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ABSTRACT. Variance analysis of the long time series of mass balances recorded on Glacier de Sarennes
(45°07’ N, 6°07’ E) France, since 1949 shows that the variability can be separated linearly in two spatial
and temporal terms. Annual balances deviate from their mean values over the period of record by an
annual amount that is uniform over the glacier. Annual balances at each stake are therefore highly
correlated, and sampling at a single site would be acceptable to record the annual deviation. A result of
the linear character of the variance is the possibility of obtaining a systematic error-free estimate of the
annual glacier-total budget by combining the mean annual balance obtained from photogrammetry and
the annual deviation obtained from the variance analysis, rather than using the traditional area

integration of balances at each stake.

1. INTRODUCTION

The spatial distribution of specific balances of a glacier
measured at individual sites is a key parameter used to
optimize the sampling site network and obtain the glacier-
total balance. Spatial dependence of mass balance has been
studied in various papers mostly in relation to altitude
dependence (Meier and Tangborn, 1965; Hoinkes, 1970;
Khun, 1984; Rasmussen, 2004; Rasmussen and Andreassen,
2005). These authors all concluded that altitude profiles,
b(z, t), of balances measured at year t vary from year to year
by an amount Ab(t) that is constant over the entire glacier.
This can be written:

b(z,t) = a(z) + Ab(t), (1)

where a(z) is a specific function for each glacier that can be
integrated over the altitude range of the glacier to give the
glacier-total balance. However, some studies also report a
deviation from Equation (1) (Oerlemans and Hoogendoorn,
1989; Funk and others 1997; Dyurgerov and Dwyer, 2001).
The linear decomposition of temporal and spatial variability
of Equation (1) has been generalized by Lliboutry (1974)
from measurements over the ablation area of Glacier de
Saint-Sorlin. Vallon and Leiva (1981) extended later the
relation to the accumulation area. They proposed the
following equation:

b(x,y,t) = a(x, y) + B8(t), (2)

where b(x, y, t) is the mass balance recorded at location
(x, y) for year t and the « term represents the spatial effects
at (x, y). The a(x, y) term can be reduced to «(z) when the
altitude variable alone can be used to describe the spatial
dependence of balances. The ((t) term represents the
systematic balance differences from year to year over the
entire glacier and is analogous to the amount Ab(t) over
which the vertical profile is shifted annually in Equation (1).
For a given period of record of mass balances measured on a
sampling network, the mean balance measured at (x,y) must
be represented by one of the two components of the
variance decomposition of Equation (2). Under the con-
straint Y A(t) = 0, the mean balance over the whole period
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of record is given by a(x,y) while 5(t) represents the
systematic annual differences from the mean and is defined
as the centred balance.

We present here a complete analysis of the mass-balance
series of Glacier de Sarennes, France, to check if the annual
balance exhibits a linear variance decomposition, as
previously demonstrated for a part of the period of record
(Thibert and others, 2008). Another objective is to use the
variability analysis results to determine the best possible
estimation of the glacier-total balance using an independent
measurement of the cumulative mass balance obtained from
photogrammetry (geodetic mass balance).

2. DATA

Mass-balance series has been measured on Glacier de
Sarennes (45°07’ N; 6°07’ E), Massif des Grandes Rousses,
France, since 1949 (Valla, 1989). Sarennes is a small glacier
(0.4km? in 2003) with a small altitude range of approxi-
mately 200m (2840-3050ma.s.l. in 2003). The annual
balance is measured in late summer from emergence
variations of stakes inserted in the ice of the ablation zone
and cores drilled in the accumulation zone. Balances are
measured at sites 1-5 for which the mean elevations over the
period of record are, respectively, 2860, 2920, 2945, 2995
and 3020 ma.s.l. (Fig. 1). From 1949 to 1957, only two to
four sites were sampled and only four since 2003 because of
the retreat of the tongue. The 1949-2007 data table
(59years x 5 sites = 295 data) is therefore an incomplete
dataset (27 missing values; Table 1).

3. VARIANCE ANALYSIS

A general variance decomposition analysis (CETAMA, 1986)
can be used to determine whether the mass balance follows
Equation (2). The idea is to separate spatial and temporal
effects according to the mathematical model (Lliboutry,
1974):

bj ¢ = aj + B +vibe + €ir 1, (3)

where b; ; is the mass balance recorded at stake i for year t.
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Table 1. Table of mass balances, b;, measured at the five sites, centred balance, 3;, deduced from the variance analysis, and glacier-total
balance, b, obtained by combining the geodetic and glaciological methods. Boldface values are estimated missing values from the variance

analysis
Year b: B Stake 1 Stake 2 Stake 3 Stake 4 Stake 5
by ¢ by ¢ b ; by s bs ¢
mw.e. cmw.e. cmw.e. cmw.e. cmw.e. cmw.e. cmw.e.

1949 -2.84 -195 -295 -326 -291 -299 -247
1950 -1.60 -75 -220 -167 -175 -149 -146
1951 0.00 89 -19 -31 -15 -1 28
1952 -1.39 -55 -180 -180 =155 -132 -113
1953 -0.86 -8 -142 -104 -108 -97 -65
1954 -0.93 7 -133 -121 -114 -81 -81
1955 0.79 166 64 64 54 66 97
1956 -0.51 28 -79 -99 -74 -60 =31
1957 -0.69 11 -153 -95 -92 -58 -32
1958 -0.68 12 -122 -128 -56 -58 -60
1959 -1.62 -82 =220 -202 -180 -185 -108
1960 0.13 93 -48 -54 6 35 42
1961 -0.43 38 -83 -94 -88 -58 27
1962 -0.81 0 -96 -117 -110 -113 -50
1963 0.13 93 -59 —44 13 37 33
1964 -2.04 -124 -316 -281 -189 -193 -123
1965 0.10 90 -33 -18 -9 14 14
1966 0.52 133 25 22 43 31 58
1967 -0.29 51 -4 -118 =81 0 -24
1968 0.43 124 19 9 21 33 52
1969 -0.38 42 -89 -98 =22 -34 -32
1970 -0.25 55 -40 -62 -17 -51 -40
1971 -1.16 -36 -195 -164 -114 -110 -81
1972 -0.36 44 -68 -106 24 -46 -19
1973 -0.60 21 -85 -95 -99 -76 -26
1974 -1.48 -68 -180 -160 -157 -187 -140
1975 0.28 108 17 6 14 10 11
1976 -2.00 -120 -183 -293 -230 -224 -152
1977 1.00 180 45 54 80 117 120
1978 0.65 145 54 23 37 41 85
1979 -0.16 64 -81 -81 -36 11 22
1980 0.47 127 49 8 8 34 51
1981 0.17 97 32 —42 -38 15 35
1982 -0.04 77 -13 -50 -54 -18 34
1983 -0.11 69 -36 -86 -81 -14 77
1984 0.47 127 33 21 7 31 59
1985 -0.95 -15 =55 -135 -126 117 -124
1986 -1.76 -95 -234 -210 -181 -168 -168
1987 -0.87 -7 -90 -142 -149 -104 -32
1988 -0.53 27 -74 -83 -61 -45 -87
1989 —-2.41 -161 -220 -293 -230 -275 =270
1990 -2.03 -122 -239 -252 -213 -202 -189
1991 -1.20 -39 -190 -156 -137 -126 -72
1992 -1.29 -48 -163 -171 -153 -158 -81
1993 -1.30 -49 -168 -200 -144 -147 -72
1994 -0.49 32 =20 -104 -100 -90 -12
1995 0.87 167 69 51 62 73 96
1996 0.31 111 31 6 13 6 14
1997 -0.56 24 -134 -136 -56 -36 0
1998 -2.18 -138 -176 -297 -256 -232 =211
1999 -1.08 -28 -121 -151 -123 =135 -94
2000 -1.41 -61 -129 -177 212 -170 -100
2001 0.47 128 18 1 41 48 46
2002 -1.75 -95 -102 -238 -240 =231 -148
2003 -3.17 -237 -322 -432 -362 -341 212
2004 -2.82 -184 =273 277 -288 -297 -270
2005 -3.23 -228 -313 -339 -317 -365 -290
2006 -2.38 -121 -214 -263 -194 -226 -190
2007 -2.52 -161 -251 -339 246 -232 =221
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Table 2. Variance analysis results over the period 1949-2007. The
explained variance is the variability (%) explained by the
decomposition of variance according the two possible models
(with cross-terms and linear). Taking into account non-linear effects
would only explain an additional variance of 1%

Variability source

Spatial Temporal Cross-terms Residual Explained

Std dev variance
Oq (o] [op) Oc
mw.e. mw.e. mw.e. mw.e. %
Non-linear model  0.25 1.05 0.12 0.24 96
Linear model 0.25 1.05 - 0.28 95

The «; term represents the spatial effects at location i, and
their mean corresponds to the mean annual mass balance at
this location over the whole period, while 3; represents the
annual deviation from the mean (3>_ 3; = 0). The cross-term,
~ié;, accounts for non-linear effects that deviate from the
time and space variable separation under the constraints
> 6 =0and > v =0. If cross-terms are negligible, Equa-
tion (3) is reduced to a pure linear model («; and G; terms).
The ¢;( term represents residuals corresponding to both
measurement errors and discrepancies between the model
and data (unexplained variance). The temporal control
factors and residuals are assumed to be identically normally
distributed with means equal to zero. The spatial (o),
temporal (og), coupled (o,5) and residual (o.) variance
components are to be estimated. As the experience table is
incomplete, the missing values are treated as additional
variables to be estimated. Inference is carried out in a
Bayesian framework using a Markov chain Monte Carlo
scheme (Gilks and others, 1996).

4. RESULTS

The variance analysis results are presented in Table 2. The
variance explained by the decomposition according to
Equation (3) is high (96%), showing that the adopted variance

Sarennes Glacier
|

0 s50m N

o stakes and drilling sites
complementary sites
1952 extent

— 2003 extent

Fig. 1. Location of stakes where balances are measured at Glacier
de Sarennes. Complementary sites where balances have been
measured occasionally on the sides of the glacier are also
indicated. Contour lines on the glacier are at 25 m intervals.

https://doi.org/10.3189/172756409787769546 Published online by Cambridge University Press

Thibert and Vincent: Best possible estimation of mass balance

Table 3. Spatial effects at each sampling site (c;), standard deviation
of residuals (0.), stake-to-3; correlations (r) and mean weighting
coefficients (s) used in the conventional area integration relation-
ship. Best estimator in the estimation of 3; is shown in bold. The
mean altitude of each stake over the period of record is also
indicated

Stake Altitude o o, r? s;

m mw.e.a”' mw.e.a”' %o %o
1 2860 -1.05 0.34 89.9 2
2 2920 -1.28 0.21 96.6 11
3 2945 -1.02 0.20 95.9 27
4 2995 -0.92 0.19 97.4 30
5 3020 -0.58 0.28 93.4 30
Overall -0.97

analysis model is well suited for Glacier de Sarennes. It
makes it possible to examine separately spatial, temporal and
non-linear effects, as well as residuals. Whether the model-
ling hypotheses are fulfilled is checked by standard tests such
as Snedecor tests (variance comparison) and x? tests
(normality of distributions) applied to each component of
the decomposition as described in the following subsections.

4.1. Spatial variability

The spatial variability of the data is o, = 0.25mw.e.a™'. The
deviation from the mean caused by sampling at five sites is
significant, showing that sampling on more than one site is
worthwhile. However, sampling on four sites would be
acceptable, as the discrepancy between the «; spatial terms
is not significant for stakes 1 and 3 (Table 3). As the spatial
sampling at Sarennes is only located on the central axe of
the glacier (Fig. 1), whether such an adopted sampling
covers the overall spatial variability of the mass balance over
the glacier has been investigated in different ways:

1. First, some complementary mass balances have been
measured over 3-6 year long periods on the sides of the
glacier (Fig. 1). Such measurements do not show
significant discrepancy with stakes 3 and 4 (within the
measurement errors). These additional data could have
been included in the variance analysis to check if they
increase the spatial variability. However because these
additional data cover a very short time period, estimation
of missing values would have led to variance analysis
results of too high uncertainty to give any firm conclu-
sion on that point.

2. Second, as explained in a previous study (Thibert and
others, 2008), the static glacier hypothesis (i.e. there is
negligible ice flow) can be adopted at Sarennes, so that
the water equivalent of local altitude changes can be
considered as mass balances. Altitude changes obtained
from the 1952-2003 photogrammetry do not show
spatial variation on the sides of the glacier in comparison
to the central axis.

3. Third, according to Thibert and others (2008), the spatial
variability of the mass balance deduced from photo-
grammetry and the static glacier hypothesis is
0.27 mw.e. This value is very close to the 0.25mw.e.
obtained from the variance analysis of the five axial sites.
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Fig. 2. Annual deviation of the mass balance (centred balance, ;) and its temporal variability (o5 term). G is the annual amount (constant all
over the glacier) from which altitudinal profiles are shifted from year to year in Figure 3. The hypothesis of normal distribution of §; terms is

acceptable.

These three points suggest that the adopted sampling covers
the overall spatial variability of the mass balance at
Sarennes.

4.2. Temporal variability

The temporal variability of the annual balance
(05 = 1.05mw.e.a”') is the main source of variability in
the data (90%). The centred balance has a normal
distribution (Fig. 2). As Equation (3) fits the data well, the
mass balance at each stake differs from year to year by an
amount that is nearly uniform over the glacier. This is
illustrated in Figure 3 where the mean balance at each stake
(ovj curve) has been plotted versus altitude. For a given year
of the period of record (e.g. 1995; Fig. 3), the altitudinal
profile is the same as the mean profile of a; but shifted from
the annual deviation Big9s = +1.67 mw.e.a™". This linear
behaviour is not surprising for Sarennes, which is a small
glacier with a limited altitude range, and such a linear law
has already been reported over the period 1952-2003
(Thibert and others, 2008), as well as for other glaciers

Stake number

(Meier and Tangborn, 1965; Lliboutry, 1974; Kuhn 1984;
Rasmussen, 2004).

4.3. Cross-terms

Non-linearity accounts for only 1% of the variance of the
data (0,5 =0.12mw.e. ah. Figure 4 shows cross-terms
estimated for the period 1958-2002 where there is no
missing value in the data. Fifteen values are significantly
different from zero (at 95% confidence level). There is a small
spatial effect in non-linearity, as cross-terms have a signifi-
cantly higher variance at stake 1 (0,5 = 0.24 mw.e. a". This
can be explained by topographic shading and enhanced
winter accumulation due to snowdrift in this area. Regarding
the complete period 1949-2007, the estimation of missing
values in the data (first 8years of the period of record;
Table 1) increases noise in the analysis: confidence intervals
of 76 cross-terms increase from 0.46 to 0.78 mw.e. This
means that cross-terms are not significantly different from
zero. Moreover, the variance of cross-terms (0.12 mw.e.a™")
is low compared with random errors of measurement of mass
balances (0.17mw.e.a”' at Sarennes; Thibert and others,
2008). Considering their low variance, non-linear effects are
neglected hereafter and the decomposition is considered as

1 23 45 purely linear (95% of explained variance).
2 - H
—— y b 1995 .
o ; H
~ 0
: 0] ’31995 _ 604 og,=12 cmw.e. —
T i = ©
& 14 9 ‘\"_I} c,=025mw.e. g
$ :
2] : ‘CE_{
J <
I I I
2900 3000 3100
Altitude (m)

Fig. 3. Mean annual balances at each site («; spatial terms) and their
spatial variability (o, term). The linear composition of variance is
illustrated with the altitudinal profile recorded in 1995, which is the
same profile as the mean «; profile but shifted by an amount of
/81995 =+1.67mw.e.
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Fig. 4. Non-linear terms (y;6) as a function of time and their
variability (12 cmw.e.a™") over the period 1958-2002. The dotted
line shows the cross-terms at stake 1, where the variability is higher.
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Fig. 5. Residuals of the linear model at each stake. Stake 4 is the site
that displays the lowest residuals (0. = 19 cmw.e.) and which is the
best estimator of the centred balance (see Fig. 7). Highest residuals
are observed at site 1 (0. = 34cmw.e.) which also displays the
highest non-linear terms (see Fig. 4).

4.4. Residuals

The residuals (at each site and overall) have normal and
centred distributions (Fig. 5). The variance of residual is
indicated in Table 3. Because differences of residuals
distributions are not significant between different sites,
residuals are not correlated with space. Similarly, residuals
are not correlated temporally (only 5.6% of common
variance), as Figure 6 shows, even if a trend with a slight
increase is detectable over the period of record. For the
model to be fully acceptable, the residuals of uncontrolled
factors must be compared with measurement errors
(0.17mw.e.a™" at Sarennes). The standard deviation of the
residuals (Table 2) is therefore just slightly greater than the
uncertainty of field measurements. As the difference
between the residual variance and the measurement
variance can be considered as a rough estimate of the
model error, this indicates that the model fits the data well.

Considering negligible cross-terms, the temporal and
spatial decomposition that can be adopted for the annual
balance t at stake i is given by a pure linear model that
explains 95% of the variance of the data. This results in the
following numerical terms:

space time  residual

—N— =
(b,e) £0="097+025%1.05 2028 mw.ea”’, (4)

where the residual (o. = 0.28 mw.e.a™") accounts for the
additional variance (1%) of the neglected cross-terms.

5. GLACIER-TOTAL BALANCE

The spatial integration of balances measured at individual
sites can be done using classical regression methods with
respect to altitude (Cogley, 1999; Fountain and Vecchia,
1999) when balances are correlated with altitudes, or using
geostatistical tools such as the kriging model or Thiessen
polygons (Vallon and Leiva, 1981; Funk and others, 1997)
when variograms show spatial correlation of balances. At
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Fig. 6. Overall residuals of the linear model (including the variance
of the non-linear terms) as a function of time. There is a trend with
slight increase over the period of record.

Sarennes, for any year t in the N-year period of record, the
glacier-total balance is calculated from a linear combination
of point measurements weighted by the surface ratio, s;,
associated with each site i:

by = ZSibi, tr (5)

where the s; terms are calculated from the mean area
distribution with altitude over the period of record with the
constraint Y s; =1 (Table 3). As b;; follows the decom-
position of spatial and temporal variables of Equation (3),
Equation (5) gives:

by = Zs,-a, + Zsiﬂt + Zsi&;t
7 7 7
:/a+ﬁ,+zsi61,n (6)
i

where the sum Y s;a; corresponds to the mean annual
balance integrated over the glacier area which can be
defined as [ «, and where the sum > s; 3 equals 3; because
B; terms are functions of the time variable t alone and
> si=1. As a combination of centred Gaussian distribu-
tions, the last term of Equation (6) is itself Gaussian with an
expected value of 0. Equation (6) is mainly important in that
the annual deviation at each site equals the annual deviation
in the overall by, so that estimating the annual glacier-total
balance can be performed in two steps: (a) estimating 5
terms each year; and (b) estimating the constant [« which is
specific to the glacier.

5.1. Estimation of the j3; terms

Because 3 is an annual uniform response of all the stakes as
shown by Equations (2) and (3), only one stake is needed to
record the annual 3; deviation. Best estimators for this are
stakes that show smallest residuals, ¢; ; in Equation (3), and
the best correlation with 3;. Stake-to-8; correlations, r;, are
shown in Table 3. Stake-to-g; correlations are effectively
high (at least >89.9%). The best estimator is stake 4 (and to a
lesser extent stake 2) which explains 97.4% of the annual
response of all stakes (Fig. 7).
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5.2. Estimation of the [« term

Over the period of record of N vyears, the cumulative
balance is given by:

BN:th:Z/aJrZ:ﬂﬂrZ: > s (7)

Because [« is constant with time, the sum ) [a is N [«
and the sum > 3; is O under the constraints of the linear
model (section 3). Therefore the « integration term can be
expressed as:

/a———f Zslglf_w Zsl 25,‘,1). (8)

As a mean of a centred population, the last term > ¢; /N of
Equation (8) is equal to 0, and therefore an unbiased
estimator of [ « is the mean annual value of the glacier-total
cumulative balance over the period of record. A conse-
quence of the separation of temporal and spatial variables is
therefore the possibility of using an independent estimation,
Bn/N, of the spatial integration of the «; terms over the
glacier area when calculating the annual glacier-total
balance. An alternative to Equation (6) is therefore to
substitute [« and write:

By
:W+6[+Zs[€i,{, (9)

where By is the balance obtained from photogrammetry
over the same period (geodetic mass balance). Because it is
based on bedrock fixed reference control points, while
glaciological mass balances are referred to the previous year
late summer surface, and because it is measured over a
longer time period, the cumulative balance obtained from
photogrammetry is less affected by systematic error. More-
over, photogrammetry integrates the overall spatial vari-
ability of the mass balance over the glacier surface and
consequently is a better estimator than the integration of the
a; terms (Thibert and others, 2008).
phot

Regarding random errors, the variance of b;
from Equation (9) is for a fixed year t:

obtained

bphot

sz sio? +elo?), (10)

var(

where o, is the error associated with the balance obtained

from photogrammetry, and «, the (unknown) error associ-

ated with the weighting coefficients of the area integration.
The variance of b; obtained from Equation (6) is:

var(b) = (sio? + ool +Z sto? +et,0%), (1)
i

so that the variances of the two possible estimations of the
glacier-total balance only differ by the first right-hand terms
of Equations (10) and (11). Error associated with the
estimation of the cumulative mass balance from photogram-
metry is typically T mw.e. (Thibert and others, 2005, 2008)
which gives op,/v/N = 14cmw.e.a™' with N = 59years in
Equation (10). Using o, = 0.25mw.e.a"' in Equation (11),
the square root of the sum Y s?02 is 13 cmw.e. A 10% error
in the weighting coefficients would result in an additional
contribution, Za202 and gives a close value of random
error of 14cmw.e.a™' in Equation (11). Calculation accord-
ing to Equation (6) seems therefore as much affected by
random errors as Equation (9).
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Fig. 7. Estimation of the centred balance, 3;, from a single stake.
Stake 4 is the best estimator of the centred balance, as it explains
alone 97.4% of the variance of the centred balance.

Thus, as an equivalent variance and unbiased estimator of
the mean annual value of the glacier-total cumulative
balance, preference is given to photogrammetry to estimate
the spatial component in the glacier-total balance according

to:
b _ BN+5 UZBN+ 252 (12)
AN Zj e

where the random error term on the right-hand side,
+0.19 mw.e., is just slightly above the annual mean error
of £0.17 mw.e. obtained with conventional area integration
(Thibert and others, 2008) and accounts for random errors in
photogrammetry (through the op, term) and in field data
(through the unexplained variance o. term).

The glacier-total balance that we recommend from the
data is therefore a combination of the cumulative balance
(By = —=31.5+£1.07 mw.e.) measured from photogrammetry
for the period 1952-2003 (N = 51; Thibert and others,
2008), and the centred balance obtained from the variance
analysis (Table 1). As no volumetric balance is available for
the initial and final periods of the record (8years among
59years), we have used the glacier-total balance obtained
from the glaciological mass balance (Equation (6)).

6. CONCLUSION

The purpose of this study was to extend and confirm the
variance analysis developed by Thibert and others (2008) to
the entire period of record of the mass-balance series of
Glacier de Sarennes.

A first consequence of the separation of spatial and
temporal variability is that the mass balance differs from year
to year by an amount that is uniform over the glacier, leading
to the possibility of recording this annual deviation (centred
balance) from a single site to which it is highly correlated
(97%). A second consequence of the linear separation of
time and space variables is the possibility of estimating the
spatial component in the glacier-total balance by an
independent method, such as photogrammetry which is less
affected by systematic errors than the area integration of
balances at each site. However, it should not be concluded
that the number of sites used to measure the annual balance
can be reduced automatically, because random errors
related to sampling and to point measurements are reduced
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as the number of sites increases and the risk of losing some
data is higher for a low number of sites. Moreover, for larger
glaciers with a higher altitude range, time variability is
expected to be lower at higher altitudes (Vallon and others,
1998) so that stake-to-centred balance correlations are
expected to be lower. High correlations for Sarennes are
likely related to the small size of the glacier. Such a method
combining glaciological and geodetic methods could be one
of the standard approaches while the glaciological commu-
nity progresses towards homogeneous mass-balance series.
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