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CYCLOTOMIC DIVISION ALGEBRAS

R. A. MOLLIN

1. Introduction. Let K be a field of characteristic zero. The Schur
subgroup S(K) of Brauer group B(K) consists of those equivalence
classes [4] which contain an algebra which is isomorphic to a simple
summand of the group algebra KG for some finite group G. It is well
known that the classes in .S(K) are represented by cyclotomic algebras,
(see [16]). However it is not necessarily the case that the division algebra
representatives of these classes are themselves cyclotomic. The main
result of this paper is to provide necessary and sufficient conditions for
the latter to occur when K is any algebraic number field.

Next we provide necessary and sufficient conditions for the Schur
group of a local field to be induced from the Schur group of an arbitrary
subfield. We obtain a corollary from this result which links it to the main
result. Finally we link the concept of the stufe of a number field to the
existence of certain quaternion division algebras in S{(K).

The above results continue work begun in [11]-{13]. We note further-
more that in [4], (5] and [7] we have given explicit constructions of
cycloetomic quaternion division algebras.

2. Notation and preliminaries. Let A be an algebraic number field
containing e,, a primitive n#th root of unity for a fixed positive integer n.
Let S denote the set of all K-primes containing the infinite primes and
all primes dividing #. For « in K*, the multiplicative group of non-zero
elements of K, we let S together with the K-primes dividing « be denoted
by S(e). Furthermore we let [ %@ denote the subgroup of the ideal
group Iy, of K generated by the K-primes outside S{a). Now, for & in
[ 5« the power residue symbol is defined by:

n\/&'qs(e&) — (oz //gg)zz\/x

where ¢ denotes the Artin map in K ("v/a) over K. We refer to our develop-
ment in [11], for other details and properties involved.

A crossed product algebra is denoted by (L/K, 8). This is the central
simple K-algebra having L-basis 1, where 7 ¢ G(L./K), the Galois group
of L over K subject to:

ugu, = B(e, T)tt,, foro,r ¢ G(L/K),
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and
Ux = XU, forx C L*.
When G = (x) then (I./K, B8) denotes the crossed product in which:

ui_ju,i ifl =i<|L:K|;
" T8 ifi=|L:K|

where |L : K| denotes the degree of L over K. For further information on
crossed products, the reader is referred to [15].

By [16, Corollary 3.11, p. 33], S(K) consists of those classes which
contain a ¢yclotomic algebra; i.e., a crossed product of the form (K (¢)/K, )
where ¢ is a root of unity and the values of the factor set 8 are roots of
unity in K(e). If Z and £ are K-primes above ¢ then 4 @, K, and
A Qx K, have the same index, (see [16] or [6]) where K, denotes the
completion of K at . We denote the common value of the indices
A Qx K, for all K-primes Z above ¢ by ind, 4, called the g-local index
of 4.

Note that most fundamental results concerning the Schur group may
be found in [16]. Furthermore, henceforth when we write a tensor
product it shall be assumed to be taken over the center of the algebra in
the left factor.

Now we give some comments on notation. L/K shall mean ‘‘the field
extension L over K. If m is an integer and m = % where p and { are
relatively prime then we shall use the symbol |m|, = p* to denote the
highest power of p dividing m. If & ¢ K* and & is a K-prime then v, (a)
refers to the &-adic valuation of . When referring to a prime below &
in K/F we shall abuse notation by denoting it by & M\ F rather than
referring to the intersection of & and the ring of integers of F. Finally
~ will denote equivalence in the Brauer group.

3. Cyclotomic division algebras. Let K be an algebraic number field
and let n be the order of the largest root of unity in K. Let D be a K-
dwision algebra, i.e., a finite dimensional division algebra over K, with
center K. We say that D is a cyclotomic division algebra if D is a cyclic
crossed product (L/K, €) where ¢ is a root of unity in K, and L is a
cyclotomic extension of K in the sense that K € L C K ({) for some root
of unity ¢. Furthermore we shall let .S, denote the set of all rational primes
q such that |ind, D], > 1 for a given prime p. Now the stage is set for
the main result.

TueorEM 1. Let [D] € S(K) with index m. D is a cyclotomic division

algebra if und only if: for all finite primes p and g where q is in S, the
following hold;
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(@) c = a+d— b and,
(b) For each K-prime 2 above q we have;

|K, : Qq(fpd)|zf = min {p*ti=?, p?-ry,
where ]”lzz = p%, linqu'zz =7’ 'Q - 1]1) = p°, and |m|, = P

Proof. First we assume that D ~ (L/K, ¢) is a cyclotomic division
algebra. We note that we may assume without loss of generality that
[D] € S(K),. Assume ind, D = p? for finite ¢ € S,. We initially deal with
the case where either ¢ # 2 or p # 2.

Since the index of D is p® then |L : K| = p¢, (see [15]). Therefore, by
Kummer theory L = K (*\/«) for some a ¢ K*. Moreover since a unit
is a norm in an unramified extension (see [3]), then ¢ must be ramified
in L/K, (see [15, (30.7), p. 26]). Suppose ¢ = ¢,c. Now we show that
¢ = aisforced. Inflate D to K (**/a) to get:

inf [D] = [(K("™Va)/K, &%)
from [15, Theorem (30.10), p. 262]. Therefore:

inf [D] = [(K(*\/a)/K, eye-a+a)].

But¢ — ¢« + d =z d from [15, Corollary (30.7), p. 262]. Therefore ¢ = «a
and since we clearly have ¢ £ a then ¢ = a as required. Thus:

inf [D] = [(K(®a)/K, e)]

which is equivalent to [D] in S(K).

Now, since ¢ % 2 or p # 2 then ¢ # p (see [16] or [6]). Moreover;
N(Z) =1 (mod p*) where £ is a K-prime above ¢, and N denotes the
norm in K/Q. Thus we may invoke the relationship between the norm
and power residue symbols to get:

(e, &)y = (6y1/ D)?a@ = eal¥@=/walvy(e_

Since ind, D = p? and the inflation map does not change the class of D
in B(K) then (@, ¢q), is forced to be a p°-th root in unity [15, Corollary
30.7, p. 261]. Hence: |N(Z) — 1|, £ p**%?is forced. Since N(2) = ¢’
where f is the residue class degree of ¢ in K/Q then |¢g — 1], £ p*ti-?
which is (1).

Now, let N’ denote the norm in K, over Q,(ee), and let £’ be a
Q(epa)-prime below <. Since L/K is cyclotomic we may assume that
Q(*™/a)/Q is abelian without loss of generality. Thus, by [2, Proposition
12-2-5, p. 221] we have:

(@, 1)g = (a, N'(ea)) 2" = (a, €pa) g/ K0 Qpler®]

where the latter equality holds since d < «. On the other hand if N”
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denotes the norm in Q(¢,e)/Q then we have:
(0, a) g = (epa/ D')00" @ = ,al ¥ @)D r2lvg @),
Hence:

(a, epa)y = 6M[(N”(ﬂ’)—l) 2] 1vg(@)]11K9: Qqlep@) |
Since (a, ¢,a) must be a p’-th root of unity and we have shown that

lg — 1f, = p° < p*H="

then it must follow that:

|Ky: Qulepa)|, = min {pi=?, po—eti=t},

This completes the case: ¢ # 2 or p # 2.

Nowifp =g =2thena =b =c¢c =d = 1and ¢ = 0. Therefore (1)
trivially holds. We now demonstrate that (2) holds; i.e. that |[K, : Qs], =
1. We have (o, —1)s = —1. Now, since L/K is cyclotomic we may assume
Q(W/a)/Q is abelian. Thus we may use [2, Proposition 12-2-5, p. 221]
to get

(@, =1)y = (&, N(=1))2

where N denotes the norm in K,/Q.. Hence N(—1) = —1 which
ensures that [K, : Qs]» = 1. This completes the proof of the necessity.

Conversely, we assume [D] € S(K) with non-trivial local indicies at
the primes of 7" = {qi, qs, . . ., ¢5}. Also for each ¢ in T we assume (1) and
(2) hold. Now, we assume without loss of generality that [D] € S(K),.
To see this we suppose that for each prime p; dividing m we find a cyclo-
tomic division algebra D; = (L;/K, €;) with index |m|,,. Then we let L
be the compositum of the L. Thus,

DND1® ...®Ds~(L/K,7riinf(i)ei)

where inf(? is the inflation map from L, to L. We note that L/K is cyclic
since it is the compositum of cyclic extensions of relatively prime degrees
and clearly 7 inf(® ¢, is a root of unity in K. Thus D is the required
division algebra.

Now we assume [D] € S(K), with ind,, D = p® for each g, € 1" First
we prove that for each odd prime ¢; € T we have the existence of a field
L;in K(e,,) with degree p’i over K. Assume that the claim is false; i.e.,

[K (eg,) : K| < pPi.

Let cx be the tame ramification index of £ ,;in K/Q where £, Q = (q,).
Thus we have:

g0~ 1, < [K(ey,) : Klplexl, < p"

CK|p-
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However, by [16, Theorem 4.4] we have that p’¢ divides |¢; — 1],/
{¢x|,- Therefore:

lg: — 1], = p"ifex

We conclude that |¢; — 1|, > |¢; — 1|,, a contradiction which establishes
the claim.

Hence for each odd ¢; € T we have the existence of a subfield L, of
K(e,,) with degree p’* over K. From [16, Theorem 6.1, p. 89] we have
e,0; is in K and so by Kummer theory L; = K(8;) where 82" € K.

Now set 8 = & II 8, where the product, I1, ranges over all 7 such that
g, ¢ T is odd and where; if p* = 2 then:

(v =2if 2 € Tand |1}, > 1

5 = ?\/?ifz ¢ Tand |1}, = 1
Vroif2¢€ Tand [T], = 1

p*

\

where r is a prime with even residue class degree in K/Qand » = 3 (mod 4).
Otherwise § = 1. We note that such an 7 exists since |7, = 1 forces
|K : Q|: > 1 by the Hasse sum theorem.

Now let € = (K(B8)/K, ¢a). We note that [C] € S(K) by [16]. More-
over @*' ¢ K. Therefore |K(8) : K| £ p* But some ¢; € T is ramified
of degree p* in K(B8)/K so that |K(8) : K| = p® Furthermore; K(8) is
cyclotomic over K. By Kummer theory K(8) = K (\/a) for some
a € K*. By the use of the inflation map we get that

C~B = (K("Va)/K, ).

First we show that B has the same Hasse invariants as D. Let ¢ # p be
a finite prime in 7" with ind, D = p?, and let £ be a K-prime above g.
Then by properties of the norm and power residue symbols we have:

(@, 1)y = (&, N(epa));

where Z M Q(epa) = 2 and N denotes the norm in K5/Q,(€pa). Since
d < athen:

(@, )y = (a, fpd),é’K‘Q:Qq(fpa)l'
However:
(o, epa) 5 = (epa/ L)5@ = Epdu&'(.@)—n/pa]@(a)
where N denotes the norm in Q(ey)/Q.
Hence:
(@, €pa)y = Epd[m(-”z)‘l)/”“l”é(“)‘Kfz‘Qq(‘ﬂ“)i.
Now (1) and (2) of the hypothesis guarantees that (@, ), is a p’-th

root of unity. We have that ind, B = ind, D. By raising B to an appropri-
ate power, say s, we get inv B® = inv, D for a given K-prime £ above q.
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It remains to show thatind, B = 1forallt ¢ Tandif20or o isin T
then the local index at 2 and/or o0 is 2. Since a unit is a norm in an
unramified extension then by the choice of B it remains to check for only
2 and . However, ind, C > 1 or ind, C > 1 only if we have p* = 2.
Thus we assume:

B = (KWa)/K, —1) = (K(6W/7q:)/K, —1).

In what follows # denotes a K-prime above 7,.% denotes a K-prime
above 2, and.7 denotes a K-prime above co. We note that from (1) of
the hypothesis it follows that 8; = —¢,; where ¢; = 3 (mod 4) for each ¢
such that ¢; € 7 is odd. Now we treat the remaining cases.

Case 1.2 € T and |71, > 1. By [2], op. cit.

(a) If 0 € T

(ay —1),9’ = (“27"(11': ‘—1)2 = (ﬂlr _—1)2(21 ~1)27r(qiy —1)‘2
= (=1, 1), = —1

since the number of ¢, is even and (2, —1); = 1. (o, —1), = —1 since
a < 0.
(b) If 0 ¢ T
(ay _1).7 = (27”11'7 _1)2 = (27 _1>27T(Q‘ir _1)2 = _1

since the number of ¢; is odd. (@, —1), = 1 since o« > 0.
Case 2.2 € Tand IT|, = 1.
(a) If 0 € T
((X, _1)V = ("7"”9@': _1)5/ = <—7’7rqh _1)3
= _<77 _1)271'(%’, —1)2 = —1
since the number of ¢, is odd and r = 3 (mod 4).
(@, =1); = —1 since @ < 0.
(@, =1)g = (&, 1), = 1
since 7 has even residue class degree in K over Q.
(b) If 0 ¢ T
(O(, _1)7 = (rWin _1)9’ = (’,TQI'! _1)2 = (1’, _-1)?-77((1!'1 —1)‘2
= (7’, —'1)2 = —1
since the number of ¢; is even.
(¢, =1);7 =1 since a > 0.
(Ol, —1).% = (a, 1)r =1
since 7 has even residue class degree in K over Q.
Case 3.2 ¢ T"and |T], = 1.
(@) Ifoo € T
(Cl, '—1)7 = (”7’77% _l)ff = (-77{'(]1-, i1)2 =1
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since the number of ¢; is even.
(@, =1)5 = —1 sincea < 0.
(@, = )g = (¢, 1), =1
since r has even residue class degree in K over Q.
(b) 0 ¢ T
(a, = 1)y = (rmq;, —1); = (rmgyy —1)2 =1
since the number of ¢; is odd and » = 3 (mod 4).
(¢, —1)5 =1 sincea > 0.
(@, =1)g = (o, 1), =1
since 7 has even residue class degree in K over Q.
Case 4.2 ¢ T and |T], > 1.
(a) If 0 € T
(@, =)y = (—=mq;, —1)y = (—mg;, £1)2 =1
since the number of ¢, is odd.
(@, —1)y = —1 since a < 0.
(b) 0 ¢ T
(@, =1)g = (mqs, —1)g = (7qs £1)2 =1
since the number of ¢; is even.
(a, —1)5 = 1 since @ > 0.

We have proved that B and D have the same invariants. Thus C ~
B ~ D, since C is a division algebra then C is K-isomorphic to D. How-
ever, C is a cyclotomic division algebra. This completes the proof.

In the following corollary S(K, ¢) denotes the subgroup of S(X) con-
sisting of all elements having ¢-local index equal to 1 for all primes ¢ # q.
The following is immediate from the theorem.

CoroLLARY 1. If [D] € S(K, q) then D is a cyclotomic diviston algebra
if and only if for each prime p, dividing ind, D we have:

g #1 (mod p*) and |K,: Qu(ep)l, =1
for each K-prime 2 above q.

We note that when K/Q is abelian the above is linked to the existence
of a splitting field for an absolutely irreducible character of a finite group
of given exponent, (see [13]).

The following is immediate from Corollary 1.

CoroLLARY 2. If [D] € S(K, q) s « cyclotomic division algebra then
D = C ® K where [C] € S(Q(epe)) and C s a cyclotomic division algebra.
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We now show that the converse of Corollary 2 does not hold. In the
following example K = Q(e12), ¢ = 5,9 = 2and C = (Q(e20)/Q(es), €1).
From [16, Lemma 8.5] we have that ind; C = 4 and ind, C = 1 for all
r # 5. Since |K, : Qs(es)| = 2 then

inds (C® K) =2 and ind, (C® K) =1 forall »35;

ie., [C ® K] € S(K, 5) is a quaternion division algebra. Moreover C is
clearly a cyclotomic division algebra by Corollary 1. However ¢ ® K
is not cyclotomic since |K, : Qs(es)|2 > 1. This completes the example.

Now we prove a result which we link to the main result. This provides
necessary and sufficient conditions for S(k;), to be induced from S(Fs),
where F is a subfield of K and QisaK- -prime with 2 N F = 2. 1In the
following theorem 1(2) denotes the residue class degree of £ in K/F,
and 2N Q = (q).

TaeoreM 2. If S(K3), #~ 1 then:
S(K3)y = S(Fa), ® K; if and only if:
() [f(2)], = 1 when q # 2;

(ii) | K5 : Folp = 1 when q = 2.

Proof. Assume S(Kj3), = S(Fy), ® Kj. First we assume ¢ # 2 and
set |¢ — 1|, = p. Let cx (respectively cr) denote the tame ramification
index of Kj5/Q, (respectively F3/Q,) and set |ck|, = p° (respectively
lerl, = p'). By [16, Theorem 4.4] there exists [A] € S(K3), with ind, 4
= p?*. Since A ~ B ® K; where [B] € S(Fs), by hypothesis, then
ind, B £ p% by [16, Theorem 4.4']. Now S(K3), # 1 guaranteesd > s.
Therefore:

1 <p™* =ind, 4 = ind, (B ® Ky) < max {1, (p*~")/|K35 : Falp}
A ~ max {1, (p=")/ /(D).
Hence |f(£)|, = 1 which is (i).
On the other hand if ¢ = 2 then S(K3;), # 1 implies p = 2, and S(Kj;).
is the subgroup of B(Kj3)» of order 2 by [16, Theorem 5.14]. Let [4] €
S(Ks). with indy 4 = 2. By hypothesis A~ B ® K3 with [B] € S(F,);

ie.,
invd =invB®K; =|K;: F,|inv B (mod 1).

Clearly then [K; : F,| = 1 which is (ii).

Conversely if ¢ # 2 then by [16, Theorem 4.4'] S(K3;), is the subgroup
of B(Kj;) of order p®* where p* = |(¢ — 1)/ck|p- Since |[f(£)], = 1 then
S(F,), ® Kj is the subgroup of order p*; i.e

S(K3), = S(Fy), ® K.

When ¢ = 2, S(Kj3), # 1 implies p = 2 and S(X;). is equal to

S(k) ® K; = S(k) where k is the maximal cyclotomic extension of Q.
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contained in K3, by (16, Theorem 5.15]. Moreover |Kj : k[, = 1. By
[16, Theorem 5.14] S(k) is the unique subgroup of B (k) of order 2. Since,
by hypothesis |K; : Fyl = 1 we need only verify that S(F, N k) is
the unique subgroup of B(F, M k) of order 2, because F, M k is the
maximal cyclotomic extension of Q. contained in F,, and |F, : Iy M k.
= 1. Since S(k) 1 then there exists a root of unity é such that the
inertia group of Q.(8)/k is not cyclic. Therefore the inertia group of
Q:(8)/ (kM F,) is not cyclic. Therefore by [16, Theorem 5.14] S(F, M k)
is the unique subgroup of B(F, M k) of order 2.

An immediate consequence is the next result which links Theorems 1
and 2, and restates Corollary 2 in different form.

CoroLLaryY 3. If S(K, q) 1s represented by a cyclotomic division algebru
then

S(Kﬁ)ﬂ = S(Qq(fp“))p ® KJ

Now we present a counterexample to the converse of Corollary 3. Let
K be the subfield of Q(es7) of degree 3 over Q(e;). By Theorem 2 we get

S(K3)s = S(Qreles))s @ K

where Z M Q = (19). However 19 = 1 (mod 9) implies by Corollary 1
that S(K, 19); is not represented by a cyclotomic division algebra.

It is worth noting at this juncture that there does not exist a field K
such that S(K), has every class represented by a cyclotomic division
algebra. This is in contrast to the fact that for every field K, S(X) is
represented by a cyclotomic algebra in the sense of [15]. To see this let us
assume without loss of generality that m = 2 (mod 4). Choose a prime ¢
such that ¢ = 1 (mod p*t') where ¢,q is the largest p-power root of unity
in K, as before. Moreover assume ¢ = 1 (mod m). Now there exists
[C] € S(Q(en)), with ind, C = p*% and by the choice of ¢, [C ® K] &
S(K) withind, [C ® K] = p* However ¢ = 1 (mod p*t!), so by Theorem
1, [C ® K] cannot be represented by a cyclotomic division algebra. Thus
we have presented an example for each prime p to show that there does
not exist a field K such that every class of S(K), is represented by a
cyclotomic division algebra.

Now we set the stage for the final result. Let K be an algebraic number
field with no real infinite primes. Then —1 is totally positive and so can
be written as a sum of four or fewer squares. The smallest number of
squares possible in such a representation of —1 is called the stufe of K,
and is denoted by s(K). It is well known that s(K) = 1, 2 or 4. If s(K)
= 1 then e;is in K. Now we present a result which will link the concept of
the stufe of K to the existence of non-trivial S(K, 2).
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THEOREM 3. Let K be an algebraic number field with no real infinite
primes. If S(K, 2) is represented by a non-trivial cyclotomic division algebra
then s(K) = 4.

Proof. Since S(K, 2) # 1 then ¢, is not in K, (see [16]). Therefore
s(K) = 2or 4.

Now, s(K) = 2 if and only if —1 is a norm in K/ —1)/K. By the
Hasse norm theorem the latter occurs if and only if (=1, —1), = 1 for
all K-primes 2. By invoking (2] op. cit. we get (—1, —1), = (—1,
N(—1)), where N denotes the norm in K,/Q,and & N Q = (p). Thus
(=1, N(—1)), = 1forall p > 2and (—1, N(—1)), = 1if and only if
|K, : Qa2 > 1forall K-primes £ above 2. We have shown that s(K) = 2
if and only if K, : Qs2 > 1 for all K-primes £ above 2. (As a matter of
interest thisis [1, Theorem, p. 20]). Thus s(K) = 4ifand only if |K, : Qs]»
= 1 for some K-prime £ above 2. Invoking Corollary 1 now yields the
theorem.

The following is a counterexample to the converse of Theorem 3.

Let K = Q(8) where 6 is a complex root of f(x) = x* — 11. It can be
verified that 2 splits into two primes 27; and &, of K where &, say, has
relative degree 1, and %, has relative degree 2. Thus |K, : Q. = 1
which implies s(K) = 4. However by Corollary 1, [K,, : Q2f = 2 implies
that S(K, 2) is not represented by a cyclotomic division algebra. This
completes the counterexample.

We now make a suitable restriction on K to render s(K) = 4 as a
necessary and sufficient condition for S(K, 2) to be represented hv a
non-trivial cyclotomic division algebra.

COROLLARY 4. Lei K be a finite normal extension of Q, with no real infinite
primes. Then S(K, 2) is represenied by a non-trivial cyclotomic division
algebra if and only if s(K) = 4.

Proof. From the proof of Theorem 3 we have s(K) = 4 if and only if
K, : Qo2 =1 for some K-prime £ above 2. However since K/Q is
normal then |K, : Q] = 1 for some K-prime above 2 if and only if
|K, : Q22 = 1 for all K-primes above 2. By Corollary 1 the proof is
complete.

Acknowledgemeni. The author welcomes the opportunity to thank the
referee for remarks which led to a generalization of the results in the paper
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