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A k-plex in a latin square of order n is a selection of kn entries in which each row,
column and symbol occurs exactly k times. A 1-plex is also called a transversal. A
k-plex is indivisible if it contains no c-plex for 0< c < k. Two or more plexes are
parallel if no two of them share an entry. This thesis is the first major study giving
general results on indivisible k-plexes for k > 1.

For n /∈ {2, 6}, the existence of a latin square of order n with a partition into
1-plexes was shown by Bose et al. [1]. A natural extension of the result to k-plexes
is the following. We prove that if k is a proper divisor of n, then there exists a latin
square of order n composed of parallel indivisible k-plexes.

Define κ(n) to be the largest integer k such that some latin square of order n
contains an indivisible k-plex. A conjecture by Rodney (see [3, p. 143]) says that every
latin square contains a 2-plex, which implies that κ(n) < n for all n > 2. We show
that for all n > 2, there exists a latin square of order n with two parallel indivisible
bn/2c-plexes. A corollary is that κ(n)≥ bn/2c for all n > 2. We report on extensive
computations of the indivisible partitions of the latin squares of order n ≤ 9. Up to
order eight we count the number of indivisible partitions of every type.

Due to Bose et al. [1], and Finney [10] for n = 6, we know that there exists a latin
square for each order n > 2 which possesses a k-plex for all 0≤ k ≤ n. Wanless [12]
showed that there are latin squares of every even order which contain no odd plexes,
where an odd plex is a k-plex such that k is odd. It has been conjectured by Rodney
(see [4]), and by Wanless [12], that every latin square has a set of bn/2c parallel
2-plexes which implies that every latin square of odd order has a k-plex for each
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0≤ k ≤ n. We show that among the latin squares of even order there are many other
possibilities concerning the existence of odd k-plexes. We prove that for all even n > 2,
there exists a latin square of order n which has no k-plex for any odd k < bn/4c, but
does have a k-plex for every other k ≤ 1

2 n.
A result by Wanless and Webb [13] is that, for all n > 3, there exists a latin square

of order n with at least one entry not in any transversal. Such a latin square is called a
confirmed bachelor and illustrates a restriction on the transversals in a latin square. In
our study of transversals we consider bachelor latin squares in greater detail and other
types of restrictions that might occur. We give a concise alternative proof of the result
by Wanless and Webb. A main result is that for all even n ≥ 10, except perhaps if n is a
power of 2, there exists a latin square of order n that possesses a transversal, but every
transversal coincides on a single entry. A theorem by Wanless, which was prompted
by our data, shows that there exist arbitrarily large latin squares of odd order in which
the proportion of entries not in a transversal is asymptotic to one ninth. We report
on computations of parallel transversals in the latin squares of order nine. Thus we
prove that the above mentioned conjectures by Rodney and Wanless are true for order
nine, and that every latin square of order nine has at least three parallel transversals.
Our computations suggest that the constructions which prove our theorems illustrate
rare behaviour in large latin squares. The computations also give further evidence in
support of a conjecture by Ryser [11] (see [3, p. 143]) that every latin square of odd
order has a transversal.

Many of the theorems in this thesis rely on a simple but powerful lemma [7, 9]. The
lemma gives a necessary condition for the existence of k-plexes. To show the existence
of k-plexes we use constructive techniques. It remains open to establish a sufficient
condition for the existence of k-plexes in latin squares.

The main results of this thesis can be found in [2, 5–8].

References

[1] R. C. Bose, S. S. Shrikhande and E. T. Parker, ‘Further results on the construction of mutually
orthogonal latin squares and the falsity of Euler’s conjecture’, Canad. J. Math. 12 (1960),
189–203.

[2] D. Bryant, J. Egan, B. Maenhaut and I. M. Wanless, ‘Indivisible plexes in latin squares’, Des.
Codes Cryptogr. 52 (2009), 93–105.

[3] C. J. Colbourn and J. H. Dinitz (eds), Handbook of Combinatorial Designs, 2nd edn (Chapman &
Hall/CRC, Boca Raton, FL, 2007).

[4] S. T. Dougherty, ‘Planes, nets and codes’, Math. J. Okayama Univ. 38 (1996), 123–143.
[5] J. Egan, ‘Bachelor latin squares with large indivisible plexes’. J. Combin. Des., to appear.
[6] J. Egan and I. M. Wanless, ‘Latin squares with restricted transversals’, Preprint.
[7] J. Egan and I. M. Wanless, ‘Latin squares with no small odd plexes’, J. Combin. Des. 16 (2008),

477–492.
[8] J. Egan and I. M. Wanless, ‘Indivisible partitions of latin squares’, J. Statist. Plann. Inference 141

(2011), 402–417.
[9] A. B. Evans, ‘Latin squares without orthogonal mates’, Des. Codes Cryptogr. 40 (2006), 121–130.

[10] D. J. Finney, ‘Orthogonal partitions of the 6× 6 latin squares’, Ann. Eugenics. 13 (1946),
184–196.

https://doi.org/10.1017/S000497271100236X Published online by Cambridge University Press

https://doi.org/10.1017/S000497271100236X


352 J. Egan [3]

[11] H. J. Ryser, ‘Neuere Probleme der Kombinatorik’, Vortrage über Kombinatorik Oberwolfach
(1967), 69–91.

[12] I. M. Wanless, ‘A generalisation of transversals for latin squares’, Electron. J. Combin. 9 (2002),
R12.

[13] I. M. Wanless and B. S. Webb, ‘The existence of latin squares without orthogonal mates’, Des.
Codes Cryptogr. 40 (2006), 131–135.

JUDITH EGAN, School of Mathematical Sciences, Monash University,
Victoria 3800, Australia
e-mail: judith.egan@monash.edu

https://doi.org/10.1017/S000497271100236X Published online by Cambridge University Press

https://doi.org/10.1017/S000497271100236X

