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On the Generalized Marcinkiewicz Integral
Operators with Rough Kernels

Dashan Fan and Huoxiong Wu

Abstract. A class of generalized Marcinkiewicz integral operators is introduced, and, under rather

weak conditions on the integral kernels, the boundedness of such operators on Lp and Triebel–Lizorkin

spaces is established.

1 Introduction

As is well known, the Marcinkiewicz integral is an important special case of the Little-

wood–Paley–Stein functions and plays a key role in harmonic analysis. One can con-

sult [1–3, 6, 12, 14, 16, 17], among numerous references, for its development and ap-

plications.

In this note, we will study a class of generalized Marcinkiewicz integral operators

and we shall be primarily concerned with the two-parameter case. As for the one-

parameter and multiple-parameter cases, we shall only present the corresponding

results, since they can be handled similarly (see Section 5).

Let R
N (N = m or n), N ≥ 2, be the N-dimensional Euclidean space and SN−1 be

the unit sphere in R
N equipped with the normalized Lebesgue measure dσ = dσ(·).

For nonzero points x ∈ R
N , we denote x ′

= x/|x|. For m ≥ 2, n ≥ 2, let Ω be

homogeneous of degree zero, integrable on Sm−1 × Sn−1 and satisfy

(1.1)

∫

Sm−1

Ω(x ′, y ′)dσ(x ′) =

∫

Sn−1

Ω(x ′, y ′)dσ(y ′) = 0.

We define the convolution operator on R
m × R

n

φs,t ∗ f (x, y) =
1

2s+t

∫∫

|u|≤2s, |v|≤2t

Ω(u′, v ′)

|u|m−1|v|n−1
f (x − u, y − v)dudv.

Then for 1 < q ≤ ∞, the integral operators of Marciniewicz type µΩ,q are defined by

µΩ,q( f )(x, y) :=
(∫∫

R2

|φs,t ∗ f (x, y)|qdsdt
) 1/q

.
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It is well known that µΩ,2 is the Marcinkiewicz integral operator on the product space

R
m × R

n, which has been studied by many authors. For a sampling of past studies,

see [1,3,4,6,7,16,17] et al. In particular, Al-Qassem, Al-Salman, Cheng, and Pan [1]

established the following theorem.

Theorem A Let 1 < p < ∞. If Ω ∈ L(log+ L)(Sm−1 × Sn−1), then µΩ,2 is bounded

on Lp(Sm−1 × Sn−1).

It is natural to ask whether Ω ∈ L(log+ L)2/q(Sm−1 × Sn−1) is sufficient to imply

the Lp-boundedness of µΩ,q for 1 < q ≤ ∞, 1 < p < ∞. The main purpose of

this paper is to address this question. Before stating our main results, we recall the

definitions of Triebel–Lizorkin spaces on R
m × R

m (see [5] or [15]).

Let U ∈ C∞(Rm) and V ∈ C∞(Rn) satisfy

supp(U ) ⊂ {x ∈ R
m : 1/2 < |x| ≤ 2}, supp(V ) ⊂ {y ∈ R

n : 1/2 < |y| ≤ 2}

and U (x) > c > 0, V (y) > c > 0

if 3/5 ≤ |x|, |y| ≤ 5/3. Let Φ,Ψ be the Fourier transform of U and V , respec-

tively. For 1 < p, q < ∞, the Triebel–Lizorkin space Ḟ
0,q
p (Rm × R

n) is the set of all

distribution f on R
m × R

n such that

(1.2) ‖ f ‖
Ḟ

0,q
p (Rm×Rn)

:=
∥∥∥

(∫∫

R2

|(Φs ⊗ Ψt ) ∗ f |qdsdt
) 1/q∥∥∥

Lp(Rm×Rn)
< ∞,

where Φs(x) = 2−ms
Φ(2−sx), Ψt (y) = 2−nt

Ψ(2−t y). Employing the ideas in [13],

we know that (also see [15]):

(
Ḟ

0,q
p (Rm × R

n)
)∗

= Ḟ
0,q ′

p ′ (Rm × R
n), 1/q ′ + 1/q = 1 = 1/p ′ + 1/p,

Ḟ
0,2
p (Rm × R

n) = Lp(Rm × R
n).

Now we can formulate our main results as follows.

Theorem 1.1 Let 2 ≤ q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log+ L)2/q(Sm−1 × Sn−1), then

∥∥µΩ,q( f )
∥∥

Lp(Rm×Rn)
≤ C p,q‖ f ‖Lp(Rm×Rn).

Theorem 1.2 Let 1 < q < 2, 1 < p < ∞. If Ω ∈ L(log+ L)2/q+ε(Sm−1 × Sn−1) for

any ε > 0, then ∥∥µΩ,q( f )
∥∥

Lp(Rm×Rn)
≤ C p,q‖ f ‖

Ḟ
0,q
p (Rm×Rn)

.

To prove Theorem 1.2, we will use the following theorem, which is itself interest-

ing.

Theorem 1.3 Let 1 < q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log+ L)2(Sm−1 × Sn−1), then

∥∥µΩ,q( f )
∥∥

Lp(Rm×Rn)
≤ C p,q‖ f ‖

Ḟ
0,q
p (Rm×Rn)

.
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Remark 1.4 Obviously, Theorem A is the special case of Theorem 1.1 for q = 2.

It is an interesting problem whether the ε in Theorem 1.2 can be removed, or the

condition Ω ∈ L(log+ L)2(Sm−1 × Sn−1) in Theorem 1.3 can be replaced by Ω ∈
L(log+ L)2/q(Sm−1 × Sn−1).

This paper is organized as follows. The proof of Theorem 1.1 will be given in

Section 2. After proving Theorem 1.3 in Section 3, we will prove Theorem 1.2 in

Section 4. Finally, some concluding remarks will be given in Section 5.

Throughout this paper, we always use the letter C to denote positive constants that

may vary at each occurrence but are independent of the essential variables.

2 Proof of Theorem 1.1

Following the proof in [1], for k ∈ N, let

Ek := {(x, y) ∈ Sm−1 × Sn−1 : 2k−1 ≤ |Ω(x ′, y ′)| ≤ 2k},

and

Ωk(x ′, y ′) = Ω(x ′, y ′)χEk
(x ′, y ′) −

∫

Sm−1

Ω(x ′, y ′)χEk
(x ′, y ′)dσ(x ′)

−

∫

Sn−1

Ω(x ′, y ′)χEk
(x ′, y ′)dσ(y ′) +

∫∫

Ek

Ω(x ′, y ′)dσ(x ′)dσ(y ′).

Denote D = {k ∈ N : |Ek| > 2−4k}, where |Ek| is the Lebesgue measure of Ek for

k ∈ N. Set

Ω0(x ′, y ′) = Ω(x ′, y ′) −
∑
k∈D

Ωk(x ′, y ′).

It is easy to see that for each k ∈ D∪{0}, Ωk satisfies (1.1) and Ω0 ∈ L2(Sm−1×Sn−1).

Thus

φs,t ∗ f (x, y) = φs,t,0 ∗ f (x, y) +
∑
k∈D

φs,t,k ∗ f (x, y),

where

φs,t,k ∗ f (x, y) =
1

2s+t

∫∫

|u|≤2s, |v|≤2t

Ωk(x ′, y ′)

|u|m−1|v|n−1
f (x − u, y − v)dudv

for k ∈ D ∪ {0}. Consequently,

∥∥µΩ,q( f )
∥∥

Lp(Rm×Rn)
≤

∥∥‖φs,t,0∗ f ‖Lq(R2)

∥∥
Lp(Rm×Rn)

+
∑
k∈D

∥∥‖φs,t,k∗ f ‖Lq(R2)

∥∥
Lp(Rm×Rn)

.

Note that Ω0 ∈ L2(Sm−1 × Sn−1), it is easy to treat φs,t,0 ∗ f . Thus, without loss of

generality, we write

(2.1)
∥∥µΩ,q( f )

∥∥
Lp(Rm×Rn)

≤
∑
k∈D

∥∥‖φs,t,k ∗ f ‖Lq(R2)

∥∥
Lp(Rm×Rn)

, 1 < p < ∞.
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Let Ak = ‖ΩχEk
‖L1(Sm−1×Sn−1). Then

(2.2)
∑
k∈D

k2/qAk ≤ ‖Ω‖L(log+ L)2/q(Sm−1×Sn−1).

By [1, (3.11)], we have

(2.3)
∥∥‖φs,t,k ∗ f ‖L2(R2)

∥∥
Lp(Rm×Rn)

≤ CkAk‖ f ‖Lp(Rm×Rn).

On the other hand, we have

∣∣φs,t,k ∗ f (x, y)
∣∣ ≤

∫∫

Sm−1×Sn−1

|Ωk(u ′, v ′)|Mu ′,v ′( f )(x, y)dσ(u ′)dσ(v ′),

where

Mu ′,v ′( f )(x, y) = sup
R1,R2>0

1

R1R2

∫ R1

0

∫ R2

0

| f (x − r1u ′, y − r2v ′)|dr1dr2.

Applying [11, Proposition 2, pp. 477-478] iteratively (also see [3, 9]), we know that

∥∥Mu ′,v ′( f )
∥∥

Lp(Rm×Rn)
≤ C‖ f ‖Lp(Rm×Rn), 1 < p ≤ ∞,

where C is independent of u ′ and v ′. Then it is easy to see that

(2.4)
∥∥‖φs,t,k ∗ f ‖L∞(R2)

∥∥
Lp(Rm×Rn)

≤ CAk‖ f ‖Lp(Rm×Rn).

Thus Theorem 1.1 follows from (2.1), (2.2), and an interpolation between (2.3) and

(2.4).

3 Proof of Theorem 1.3

Choose two radial functions Φ ∈ S(Rm), Ψ ∈ S(Rn) as in the definition of the

Triebel–Lizorkin spaces such that the values of their Fourier transforms Φ̂ and Ψ̂ are

between 0 and 1 and satisfy

∫

R

Φ̂(2s)ds = 1 =

∫

R

Ψ̂(2t )dt, Φ̂(x), Ψ̂(y) > c > 0 if 5/3 ≤ |x|, |y| ≤ 5/3,

supp(Φ̂) ⊆ {x ∈ R
m : 1/2 < |x| ≤ 2}, supp(Ψ̂) ⊆ {y ∈ R

n : 1/2 < |y| ≤ 2}.

It is easy to check that for any test function f ∈ S(Rm × Rn),

(3.1) f ∼=

∫∫

R2

(Φs ⊗ Ψt ) ∗ f dsdt = k2

∫∫

R2

(Φks ⊗ Ψkt ) ∗ f dsdt, ∀ k ∈ N,

where Φs(x) = 2−ms
Φ(2−sx), Ψt (y) = 2−nt

Ψ(2−t y). And then by (1.2), we have

(3.2) ‖ f ‖
Ḟ

0,q
p (Rm×Rn)

= k2/q
∥∥∥

(∫∫

R2

|(Φks ⊗ Ψkt ) ∗ f |qdsdt
) 1/q∥∥∥

Lp(Rm×Rn)
.
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Let Ek, Ωk, Ak, D be the same as in the proof of Theorem 1.1. For each k ∈ D,

define the family of measures ν(k)
= {νs,t,k : s, t ∈ R} by

∫∫

Rm×Rn

f dνs,t,k :=
1

2k(s+t)

∫∫

|x|≤2ks, |y|≤2kt

Ωk(x ′, y ′)

|x|m−1|y|n−1
f (x, y)dxdy,

which implies

(3.3) νs,t,k ∗ f (x, y) =
1

2k(s+t)

∫∫

|u|≤2ks, |v|≤2kt

Ωk(u ′, v ′)

|u|m−1|v|n−1
f (x − u, y − v)dudv.

Following the same arguments as in [1], it is not difficult to show that ‖νs,t,k‖ ≤ CAk,

and

(3.4)
∣∣ ν̂s,t,k(ξ, η)

∣∣ ≤ CAk min
{
|2ksξ|1/6k|2ktη|1/6k, |2ksξ|1/6k|2ktη|−1/6k,

|2ksξ|−1/6k|2ktη|1/6k, |2ksξ|−1/6k|2ktη|−1/6k
}

,

(3.5)
∥∥ (ν(k))∗( f )

∥∥
Lp(Rm×Rn)

≤ CAk‖ f ‖Lp(Rm×Rn), 1 < p ≤ ∞,

where ‖νs,t,k‖ denotes the total variation of νs,t,k, and

(ν(k))∗( f )(x, y) = sup
s,t∈R

|νs,t,k| ∗ f (x, y).

Also, by (3.3) and the Minkowski inequality, we have

µΩ,q( f )(x, y) ≤
(∫∫

R2

|νs,t,0 ∗ f (x, y)|
q

dsdt
) 1/q

+ C
∑

k∈D

k2/q
(∫∫

R2

|νs,t,k ∗ f (x, y)|
q

dsdt
) 1/q

,

where

νs,t,0 ∗ f (x, y) =
1

2s+t

∫∫

|u|≤2s, |v|≤2t

Ω0(u ′, v ′)

|u|m−1|v|n−1
f (x − u, y − v)dudv.

Set Fk( f )(x, y, s, t) = νs,t,k ∗ f (x, y) for k ∈ D ∪ {0}. Then, we have

(3.6) µΩ,q( f )(x, y) ≤
∥∥F0( f )(x, y, · , · )

∥∥
Lq(R2)

+ C
∑
k∈D

k2/q
∥∥Fk( f )(x, y, · , · )

∥∥
Lq(R2)

.
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It is easy to treat F0( f )(x, y, s, t). Thus, we first consider Fk( f )(x, y, s, t) for k ∈ D.

By (3.1), we can write

Fk( f )(x, y, s, t) = k2

∫∫

R2

(
Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ νs,t,k ∗ f (x, y)ds′dt ′.

Consequently,

∥∥Fk( f )(x, y, · , · )
∥∥

Lq(R2)
≤ k2

∫∫

R2

Is ′,t ′( f )(x, y)ds ′dt ′,

where

Is ′,t ′( f )(x, y) =

(∫∫

R2

∣∣ (Φk(s+s ′) ⊗ Ψk(t+t ′)) ∗ νs,t,k ∗ f (x, y)
∣∣ q

dsdt
) 1/q

.

Let Ls ′,t ′( f )(x, y, s, t) = (Φk(s+s ′) ⊗ Ψk(t+t ′)) ∗ νs,t,k ∗ f (x, y). Then

Is ′,t ′( f )(x, y) =
∥∥Ls ′,t ′( f )(x, y, · , · )

∥∥
Lq(R2)

.

Therefore, it follows from the generalized Minkowski inequality that

∥∥‖Fk( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ k2

∫∫

R2

∥∥ Is ′,t ′( f )
∥∥

Lp(Rm×Rn)
ds ′dt ′(3.7)

= k2

∫∫

R2

∥∥‖Ls ′,t ′( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

ds ′dt ′.

In what follows, we estimate ‖‖Ls ′,t ′( f )‖Lq(R2)‖Lp(Rm×Rn) for different 1 < p, q <
∞.

By (3.5) and (3.2), it is easy to see that

∥∥‖Ls ′,t ′( f )‖Lq(R2)

∥∥
Lq(Rm×Rn)

(3.8)

=
∥∥‖Ls ′,t ′( f )‖Lq(Rm×Rn)

∥∥
Lq(R2)

≤ CAk

∥∥∥
(∫∫

R2

∣∣Φk(s+s ′) ⊗ Ψk(t+t ′) ∗ f
∣∣ q

dsdt
) 1/q∥∥∥

Lq(Rm×Rn)

≤ Ck−2/qAk‖ f ‖
Ḟ

0,q
q (Rm×Rn)

.

On the other hand, the Plancherel theorem gives

∥∥‖Ls ′,t ′( f )‖L2(R2)

∥∥ 2

L2(Rm×Rn)

=

∫∫

R2

∫∫

Rm×Rn

∣∣∣Φ̂k(s+s ′)(ξ)Ψ̂k(t+t ′)(η)
∣∣∣

2

|ν̂s,t,k(ξ, η)|
2
| f̂ (ξ, η)|2dξdηdsdt

≤ C

∫∫

R2

∫∫

B
s ′ ,t ′

s,t,k

|ν̂s,t,k(ξ, η)|
2
| f̂ (ξ, η)|2dξdηdsdt,
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where

B
s ′,t ′

s,t,k =
{

(ξ, η) ∈ R
m × R

n : 2−k(s+s ′)−1 < |ξ|

≤ 2−k(s+s ′)+1, 2−k(t+t ′)−1 < |η| ≤ 2−k(t+t ′)+1
}

.

And it follows from (3.4) that, for (ξ, η) ∈ B
s ′,t ′

s,t,k ,

∣∣ ν̂s,t,k(ξ, η)
∣∣ ≤ CAk min

{
|2ksξ|1/6k|2ktη|1/6k, |2ksξ|1/6k|2ktη|−1/6k,

|2ksξ|−1/6k|2ktη|1/6k, |2ksξ|−1/6k|2ktη|−1/6k
}

≤ CAk min
{

2−(s ′+t ′)/6, 2−(s ′−t ′)/6, 2(s ′−t ′)/6, 2(s+t ′)/6
}

.

Thus

‖‖Ls ′,t ′( f )‖L2(R2)‖L2(Rm×Rn)
≤ CAkk−12−(s ′+t ′)/6‖ f ‖L2(Rm×Rn)

(3.9)

≤ CAkk−12−(s ′+t ′)/6‖ f ‖Ḟ
0,2
2 (Rm×Rn), s ′ > 0, t ′ > 0;

‖‖Ls ′,t ′( f )‖L2(R2)‖L2(Rm×Rn)
≤ CAkk−12−(s ′−t ′)/6‖ f ‖Ḟ

0,2
2 (Rm×Rn), s ′ > 0, t ′ < 0;

(3.10)

‖‖Ls ′,t ′( f )‖L2(R2)‖L2(Rm×Rn)
≤ CAkk−12(s ′−t ′)/6‖ f ‖Ḟ

0,2
2 (Rm×Rn), s ′ < 0, t ′ > 0;

(3.11)

‖‖Ls ′,t ′( f )‖L2(R2)‖L2(Rm×Rn)
≤ CAkk−12(s ′+t ′)/6‖ f ‖Ḟ

0,2
2 (Rm×Rn), s ′ < 0, t ′ < 0.

(3.12)

If p > q, let r = (p/q) ′ = p/(p − q). By duality, we can take a nonnegative

h ∈ Lr(Rm × Rn) with ‖h‖Lr(Rm×Rn) = 1 such that

∥∥‖Ls ′,t ′( f )‖Lq(R2)

∥∥ q

Lp(Rm×Rn)

=

∫∫

Rm×Rn

∫∫

R2

∣∣Ls ′,t ′( f )(x, y)
∣∣ q

dsdth(x, y)dxdy

=

∫∫

R2

∫∫

Rm×Rn

∣∣Ls ′,t ′( f )(x, y)
∣∣ q

h(x, y)dxdydsdt

≤

∫∫

R2

∫∫

Rm×Rn

∣∣νs,t,k ∗
(
Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ f (x, y)

∣∣ q
h(x, y)dxdydsdt

≤ C‖νs,t,k‖
q/q ′

∫∫

R2

∫∫

Rm×Rn

∣∣νs,t,k

∣∣ ∗
∣∣ (Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ f

∣∣ q
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× (x, y)h(x, y)dxdydsdt

≤ CA
q/q ′

k

∫∫

R2

∫∫

Rm×Rn

∣∣ (Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ f (x, y)

∣∣ q

× (ν(k))∗(h̃)(−x,−y)dxdydsdt

= CA
q/q ′

k

∫∫

Rm×Rn

∫∫

R2

∣∣ (Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ f (x, y)

∣∣ q
dsdt

× (ν(k))∗(h̃)(−x,−y)dxdy,

where h̃(x, y) = h(−x,−y). By (3.5), we know that

∥∥ (ν(k))∗(h̃)
∥∥

Lr(Rm×Rn)
≤ CAk‖h̃‖Lr(Rm×Rn ≤ CAk‖h‖Lr(Rm×Rn) = CAk.

Thus by Hölder’s inequality, we get

∥∥‖Ls ′,t ′( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ CA
1/q ′

k

∥∥ (ν(k))∗(h̃)
∥∥ 1/q

Lr(Rm×Rn)

×
∥∥∥

(∫∫

R2

∣∣Φk(s+s ′) ⊗ Ψ(k(t+t ′) ∗ f
∣∣ q

dsdt
) 1/q∥∥∥

Lp(Rm×Rn)

≤ CAkk−2/q‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.

(3.13)

Note that q > p implies p ′ > q ′, by duality, for all g(x, y, s, t) satisfying

∥∥‖g‖Lq ′ (R2)

∥∥
Lp ′ (Rm×Rn)

= 1,

we have

∣∣ 〈Ls ′,t,( f ), g〉
∣∣ ≤

∥∥∥
(∫∫

R2

∣∣ (Φk(s+s ′) ⊗ Ψk(t+t ′)

)
∗ f

∣∣ q
dsdt

) 1/q∥∥∥
Lp(Rm×Rn)

×
∥∥‖F∗

k (g)‖Lq ′ (R2)

∥∥
Lp ′ (Rm×Rn)

=
∥∥‖F∗

k (g)‖Lq ′ (R2)

∥∥
Lp ′ (Rm×Rn)

k−2/q‖ f ‖
Ḟ

0,q
p (Rm×Rn)

,

(3.14)

where

F∗
k (g)(x, y, s, t) =

∫∫

Rm×Rn

νs,t,k(u, v)g(x + u, y + v, s, t)dudv.

Let γ = p ′/q ′ > 1 and let γ ′ be the dual exponent of γ. Then there is a positive
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function h ∈ Lγ ′

(Rm × Rn) with ‖h‖Lγ ′
(Rm×Rn) = 1, such that

∥∥‖F∗
k (g)‖Lq ′ (R2)

∥∥ q ′

Lp ′ (Rm×Rn)

=

∫∫

Rm×Rn

∫∫

R2

∣∣∣
∫∫

Rm×Rn

νs,t,k(u, v)g(x + u, y + v, s, t)dudv
∣∣∣

q ′

dsdt h(x, y)dxdy

≤ C‖vs,t,k‖
q ′/q

∫∫

Rm×Rn

(
sup

s,t∈R

∫∫

Rm×Rn

|νs,t,k(u − x, v − y)|h(x, y)dxdy
)

×

∫∫

R2

|g(u, v, s, t)|q
′

dsdtdudv

≤ CA
q ′/q
k

∫∫

Rm×Rn

(ν(k))∗(h)(u, v)

∫∫

R2

|g(u, v, s, t)|q
′

dsdtdudv

≤ CA
q ′/q
k

∥∥ (ν(k))∗(h)
∥∥

Lγ ′
(Rm×Rn)

(∫∫

Rm×Rn

(∫∫

R2

|g(x, y, s, t)|q
′

dsdt
) γ

dudv
) 1/γ

≤ CA
q ′/q
k Ak‖h‖Lγ ′

(Rm×Rn)

∥∥‖g‖Lq ′ (R2)

∥∥ q ′

Lp ′ (Rm×Rn)

= CA
1+q ′/q
k .

This together with (3.14) shows that, for all q > p,

(3.15)
∥∥∥‖Ls ′,t ′( f )‖

Lq(R2)

∥∥∥
Lp(Rm×Rn)

≤ CAkk−2/q‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.

Applying an interpolation theorem to (3.8)–(3.13) and (3.15), we obtain a δ > 0

such that

(3.16)
∥∥∥‖Ls ′,t ′( f )‖

Lq(R2)

∥∥∥
Lp(Rm×Rn)

≤ C2−δ(|s ′|+|t ′|)k−2/qAk‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.

Thus by (3.7) and (3.16), for any k ∈ D,

∥∥‖Fk( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ k2

∫∫

R2

∥∥‖Ls ′,t ′( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

ds ′dt ′

≤ Ck2−2/qAk

∫∫

R2

2−δ(|s ′|+|t ′|)ds ′dt ′‖ f ‖
Ḟ

0,q
p (Rm×Rn)

≤ Ck2−2/qAk‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.

On the other hand, notice that ‖Ω0‖L2(Sm−1×Sn−1) < ∞, by the similar and simpler

arguments, we can get

∥∥‖F0( f )‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ C‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.
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Therefore, by (3.6) and (2.2)

∥∥µΩ,q( f )
∥∥

Lp(Rm×Rn)
≤ C

(
1 +

∑
k∈D

k2Ak

)
‖ f ‖

Ḟ
0,q
p (Rm×Rn)

≤ C
(

1 + ‖Ω‖L(log+ L)2(Sm−1×Sn−1)

)
‖ f ‖

Ḟ
0,q
p (Rm×Rn)

≤ C‖ f ‖
Ḟ

0,q
p (Rm×Rn)

.

This completes the proof of Theorem 1.3.

4 Proof of Theorem 1.2

Following the same proof as in Theorem 1.1, we have

(4.1)
∥∥‖φs,t,k ∗ f ‖L2(R2)

∥∥
Lp(Rm×Rn)

≤ CkAk‖ f ‖Lp(Rm×Rn) ≈ CkAk‖ f ‖Ḟ
0,2
p (Rm×Rn).

On the other hand, it follows from Theorem 1.3 that for 1 < q < 2, 1 < p < ∞,
∥∥‖φs,t,k ∗ f ‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ C‖Ωk‖L(log+ L)2(Sm−1×Sn−1)‖ f ‖Ḟ
0,2
p (Rm×Rn).

By the definition of Ωk, it is easy to see that

‖Ωk‖L(log+ L)2(Sm−1×Sn−1) ≤ Ck2Ak,

which implies

(4.2)
∥∥‖φs,t,k ∗ f ‖Lq(R2)

∥∥
Lp(Rm×Rn)

≤ Ck2Ak‖ f ‖
Ḟ

0,p
p (Rm×Rn)

.

Taking q in (4.2) sufficiently close to 1 and interpolating between (4.1) and (4.2), we

obtain the desired result and complete the proof of Theorem 1.2.

5 Concluding Remarks

We remark that our method also works for the one-parameter case. Precisely, let Ω

denote a homogeneous function of degree zero on Rn, which is integrable on the unit

sphere Sn−1 and satisfies ∫

Sn−1

Ω(y ′)dσ(y ′) = 0,

where dσ represents the normalized measure on Sn−1. For n ≥ 2, we define the

generalized Marcinkiewicz integral operator on Rn as follows

µΩ,q( f )(x) = ‖φt ∗ f (x)‖Lq(R,dt),

where

φt ∗ f (x) =
1

2t

∫

|y|≤2t

Ω(y)

|y|n−1
f (x − y)dy.

Obviously, µΩ,2 is the classical Marcinkiewicz integral operator, which was first in-

troduced and studied by Stein [12] and subsequently received the most attention (see

[2, 8, 10, 14, 18, 19] among others for examples). In particular, the following theorem

can be found in [2].
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Theorem B Let 1 < p < ∞. If Ω ∈ L(log+ L)1/2(Sn−1), then µΩ,2 is bounded on

Lp(Rn).

By similar arguments as in the proofs of Theorem 1.1 and 1.2, we have the follow-

ing generalization of Theorem B.

Theorem 5.1 Let 2 ≤ q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log+ L)1/q(Sn−1), then µΩ,q is

bounded on Lp(Rn).

Theorem 5.2 Let 1 < q < 2, 1 < p < ∞. If Ω ∈ L(log+ L)1/q+ε(Sn−1) for any

ε > 0, then

‖µΩ,q( f )‖Lp(Rn) ≤ C‖ f ‖
Ḟ

0,q
p (Rn)

,

where Ḟ
0,q
p (Rn) is the Triebel–Lizorkin spaces on Rn (see [13] for the definition).

Remark 5.3 We remark that the result of Theorem 5.1 is also valid for Ω ∈
H1(Sn−1), which is the Hardy space on Sn−1, by similar arguments as in the proof

of Theorem 1.1 and using the result in [8]. But we do not know whether the result of

Theorem 5.2 is also available for Ω ∈ H1(Sn−1), and whether the ε in Theorem 5.2

can be removed.

On the other hand, Theorems 1.1 to 1.3 can also be extended to the multiple pa-

rameter cases. Let k ∈ N, n1, . . . , nk ≥ 2 and Ω(x ′
1, . . . , x ′

k) be an integrable function

on Sn1−1 × · · · × Snk−1. Suppose that Ω satisfies the following cancellation condition
∫

S
n j−1

Ω(x ′
1, . . . , x ′

k)dσ(x ′
j) = 0, j = 1, 2, . . . , k.

The corresponding generalized Marcinkiewicz integral operator on Rn1 × · · · × Rnk

is defined by

µΩ,q( f )(x1, . . . , xk) =

(∫

R

· · ·

∫

R

|φt1,...,tk
∗ f (x1, . . . , xk)|

q
dt1 · · · dtk

)1/q

,

where

φt1,...,tk
∗ f (x1, . . . , xk) =

1

2t1+···+tk

∫

|y1|≤2t1

· · ·

∫

|yk|≤2tk

Ω(y1, . . . , yk)

|y1|n1−1 · · · |yk|nk−1

× f (x1 − y1, . . . , xk − yk)dy1 · · · dyk.

Also, following the definition of (1.2) we can define the Triebel–Lizorkin spaces on

Rn1 ×· · ·×Rnk . Let U j ∈ C∞(Rn j ) satisfy supp(U j) ⊆ {x j ∈ Rn j : 1/2 < |x j | ≤ 2}
and U j(x j) > c > 0 if 3/5 ≤ |x j | ≤ 5/3 for j ∈ {1, 2, . . . , k}. Let Φ j be the Fourier

transform of U j , j = 1, 2, . . . , k. The Triebel–Lizorkin spaces Ḟ
0,q
p (Rn1 × · · · × Rnk )

is the set of all distributions f on Rn1 × · · · × Rnk such that

‖ f ‖
Ḟ

0,q
p (Rn1×···×R

nk )
=

∥∥∥
(∫

R

· · ·

∫

R

∣∣ (Φ1,t1
⊗ · · · ⊗ Φk,tk

)
∗ f

∣∣ q
dt1 · · · dtk

) 1/q∥∥∥
Lp(Rn1×···×R

nk )
< ∞,
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where Φ j,t j
(x j) = 2−n jt j Φ(2−t j x j) for j ∈ {1, 2, . . . , k}. Employing the ideas in [13],

it is not difficult to show

(
Ḟ

0,q
p (Rn1 × · · · × R

nk )
)∗

= Ḟ
0,q ′

p ′ (Rn1 × · · · × R
nk ), 1/p + 1/p ′

= 1 = 1/q + 1/q ′,

Ḟ
0,2
p (Rn1 × · · ·Rnk ) = Lp(Rn1 × · · · × R

nk ), 1 < p < ∞.

In [1], Al-Qassem, Al-Salman, Cheng, and Pan showed the following result.

Theorem C Let 1 < p < ∞. If Ω ∈ L(log+ L)k/2(Sn1−1 × · · · × Snk−1), then µΩ,2 is

bounded on Lp(Rn1 × · · · × Rnk ).

Here, we have the following generalization of Theorem C.

Theorem 5.4 Let 2 ≤ q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log+ L)k/q(Sn1−1×· · ·×Snk−1),

then µΩ,q is bounded on Lp(Rn1 × · · · × Rnk ).

Theorem 5.5 Let 1 < q < 2, 1 < p < ∞. If Ω ∈ L(log+ L)k/q+ε(Sn1−1×· · ·×Snk−1)

for any ε > 0, then

∥∥µΩ,q( f )
∥∥

Lp(Rn1×···×R
nk )

≤ C‖ f ‖
Ḟ

0,q
p (Rn1×···×R

nk )
.

Theorem 5.6 Let 1 < q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log+ L)k(Sn1−1 × · · · × Snk−1)

for any ε > 0, then

∥∥µΩ,q( f )
∥∥

Lp(Rn1×···×R
nk )

≤ C‖ f ‖
Ḟ

0,q
p (Rn1×···×R

nk )
.

Obviously, Theorems 1.1–1.3 treat the special case k = 2. The proofs of Theorems

1.1–1.3 easily extend to the case k > 2. We omit the details.
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