugate symplectic character of L™, and My is any conjugate self-dual
character of L™ of parity (—1)™.

Proof. As we have explicated above, given such an L-parameter M, one can construct an
L-parameter M° of U(Vo, k). As long as Conjecture 1.1 holds for the L-parameter M b it
also holds for M. On the other hand, from the construction of M”, one can see that

M’ = M-y

for some conjugate orthogonal character ) of L*. Thus, by Lemma 3.1, Conjecture 1.1
holds for M”. O

Now, we can prove the main result of this paper.

Proof of Theorem 1.3. Simply note that if M is a summation of conjugate self-dual
characters as described in Theorem 1.3, then so is M". O

The reader may notice the similarity of our setup with the paper [Xue23] of Hang Xue,
in which he showed the Bessel case of the local GGP conjecture for unitary groups over
R. There, he worked also with L-parameters M of the same form as those in Theorem 1.3.
Indeed, we are partly inspired by his results to consider these M’s. However, the inductive
argument in our proof is different from that in [Xue23] (not to mention that the setting
of our result is different).

We end up this paper with a remark on the global conjecture [GGP23, Conj. 11.1]. One
can expect to prove the global conjecture for the near equivalence class

M=M +---+ M,

with each M; conjugate self-dual automorphic character of GL; of parity (—1)""! by
using the same argument. Instead of the Adams’ conjecture used in this paper, one will
need to show an analog of the Siegel-Weil formula in the global case so that one can
compare the theta integrals of wy , and wy» ,. More precisely, let Qy and €y, be the
Weil representation associated to U(V) x U(RW) and U(V?) x U(RW), respectively, one
needs to compare

/[( ) 0,(9,h)f(g)dg for o € Qy, fewy,,, g UV), he URW)
U
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and
/ O, (9'sh) f'(g')dg"  for " € Qs frewys ,, g’ € U((V*), he URW).
[uv?)

Unfortunately, these theta integrals diverge in general. So one has to properly regularize
these theta integrals first. Once a global analog of Proposition 3.2 has been established,
the remaining parts should go over smoothly.

Acknowledgements. Both authors were supported by a Singapore government MOE
Tier One grant R-146-000-320-114 during the course of this work. The work was completed
when the second author visited the Erwin Schrodinger Institute (ESI) in Vienna in April
2022; he thanks the ESI for excellent working conditions and inspiring atmosphere. The
authors thank Petar Baki¢, Marcela Hanzer and Jialiang Zou for helpful discussion and
comments.

Competing interests. The authors have no competing interest to declare.

References

[AG17] H. ATOBE AND W. T. GAN, ‘Local theta correspondence of tempered representa-
tions and Langlands parameters’, Invent. Math. 210(2) (2017), 341-415.
[APS17] J. D. Apams, D. PRASAD AND G. SAVIN, ‘Euler—Poincaré characteristic for the
oscillator representation’, in Representation Theory, Number Theory, and Invariant
Vheory, Progr. Math., vol. 232 (Birkh&user/Springer, Cham, 2017), 1-22.
[Atol8] H. ATOBE, ‘The local theta correspondence and the local Gan-Gross—Prasad
conjecture for the symplectic-metaplectic case’, Math. Ann. 371(1-2) (2018),
225-295.
[Ato20] H. ATOBE, ‘Jacquet modules and local Langlands correspondence’, Invent. Math.
219(3) (2020), 831-871.
[Ber92] J. BERNSTEIN, ‘Representations of p-Adic groups’, 1992, https://people.
math.harvard.edu/%20gaitsgde/Jerusalem 2010/ GradStudentSeminar /p-adic.pdf.
[CZ21a] R. CHEN AND J. Zou, ‘Local Langlands correspondence for unitary groups via
theta lifts’, Represent. Theory 25 (2021), 861-896.
[CZ21b] R. CHEN AND J. ZoU, ‘Theta correspondence and Arthur packets’, Preprint, 2021,
arXiv:2104.12354.
[GGP23] W. T. GaN, B. H. Gross AND D. PrasaDp, ‘Twisted GGP problems and
conjectures’, Compos. Math. 159(9) (2023), 1916-1973.
[GI16] W. T. GAN AND A. IcHINO, ‘The Gross—Prasad conjecture and local theta
correspondence’, Invent. Math. 206(3) (2016), 705-799.
[GT16a] W. T. GAN AND S. TAKEDA, ‘On the Howe duality conjecture in classical theta
correspondence’, in Advances in the Theory of Automorphic Forms and Their L-
functions, Contemp. Math., vol. 664 (Amer. Math. Soc., Providence, RI, 2016),
105-117.
[GT16b] W. T. GAN AND S. TAKEDA, ‘A proof of the Howe duality conjecture’, J. Amer.
Math. Soc. 29(2) (2016), 473-493.
[HKS96] M. HARRIS, S. S. KubLA AND W. J. SWEET, ‘Theta dichotomy for unitary groups’,
J. Amer. Math. Soc. 9(4) (1996), 941-1004.

https://doi.org/10.1017/51474748024000197 Published online by Cambridge University Press


https://people.math.harvard.edu/%20gaitsgde/Jerusalem\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {\global \mathchardef \accent@spacefactor \spacefactor }\accent 95 \egroup \spacefactor \accent@spacefactor 2010/GradStudentSeminar/p-adic.pdf
https://arxiv.org/abs/2104.12354
https://doi.org/10.1017/S1474748024000197

[KMSW14]

[Kud94]
[Moe87]
[Moeg06]

[Moeg11]

[Mok15)

[MR18]

MVW]

[Rog92]

[Wal90]

[Xue23]

Twisted Gan—Gross—Prasad conjecture for certain tempered L-packets 39

T. KALETHA, A. MINGUEZ, S. W. SHIN AND P.-J. WHITE, ‘Endoscopic clas-
sification of representations: Inner forms of unitary groups’, Preprint, 2014,
arXiv:1409.3731.

S. S. KupLA, ‘Splitting metaplectic covers of dual reductive pairs’, Israel J. Math.
87(1-3) (1994), 361-401.

C. MOEN, ‘The dual pair (U(3),U(1)) over a p-adic field’, Pacific J. Math. 127(1)
(1987), 141-154.

C. M@EGLIN, ‘Sur certains paquets d’Arthur et involution d’Aubert-Schneider-
Stuhler généralisée’, Represent. Theory 10 (2006), 86-129.

C. M@&GLIN, ‘Conjecture d’Adams pour la correspondance de Howe et filtration
de Kudla’, in Arithmetic Geometry and Automorphic Forms, Adv. Lect. Math.
(ALM), vol. 19 (Int. Press, Somerville, MA, 2011), 445-503.

C. P. Mok, ‘Endoscopic classification of representations of quasi-split unitary
groups’, Mem. Amer. Math. Soc. 235(1108) (2015), vi+248.

C. M@EGLIN AND D. RENARD, ‘Sur les paquets d’Arthur des groupes classiques
et unitaires non quasi-déployés’; in Relative Aspects in Representation Theory,
Langlands Functoriality and Automorphic Forms, Lecture Notes in Math., vol.
2221 (Springer, Cham, 2018), 341-361.

C. MEGLIN, M. VIGNERAS, AND J. WALDSPURGER. ‘Correspondances de Howe
sur un corps p-adique’, Lecture Notes in Mathematics, vol. 1291 (Springer-Verlag,
Berlin, 1987), viii4+163.

J. D. RocawskKl, ‘The multiplicity formula for A-packets’, in The Zeta Functions
of Picard Modular Surfaces (Univ. Montréal, Montreal, QC, 1992), 395-419.
J.-L. WALDSPURGER, ‘Démonstration d’une conjecture de dualité de Howe dans
le cas p-adique, p # 2, in Festschrift in Honor of I. I. Piatetski-Shapiro on the
Occasion of His Siztieth Birthday, Part I (Ramat Aviv, 1989), Israel Math. Conf.
Proc., vol. 2 (Weizmann, Jerusalem, 1990), 267-324.

H. XUE, ‘Bessel models for real unitary groups: the tempered case’, Duke Math.
J. 172(5) (2023), 995-1031.

https://doi.org/10.1017/51474748024000197 Published online by Cambridge University Press


https://arxiv.org/abs/1409.3731
https://doi.org/10.1017/S1474748024000197

	1 Problem, conjecture and results
	1.1 Biquadratic extension
	1.2 Skew-Hermitian spaces
	1.3 Twisted GGP problem
	1.4 Main result
	1.5 Idea of proof

	2 Weil representations
	2.1 Local theta correspondence
	2.2 A refinement of Adams' conjecture
	2.3 A result of Atobe
	2.4 Some local A-packets
	2.5 Irreducibility of big theta lifts

	3 Proof of the main result
	3.1 Two seesaw diagrams: uniqueness
	3.2 Reversing two seesaw diagrams: existence
	3.3 Conclusion




